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1.6 Antistrèyimoi pÐnakec
H ènnoia twn antistrèyimwn pin�kwn eÐnai kentrik  sth melèth mac.

Orismìc 1.6.1. O pÐnakac A ∈ Mn(k) lègetai antistrèyimoc (invert-
ible) pÐnakac an up�rqei o pÐnakac B ètsi ¸ste

AB = In = BA .

O pÐnakac B lègetai antÐstrofoc (inverse) pÐnakac tou A, sumbolÐzetai
me A−1.

O orismìc lèei ìti gia na eÐnai ènac pÐnakac A ∈ Mn(k) antistrèyimoc ja
prèpei na up�rqei ènac pÐnakac B pou na ikanopoieÐ tautìqrona dÔo sunj kec:
AB = In kai BA = In. Ja doÔme argìtera ìti h isqÔc thc mÐac apì tic dÔo
isìthtec sunep�getai thn isqÔ thc �llhc. 'Etsi gia na brejeÐ o antÐstrofoc
tou pÐnaka A (an up�rqei) arkeÐ na brejeÐ pÐnakac B pou na pollaplasi�zetai
apì ta arister�   apì ta dexi� me ton A kai na dÐnei ton monadiaÐo pÐnaka.

ParadeÐgmata 1.6.2.

• O pÐnakac
[

1 0
1 1

]
èqei antÐstrofo ton

[
1 0

−1 1

]
. Pr�gmati,

[
1 0
1 1

] [
1 0

−1 1

]
=

[
1 0
0 1

]
=

[
1 0

−1 1

] [
1 0
1 1

]
.

• O pÐnakac A =

[
1 0
0 0

]
den èqei antÐstrofo. Pr�gmati gia ton pÐnaka

A h Ôparxh antÐstrofou shmaÐnei ìti up�rqei ènac pÐnakac B ètsi ¸ste

AB = In.

'Omwc sto ginìmeno AB h teleutaÐa gramm  eÐnai mhdèn kai �ra aut  h
isìthta eÐnai adÔnath.

• To Ðdio ìpwc parap�nw ja isqÔei gia ènan pÐnaka A me mÐa mhdenik 
gramm . H antÐstoiqh gramm  tou ginomènou AB gia k�je pÐnaka B ja
eÐnai mhdèn kai AB 6= In. AntÐstoiqa an o A èqei mÐa mhdenik  st lh,
tìte h antÐstoiqh st lh tou ginomènou BA gia k�je pÐnaka B ja eÐnai
mhdèn kai BA 6= In. 'Ara ènac pÐnakac me mÐa mhdenik  gramm    st lh
den eÐnai antistrèyimoc. Sugkekrimèna kai o mhdenikìc pÐnakac den eÐnai
antistrèyimoc.

• AfoÔ InIn = In, èpetai ìti In
−1 = In.
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• 'Estw
A =

[
a b
c d

]

kai ad− bc 6= 0. Tìte an

B =
1

ad− bc

[
d −b
−c a

]

eÐnai eÔkolo na epibebaiwjeÐ ìti B = A−1. O arijmìc ad − bc lègetai
orÐzousa tou A ∈ M2(k) kai sumbolÐzetai me det(A).

• An A eÐnai antistrèyimoc kai B = A−1 tìte B eÐnai antistrèyimoc kai
A = B−1.

• An A eÐnai antistrèyimoc tìte (An)−1 = (A−1)n. OrÐzoume ton pÐnaka
A−n := (A−1)n.

Prìtash 1.6.3. An oi pÐnakec A,B ∈ Mn(k) eÐnai antistrèyimoi, tìte kai
to ginìmenì touc eÐnai antistrèyimoc pÐnakac kai

(AB)−1 = B−1A−1.

Genikìtera, an oi pÐnakec A1, A2, . . . , As tou Mn(k) eÐnai antistrèyimoi, tìte

(A1A2 · · ·As)
−1 = A−1

s A−1
s−1 · · ·A−1

1 .

Apìdeixh. Apì ton orismì tou antÐstrofou pÐnaka prokÔptei ìti

(AB)(B−1A−1) = [A(BB−1)]A−1 = (AIn)A−1 = AA−1 = In.

'Omoia (B−1A−1)(AB) = In. 'Ara (AB)−1 = B−1A−1. H apìdeixh aut 
eÔkola genikeÔetai se parap�nw apì dÔo pÐnakec.

Ja orÐsoume t¸ra touc stoiqei¸deic pÐnakec pou ja mac qrhsimèyoun sthn
melèth mac.

Orismìc 1.6.4. Stoiqei¸deic (elementaries) pÐnakec eÐnai oi epìmenoi
pÐnakec.

• Ei+a·j o pÐnakac pou prokÔptei apì ton In an antikatast soume thn
i-gramm , Γi, tou In me thn Γi + aΓj, ìpou i 6= j, a ∈ k, dhl.
In −−−−−−−−→

Γi→Γi+aΓj
Ei+a·j .

• Ei↔j o pÐnakac pou prokÔptei apì ton In an antimetajèsoume thn i me
thn j gramm , dhl. In −−−−→

Γi↔Γj
Ei↔j .
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• Eb·i o pÐnakac pou prokÔptei apì ton In an pollaplasi�soume ta stoiqeÐa
thc i gramm c me èna stoiqeÐo b ∈ k, dhl. In −−−−−→

Γi→bΓi
Eb·i .

ParadeÐgmata 1.6.5.

• Ston M2(R) oi stoiqei¸deic pÐnakec eÐnai oi ex c:

E1+a·2 =

[
1 a
0 1

]
, E2+a·1 =

[
1 0
a 1

]
, E1↔2 =

[
0 1
1 0

]
,

Eb·1 =

[
b 0
0 1

]
, Eb·2 =

[
1 0
0 b

]

ìpou a, b ∈ R.
• Ston M3(R) èqoume

E1+a·3 =




1 0 a
0 1 0
0 0 1


 , E2↔3 =




1 0 0
0 0 1
0 1 0


 , Eb·3 =




1 0 0
0 1 0
0 0 b


 .

• Oi stoiqei¸deic pÐnakec eÐnai antistrèyimoi. O anagn¸sthc kaleÐtai
na brei ton antÐstrofo gia touc treic tÔpouc stoiqeiwd¸n pin�kwn.
(Upìdeixh: h epìmenh prìtash ja k�nei thn eÔresh tou antistrìfou
enìc stoiqei¸dou pÐnaka idiaÐtera apl .)

O pollaplasiasmìc enìc pÐnaka A apì ta arister� me ènan stoiqei¸dh
pÐnaka dÐnei ton pÐnaka pou prokÔptei apì ton A met� apì thn antÐstoiqh
stoiqei¸dh pr�xeic gramm¸n ìpwc eÔkola mporeÐ na epibebai¸sei kaneÐc.

Prìtash 1.6.6. An A = (αij) ∈ Mn×m(k), tìte

1. O pÐnakac Ei+a·j A prokÔptei apì ton A an antikatast soume thn i-
gramm , Γi, me thn Γi + aΓj, dhl.

A −−−−−−−−→
Γi→Γi+aΓj

Ei+a·j A.

2. O pÐnakac Ei↔j A prokÔptei apì ton A an antimetajèsoume thn i-
gramm  me thn j-gramm , dhl.

A −−−−→
Γi↔Γj

Ei↔j A.

3. O pÐnakac Eb·i A prokÔptei apì ton A an pollaplasi�soume ta stoiqeÐa
thc i gramm c epÐ b ∈ K, dhl.

A −−−−−→
Γi→bΓi

Eb·i A.
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ParadeÐgmata 1.6.7.

1. 'Estw
A =

[
0 3
2 4

]
kai B =

[
2 4
0 3

]
.

AfoÔ A −−−−−→
Γ1 ↔ Γ2

B èpetai ìti B = E1↔2 A.

2. Ja fèroume ton pÐnaka A tou prohgoÔmenou paradeÐgmatoc se elat-
twmènh klimakwt  morf  gramm¸n.

A =

[
0 3
2 4

]
.

Tìte

A −−−−−→
Γ1 ↔ Γ2

B =

[
2 4
0 3

]
−−−−−−→
Γ1 → 1

2
Γ1

C =

[
1 2
0 3

]
−−−−−−→
Γ2 → 1

3
Γ2

D =

[
1 2
0 1

]
−−−−−−−−−−→
Γ1 → Γ1 − 2Γ2

I2.

'Epetai ìti

B = E1↔2 A, C = E1/2·1 B, D = E1/3·2 C, I2 = E1−2·2 D .

Sundu�zontac autèc tic isìthtec brÐskoume ìti

E1/3·2 E1/2·1 E1↔2 A = I2 .

Shmei¸noume wc prìtash th parak�tw parat rhsh gia thn elattwmènh
klimakwt  morf  enìc pÐnaka R. H apìdeix  thc prokÔptei ìpwc kai sto
teleutaÐo par�deigma.

Prìtash 1.6.8. 'Estw R h elattwmènh klimakwt  morf  enìc pÐnaka A.
Up�rqoun stoiqei¸deic pÐnakec E1, . . . , En ètsi ¸ste

R = En · · ·E1 A

H Prìtash 1.6.8 ja mac eÐnai idiaÐtera qr simh sthn eÔresh antistrìfwn.
'Estw ìti A eÐnai k�poioc sugkekrimènoc pÐnakac tou Mn(k) kai ìti jèloume
na broÔme ton antÐstrofo tou A e�n autìc bèbaia up�rqei. Dhlad  jèloume
na broÔme ènan pÐnaka B ètsi ¸ste na isqÔei AB = In kai BA = In. Ac
xekin soume me thn isìthta-exÐswsh pin�kwn AB = In. En¸ gnwrÐzoume ta
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stoiqeÐa tou A, ta n2 stoiqeÐa tou B = (bij) eÐnai agn¸sta. Sthn prag-
matikìthta h isìthta AB = In antistoiqeÐ se n2 exis¸seic mÐa gia k�je èna
apì ta stoiqeÐa tou tetragwnikoÔ pÐnaka AB. MporoÔme na organ¸soume
autèc tic exis¸seic se n grammik� sust mata (me n exis¸seic kai n agn¸-
stouc) an exet�soume tic isìthtec pou prokÔptoun exis¸nontac tic st lec
tou AB kai tou pÐnaka In. O pÐnakac twn suntelest¸n se aut� ta sust -
mata eÐnai o pÐnakac A. MporeÐ loipìn kaneÐc na epilÔsei ta sust mata aut�
tautìqrona kai na fèrei ton pÐnaka [A| In] se elattwmènh klimakwt  morf 
gramm¸n. Up�rqoun dÔo peript¸seic gia thn elattwmènh klimakwt  mor-
f  gramm¸n tou pÐnaka [A| In] an�loga me thn bajmÐda tou pÐnakac A. An
rank(A) = n tìte ìla ta grammik� sust mata pou prospajoÔme na epilÔ-
soume eÐnai sumbat� kai oi lÔseic prokÔptoun apì thn elattwmènh klimakwt 
morf  gramm¸n tou pÐnaka [ A | In ]:

[ A | In ] → · · · → [ In | B ] .

An rank(A) < n, tìte

[ A | In ] → · · · → [ R | C ] (1.1)

ìpou R eÐnai h elattwmènh klimakwt  morf  gramm¸n tou A. AfoÔ R 6= In,
h teleutaÐa gramm  tou R eÐnai mhdèn. Ja doÔme ìti h teleutaÐa gramm  tou
C den eÐnai mhdèn kai �ra toul�qiston èna apì ta sust mata pou prokÔptoun
apì thn isìthta AB = In eÐnai mh sumbatì. 'Etsi ìtan rank(A) < n o pÐnakac
A den eÐnai antistrèyimoc. Pr�gmati sÔmfwna me thn Prìtash 1.6.8 èqoume
ìti

Eκ · · ·E2 E1 A = R (1.2)

gia k�poiouc stoiqei¸deic pÐnakec E1, E2, . . . , Eκ. Efarmìzoume tic stoi-
qei¸deic pr�xeic gramm¸n pou qrei�sthkan gia na fèroume ton pÐnaka A sthn
klimakwt  morf  R se olìklhro ton pÐnaka [A| In]. ParathroÔme ìti

[ A | In ] −→ · · · −→ [ R | Eκ · · ·E2E1 ].

Dhlad  o pÐnakac C thc sqèshc 1.1 eÐnai to ginìmeno Eκ · · ·E2E1. AfoÔ C
eÐnai ginìmeno antistrèyimwn pin�kwn eÐnai kai o Ðdioc antistrèyimoc pÐnakac.
ApokleÐetai loipìn na èqei mhdenik  gramm , bl. Par�deigma 1.6.2. 'Etsi an
R 6= In (dhl. rank(A) < n ) tìte k�poio apì ta sust mata AB = In den
eÐnai sumbatì kai o pÐnakac A den eÐnai antistrèyimoc. ProkÔptei ìmwc kai
k�ti �llo sÔmfwna me thn an�lush pou k�name. 'Estw ìti o pÐnakac A èqei
bajmÐda Ðsh me n. Sth perÐptwsh aut 

Eκ · · ·E1A = In (1.3)
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gia k�poiouc stoiqei¸deic pÐnakec E1, E2, . . . , Eκ. 'Opwc parathr same ìmwc

[ A | In ] −→ · · · −→ [ In | Eκ · · ·E1 ].

kai B = Eκ · · ·E2E1. Dhlad  ìqi mìno AB = In all� isqÔei epÐshc kai
BA = In, bl. sqèsh 1.3. 'Ara

A−1 = Eκ · · ·E2E1 .

Shmei¸noume autì pou apodeÐxame prosjètontac mÐa akìma parat rhsh:

Je¸rhma 1.6.9. An A,B ∈ Mn(K) kai AB = In, tìte oi pÐnakec A kai
B eÐnai antistrèyimoi kai B = A−1. AntÐstrofa an BA = In tìte oi pÐnakec
A kai B eÐnai antistrèyimoi kai B = A−1.

Gia na mporoÔme eÔkola na akolouj soume aut  th diadikasÐa dÐnoume
ton parak�tw algìrijmo:

Algìrijmoc eÔreshc antistrìfou tou A ∈ Mn(k).

• Parajètoume dexi� tou pÐnaka A ton In kai sqhmatÐzoume ton pÐnaka

[ A | In ].

• Efarmìzoume ton algìrijmo tou Gauss kai fèrnoume ton [ A | In ] se
elattwmènh klimakwt  morf  gramm¸n [ R | B ].

• An R = In tìte o A eÐnai antistrèyimoc kai B = A−1. An R 6= In o
pÐnakac A den eÐnai antistrèyimoc.

ParadeÐgmata 1.6.10.

• Ja upologÐsoume ton antÐstrofo tou pÐnaka

A =




1 3 0
2 4 3
1 2 1




.

'Eqoume:



1 3 0
2 4 3
1 2 1

∣∣∣∣∣∣

1 0 0
0 1 0
0 0 1


 −→




1 3 0
0 −2 3
0 −1 1

∣∣∣∣∣∣

1 0 0
−2 1 0
−1 0 1


 −→
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


1 3 0
0 −1 1
0 −2 3

∣∣∣∣∣∣

1 0 0
−1 0 1
−2 1 0


 −→




1 3 0
0 1 −1
0 −2 3

∣∣∣∣∣∣

1 0 0
1 0 −1

−2 1 0


 −→




1 0 3
0 1 −1
0 0 1

∣∣∣∣∣∣

−2 0 3
1 0 −1
0 1 −2


 −→




1 0 0
0 1 0
0 0 1

∣∣∣∣∣∣

−2 −3 9
1 1 −3
0 1 −2




Epomènwc

A−1 =



−2 −3 9

1 1 −3
0 1 −2




. 2

• 'Estw ìti A ∈ Mn(K) kai A4 + 3A2 + A− 4In = 0 . Tìte

A4 + 3A2 + A = 4In ⇒ A[1/4(A3 + 3A + In)] = In.

'Ara o pÐnakac A eÐnai antistrèyimoc kai A−1 = 1/4(A3 + 3A + In).

O pÐnakac pou prokÔptei apì ènan pÐnaka A an k�noume tic grammèc tou
st lec kai tic st lec grammèc lègetai an�strofoc (transpose) tou A kai
sumbolÐzetai AT . 'Etsi an

A =




α11 α12 · · · α1m

α21 α22 · · · α2m
... ... ...

αn1 αn2 · · · αnm


 , tìte AT =




α11 α21 · · · αn1

α12 α22 · · · αn2
... ... ...

α1m α2m · · · αnm


 .

'Epetai ìti an A = (αij) kai AT = (βij), tìte βij = αji, 1 ≤ i ≤ n,
1 ≤ j ≤ m, kai bèbaia A ∈ Mn×m(K), en¸ AT ∈ Mm×n(K).

Par�deigma 1.6.11. An A =

[
1 0 2 3
0 1 3 5

]
, tìte AT =




1 0
0 1
2 3
3 5




.

2
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Prìtash 1.6.12. 'Estw A,B ∈ Mn(K).
i) (AB)T = BT AT .
ii) (AT )T = A.
iii) (κA)T = κAT , κ ∈ K.
iv) O pÐnakac A eÐnai antistrèyimoc an kai mìno an o pÐnakac AT eÐnai anti-
strèyimoc kai (AT )−1 = (A−1)T .

Apìdeixh. Oi sqèseic i), ii), iii), v) kai vi) apodeiknÔontai ektel¸ntac tic
pr�xeic pou shmei¸nontai.

iv) An o A eÐnai antistrèyimoc, tìte

A A−1 = In = A−1A ⇔ (A A−1)T = IT
n = (A−1A)T ⇔

⇔ (A−1)T AT = In = AT (A−1)T .

'Ara
(AT )−1 = (A−1)T .

Shmei¸noume kai k�poiouc �llouc orismoÔc. O pÐnakac A ∈ Mn(K)
lègetai summetrikìc (symmetric) an ikanopoieÐ th sqèsh A = AT , dhl.
αij = αji, 1 ≤ i, j ≤ n. En¸ lègetai antisummetrikìc (antisymmetric)
an ikanopoieÐ th sqèsh A = −AT , dhl. αij = −αji, 1 ≤ i, j ≤ n. O pÐnakac
A lègetai diag¸nioc (diagonal) an ìla ta stoiqeÐa tou pou brÐskontai
p�nw kai k�tw apì thn kÔria diag¸nio eÐnai mhdèn, dhl. αij = 0, gia i 6= j,
1 ≤ i, j ≤ n. O A lègetai �nw trigwnikìc (upper triangular) an ìla
ta stoiqeÐa tou k�tw apì thn kÔria diag¸nio eÐnai mhdèn, dhl. αij = 0, gia
i > j, 1 ≤ i, j ≤ n. O A lègetai k�tw trigwnikìc (lower triangular) an
ìla ta stoiqeÐa tou p�nw apì thn kÔria diag¸nio eÐnai mhdèn, dhl. αij = 0,
gia i < j, 1 ≤ i, j ≤ n.

ParadeÐgmata 1.6.13.

a) Oi pÐnakec
[

1 2
2 3

]
,




6 1 5
1 0 2
5 2 1


 eÐnai summetrikoÐ.

b) Oi pÐnakec
[

0 1
−1 0

]
,




0 3 6
−3 0 −2
−6 2 0


 eÐnai antisummetrikoÐ.

g) O pÐnakac [
2 3
7 5

]
=

[
2 5
5 5

]
+

[
0 −2
2 0

]
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dhl. eÐnai to �jroisma enìc summetrikoÔ kai enìc antisummetrikoÔ pÐnaka. O
anagn¸sthc mporeÐ na apodeÐxei ìti k�je tetragwnikìc pÐnakac gr�fetai wc
�jroisma enìc summetrikoÔ kai enìc antisummetrikoÔ pÐnaka.

Ask seic
1. Na breÐte touc antistrìfouc twn stoiqeiwd¸n pin�kwn.

2. (*) Na grafeÐ o pÐnakac

E =




1 0 0
5 0 1
0 4 0




wc ginìmeno stoiqeiwd¸n pin�kwn. Na upologÐsete to ginìmeno

E ·



1 2 3 4
5 6 7 8
9 10 11 12


 ,

qwrÐc thn ektèlesh twn pr�xewn tou pollaplasiasmoÔ pin�kwn.

3. (*) Na upologÐsete ton antÐstrofo tou ginomènou

A =




1 0 a
0 1 0
0 0 1


 ·




1 0 0
0 1 b
0 0 1


 ·




1 0 0
0 c 0
0 0 1


 ,

ìpou a, b, c ∈ K kai c 6= 0, qrhsimopoi¸ntac touc stoiqei¸deic pÐnakec.

4. (*) Na upologÐsete touc antÐstrofouc twn parak�tw pin�kwn me th
mèjodo tou ParadeÐgmatoc 1.6.10.

A =

[
2 1
4 3

]
, B =




0 2 −1
2 1 1
1 3 0


 .

5. (*) An A2 + 2A − In = O, na apodeÐxete ìti o pÐnakac A ∈ Mn(K)
eÐnai antistrèyimoc. OmoÐwc gia ton pÐnaka B ∈ Mn(K), an
2B3 + 4B2 − 2B + 3In = O.
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6. (*) DÐnetai o pÐnakac A ∈ Mn(K). Na apodeÐxete ìti:

i) o pÐnakac A + AT eÐnai summetrikìc,

ii) o pÐnakac A− AT eÐnai antisummetrikìc,

iii) o pÐnakac A AT eÐnai summetrikìc,

iv) o pÐnakac A gr�fetai wc �jroisma enìc summetrikoÔ kai enìc anti-
summetrikoÔ pÐnaka,

v) an o pÐnakac A eÐnai antisummetrikìc, tìte ìla ta stoiqeÐa thc kÔriac
diagwnÐou tou eÐnai mhdèn.

1.7 OrÐzousec pin�kwn
Se k�je n × n-pÐnaka A tou Mn(k) antistoiqoÔme èna stoiqeÐo tou k pou
lègetai orÐzousa (determinant) tou pÐnaka kai sumbolÐzetai me det A   me
|A|. Dhlad  h orÐzousa eÐnai mÐa sun�rthsh

det : Mn(k) → k, A 7→ det A .

H orÐzousa enìc 1× 1-pÐnaka [α] eÐnai det[α] = α. EpÐshc

det

[
a b
c d

]
= ad− bc.

Gia n×n pÐnakec me n > 2 ja d¸soume ènan anadromikì orismì thc orÐzousac,
dhl. ja orÐsoume thn orÐzousa enìc n × n-pÐnaka me th bo jeia orizous¸n
(n− 1)× (n− 1)-pin�kwn pou lègontai el�ssonec (minors) pÐnakec tou A
kai pou sumbolÐzoume me Aij. O pÐnakac Aij eÐnai o (n− 1)× (n− 1)-pÐnakac
pou prokÔptei apì ton A an diagr�youme thn i-gramm  kai thn j-st lh tou.

ParadeÐgmata 1.7.1.

• An A =




1 2 3
4 5 6
7 8 0


, tìte A23 =

[
1 2
7 8

]
.

2

• O el�sswn pÐnakac (In)11 tou monadiaÐou n× n pÐnaka eÐnai o pÐnakac
In−1.

• 'Estw A ènac �nw (k�tw) trigwnikìc pÐnakac. Tìte o pÐnakac A11 eÐnai
�nw (k�tw) trigwnikìc pÐnakac.
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Orismìc 1.7.2. H orÐzousa enìc n × n-pÐnaka A = (αij) ∈ Mn(k)
orÐzetai apì ton tÔpo

det A = α11 det A11 − α21 det A21 + · · ·+ (−1)n+1αn1 det An1 . (1.4)

O tÔpoc (1.4) ekfr�zei th an�ptuxh thc orÐzousac tou pÐnaka
A kat� ta stoiqeÐa thc pr¸thc st lhc. Se lÐgo ja doÔme ìti h
orÐzousa tou A upologÐzetai me kat�llhlh an�ptuxh kat� ta stoiqeÐa mÐac
opoiasd pote st lhc   kai gramm c.

ParadeÐgmata 1.7.3.

• 'Estw A = [2], tìte det A = 2.

• H orÐzousa tou pÐnaka A =

[
1 0
2 4

]
eÐnai det A = 4.

• 'Estw A =




1 2 1
3 1 1
0 −1 1


. Tìte

det A = 1 · det

[
1 1

−1 1

]
− 3 · det

[
2 1

−1 1

]
+ 0 · det

[
2 1
1 1

]
=

= 1 · 2− 3 · 3 + 0 = −7.

• 'Estw

A =




2 1 2 1
0 3 1 1
0 0 −1 1
3 0 0 0


 .

Tìte

det A = 1 · det A11 − 0 · det A21 + 0 · det A31 − 3 · det A41 .

ParathroÔme ìti den up�rqei lìgoc na upologÐsoume touc pÐnakec A21,
A31 kai tic orÐzousèc touc, afoÔ ja pollaplasiastoÔn me to 0, en¸ o
pÐnakac A41 eÐnai o 3×3 pÐnakac tou prohgoÔmenou paradeÐgmatoc, �ra
det A41 = −7. Mènei loipìn na upologÐsoume thn orÐzousa tou pÐnaka
A11.

det A11 = det




3 1 1
0 −1 1
0 0 0


 =
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3 det

[−1 1
0 0

]
− 0 det

[
1 1
0 0

]
+ 0

[
1 1
−1 1

]
= 0− 0 + 0 = 0.

'Ara
det A = −3 · (−7) = 21 .

• Ja doÔme ìti |In| = 1. Pr�gmati

det In = 1 · det (In)11 + 0 · det (In)21 − · · ·+ (−1)n+10 · det (In)n1

= det (In)11 .

'Omwc (In)11 = In−1. 'Etsi diadoqik� èqoume

det In = det In−1 = · · · = det[1] = 1 .

(ShmeÐwsh: H apìdeixh aut  gÐnetai polÔ pio komy  me th qr sh thc
majhmatik c epagwg c.)

• 'Estw A ènac �nw trigwnikìc pÐnakac. Tìte

det A = a11 det A11+0·det A21−· · ·+(−1)n+10·det An1 = a11 det A11 .

'Omwc A11 eÐnai �nw trigwnikìc pÐnakac pou ta stoiqeÐa thc kurÐac
diagwnÐou tautÐzontai me aut� tou A apì th jèsh 22 kai èpeita. 'Etsi
diadoqik� brÐskoume ìti

det A = a11 det A11 = · · · = a11a22 · · · ann .

(ShmeÐwsh: H apìdeixh aut  gÐnetai polÔ pio komy  me th qr sh thc
majhmatik c epagwg c.)

Anafèroume k�poiec apì tic idiìthtec twn orizous¸n pou apodeiknÔontai
eÔkola apì ton orismì.

Prìtash 1.7.4. Ta epìmena isqÔoun:

1. det Ei+a·jA) = det A

2. det Ei↔jA = − det A

3. det(Eb·iA = b det A

GnwrÐzoume loipìn me poiìn trìpo oi stoiqei¸deic pr�xeic ephre�zoun thn
orÐzousa tou pÐnaka. Apì thn �llh oi upologismoÐ eÐnai polÔ eukolìteroi
ìtan up�rqoun poll� mhdenik� se ènan pÐnaka. 'Etsi gia na upologÐsoume
thn orÐzousa enìc pÐnaka pr¸ta fèrnoume ton arqikì pÐnaka se klimakwt 
morf  gramm¸n kai sth sunèqeia efarmìzoume tic idiìthtec 1.7.4.
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Par�deigma 1.7.5. Ac upologÐsoume thn orÐzousa tou pÐnaka

A =




1 1 1 1
1 1 3 5
0 1 3 7
0 0 0 2


 −−−−−−−−−→

Γ2 → Γ2 − Γ1

A1 =




1 1 1 1
0 0 2 4
0 1 3 7
0 0 0 2


 −−−−−→

Γ3 ↔ Γ2

A2 =




1 1 1 1
0 1 3 7
0 0 2 4
0 0 0 2


 −−−−−−→

Γ3 → 1
2
Γ3

A3 =




1 1 1 1
0 1 3 7
0 0 1 2
0 0 0 2


 .

O pÐnakac A3 eÐnai �nw trigwnikìc. ParathroÔme ìti h det A3 eÐnai to
ginìmeno twn diag¸niwn stoiqeÐwn tou pÐnaka A3. Epomènwc,

det A3 = 2, det A2 = 2 det A3 = 4,

det A1 = − det A2 = −4, det A = det A1 = −4.

Ask seic
1. (*) Na upologistoÔn oi parak�tw orÐzousec:

∣∣∣∣
3 + 2i 1 + i
1− i 0

∣∣∣∣ ,

∣∣∣∣∣∣

3 i 2
−3 + i 3 i

7 2i 5

∣∣∣∣∣∣
,

∣∣∣∣∣∣∣∣

1 3 2 0
3 0 3 5
5 1 2 7
2 6 4 3

∣∣∣∣∣∣∣∣
,

∣∣∣∣∣∣∣∣∣∣

4 2 7 0 1
−2 2 3 0 1
−4 7 5 3 6

0 0 2 0 0
3 4 2 0 3

∣∣∣∣∣∣∣∣∣∣

.

2. (*) Na upologÐsete tic parak�tw orÐzousec:
∣∣∣∣∣∣∣∣∣∣∣∣

2 1 1 4 7 8
3 2 7 9 8 6
0 0 3 2 1 7
0 0 0 1 0 0
0 0 0 5 2 0
0 0 0 4 7 1

∣∣∣∣∣∣∣∣∣∣∣∣

,

∣∣∣∣∣∣∣∣

1 7 2 8
3 9 4 2
0 5 0 2
0 2 0 1

∣∣∣∣∣∣∣∣
.

3. (*) 'Estw A ∈ Mn(C) kai A = (aij) o suzug c pÐnakac tou A, ìpou aij

eÐnai o suzug c migadikìc arijmìc tou aij. Na apodeÐxete ìti det A =
det A.


