MAPAPTHMA ZTaTIOTIKAG

NMZ.1 Tuxaieg peTaBANTEG

Je €va €l0aywYIKO Padnua Owkovopetpiag 6a cuvavtnooups Tuxaieg HETABANTEG
oL omoieg Ba eival eite SLAKPLTEG €iTE OUVEXEIG, PE TIG OLAKPITEG va AauBdavouv
aplBunoipo MANBOG TIHWY 1 (To TTOAU) PETPNCIUA ATTELPEG TIUEG, EVW Ol GUVEXEIG
pmopel va AauBAvouv ATEIPEG TIHEG PECA OE KATIOLO KAELOTO 1 avolxto Oldotnua
UTIOGUVOAO TWV TIPAYHATIKWV aplOp®v i 6To Stdotnpa (—w,+0). Mapd to 61t 6a
EPYACTOUUE KUPIWG HE CUVEXEIC TUXAieG PETABANTEG, pia cuvtopn culAtnon yla
TIG OLAKPITEG Ba Pag El0AYEL OTIC ATAPAITNTEG OTATIOTIKESG EVVOLEG.

Mia tuxaia petaBAnth, €éotw X , AdpBAvel TIPEG Pe BAon KATOlA GUVAPTNON TTOU
kKaBopilel tnv mBavotnta ep@Aviong KAbe TNG (amoTEAEopATOg) N TNV
mOavotnta n PeTaBANT va AauBAVEL TIHEG O KATIOIO CUYKEKPLUEVO Oldotnua
Kal umovoel tnv Umapén piag katavopng. Mia dwakpttn tuxaia petaBAnti X pe

mOaveg TWEG X, X,, X;,... AKOAOUBEl Kamola katavopn mou kabopiletal amd Tnv
mBavotnta n X =x, n omoia cupBoAiletalt wg p(x,) N P(X =x) Kal IkKavomolEi

TIG ouvlnkeg 0< p(x)<1 kat Zp(xi)zl. H ouvaptnon p(x) ovopdletat kat

ouvdaptnon palag mbavotntag (probability mass function) n  OlakpLTh
ouvdaptnon mukvoetntag moavotntag.
MNapadsiypa. ‘Eotw n tuxaia petaBAnTl X TOU AVTIOTOIXE( «OTO amotéAsoua

¢ piwyng evog lapiou~». To ocUvoAo twv mMOavwyv THwv Tng X €ival 1o
{1,2,3,4,5,6} . AnAadA n X pmopei va AdBel TIG TIPEG X, =1,X, =2,..,% =6. O
Tapakdatw mivakag Oivel Ti¢ moaveég THEG tng X Kat tn ouvdptnon palag

mOavotntag TnG TuXaiag HETaBANTAg



X; p(X)
i=1 1 1/6
i=2 2 1/6
i=3 3 1/6
i=4 4 1/6
i=5 5 1/6
i=6 6 1/6

, . , S I 1 1
Etvat eppaveg ot n 0 < p(x) <1 IKAvoTolELTAl KAl OTL z p(x) =g+g+“'+g= l.
i=1

Y& avtibeon, ol ouvexeig Tuxaieg PETABANTEG, €0Tw n X , pmopouv va AdBouv
EVA UN-HETPNOIHO APIBHO TIHWY X. ZUVNOWG, Yld TI AVAYKES TNG OIKOVOUETPIAC,
ol TIPEG opilovtal o€ KAMOLO KAEIOTO R avolxXTd OldoTNHA TN YPAMHAG TwWV
TPAYHATIKWY aplBpwy, m.X X €[a,b] N X e(—o0,+w). O TPOTOG TOU KATAVEHETAL
n g&ala mlavotntag o€ OlAoTAPATA TWV  TPOAVAPEPBEVIWY  TIHWY
xapaktnpidetat amdé TN ouvdpInon TMUKvOotntag mlavotntag, o.m.m,

(probability density function) f(x)>0 n omoia kavomolel Tn OXxEon

_[ f(x)dx =1 kat €xel Tnv 1816TNTA

—00

b
[ fodx=P(a< X <b)=P(a< X <h)

a

H a@polotikip ouvdptnon Katavoung, a.c.K, (cumulative distribution
function) piag tuxaiag petaBAnTAG cupBoAiletal ouviBwe w¢ F(x) Kat opiletal

wge

Hm:ﬂxs@:fumm

—00

H F(x) eival pia abpoloTikn cuvdaptnon Katavoung av Kat povo av



(@) lim F(x)=0, lim F(x)=1
(B) n F(x) eivat au€ouca wg mpog x
(Y) n F(x) elvat ouvexng amo og1a.

dF(x)

Ma ouvexeig KatavopEg LoxUeL OTL f(X) = o€ Kabe onpeio mou n F(x) eival

OUVEXNG dpa
b
P(a< X <b)=[ f(x)dx=F(b)-F(a)

Mapadsiypa. Mia cuvexng tuxaia HeTaBANTA X A£pE OTIL KATAVEUETAL KAVOVIKA
(cUpwva Pe TNV Kavovikn katavopn, normally distributed) o6tav AauBavel

TIPEG OTO OLACTNHA X €(—00,+00) Kal N 6.1.1 GlVETAlL Ao TNV cUVAPTNON

1 (x=n)’

e 20'2

f(x)=

o271

Omou x Kal o >0 eival MapdueTpol NG KAtavoung ol omoieg Ba £§nynbouv
ouvtopa (n TApduETPOG 1 AVTIOTOIXEL OTOV HEGO TNG KATAVOUNG 1 aAALWG 0TV
AVAPEVOHEVN TIUA TNG METABANTAG X KAt n o° OTn AVIIOTOIXEL oTnv
olakupavon). Apa, oUppwva pe ta mapanmdvw, n a.c.k Oiverat amd 1o
oAOKANpwHa

2

T
e 2 dz (Nn.1)

P(X<x)=F(x=| ——

Auotuxwg to oAokAnpwpa (M.1) dev €xel avaAutiki AUcon dpa Osv UTOPOUKE va

YVwpiloupe avaAuTika tn ouvaptnolakn Hoper F(X) TG d.0.K TNG KAVOVIKAG



Katavopng. Av epwtoupactay mola n meavotnta n X va Bpioketal petall twv

aplBpwv 1 Kat 2 Tote Ba EMPETE va UTTOAOYICOUHE TO OAOKANpwWHA

2 ()’
P(1<X <2)=[——e ** dz=F(2)-F()

| ON27

Ma mapadetypa, otav ot MapAapeTpol u,o° AAPBAVOUV TIC TIHEG =0 Kat o =1

(TumoToINUEVN KAVOVIKA KATAVOMR) TOTE UTOAOYi{oUPE TO OAOKARpwHa

P(1£X£2):.|‘12Le7dz T0 omoio ek@palel To €pBaddv kAtw amd Tnv

2z

KAUTUAN f(x) OTWG @aivetat oTo TapaKATw dlaypaupa,

(P(1<X <2)=0.13591)

EUTUXWG, OUYKEKPIPEVA OAOKANPWHATA TNG TAPATAVW HOPPNG  EXOUV
UTTOAOYIOTEL (TTPOCEYYIOTIKA) Kal Bpiokovtal cuvibwg o€ pop@n mivaka o€ OAd
Td TAPAPTAPATA OTATIOTIKWY KAl OIKOVOUETPIKWY EYXEIPIOIWY WOTE va pnv

xpelaletal va mpoBaivoupe o€ emimovoug umoAoylopoug. Emiong oAa ta



€EEIOIKEUPEVA OLKOVOHETPIKA 1 OTATIOTIKA TAKETA AOYIOHIKWY TpoBaivouv o€
TTAPOHOLOUG UTTOAOYIGHOUCG.

Ané v Bewpia yvwpiloupe, xwpic va xpelaletal va UTOAOYICOUHE TO
oAoKARpwHa _[ f (x)dx, ot
+00 +00 1 (X—/l)

I f(x)dx = j e 27 dx=1

—00 —00

o\N2rx
EVw £mMiong amodelkvueTal otL (dev xpelaletal va mpoBeite oe amddeiEn!)

1 (X_/‘)Z

Ixf(x)dx:zxamezf’zdx:y

oUo TtUTOoL ol oTroiol Ba yivouv Katavontoi oTn CUVEXELQ.

MNapdderypa. Mia tuxaia petaBAnti X KatavéPetal opoldpopga (uniformly
distributed), n cUp@wva pe TNV opoloPoPPn Katavopn, oto dlactnua [a,b], HE

b>a «kat ypdagpoupe X ~U[a,b] otav n o.mm divetat amd v

f(x):L , as<x<b.
b-a

1. BeBawwote otLn f(x) eival oviwg pia c.m.m.

2. YmoMoyiote Vv a.0.k Kat TG mBavétnteg P(X <b), P(X<a) kal

P(X s%(b—a)+a) .



Ot amavtioelg divovral wg eENG. Katapxdg, BeBawwvoupe ot n ocuvdaptnon f(x)

>0 agou b>a Kat

gival pia o.m.1m. Oviwg €xoupe f(X)= . !

1

J~ 1 _ b . a :b—a:
b-a b-a b-a b-a

H a.0.k F(x) divetal amd to oAokARpwpa tng f(X) HE KATW Oplo To KATW Oplo

Tou SlaocTAPAtog oto omoio AauBdvel TiEG n X Katl mavw Oplo To onpeio X,
onAadn

H mBavotnta va mapatnpriooupEe TIHEG TNG X HIKPOTEPEG amd b  a n

1 , , , . .
E(b - a) +a Olvovtdal avtlkablotwyvTtag TG avIloTOIXEG TIHEG OTNV d.0.K, OnAadn

P(X <b)= F(b):%zl
a_
P(X<a)= F@y=3—=0

ITNV OTATIOTIKA E€maywyn €ivat ouxvoi Ol <«UETACXNHATIOHOl»  TuXdiwy
petaBAnTwy. H glpeon Twv A.0.K KAl O.T.T HETACXNHUATIOHEVWY HETABANTWY

amoteAel xpnolpo Bewpntikd gpyaAsio. ‘Eotw OTL n ouvexng tuxaia PeETaBANTA

X karaveéperat cug@wva pe tnv d.c.k F,(x) pe o.mm f,(x). ©houpe va



UTTOAOYICOUHE TNV d.0.K KAl O.T.T TNG Tuxaiag HETaBANTAG Y = g(X) omou g(.)
gival pia mapaywyiolyn govotovn cuvdaptnon.

YmoAoyiloupe tnv avtiotpogn cuvaptnon X =g~ (Y)=h(Y) kat

F, (y)=F,(h(y)) 6tav n g(X) eivat povotova avouca

F (y)=1-F, (h(y)) o6tav n g(X) eival yovétova @blivouca

dh(y)
d

EmmAéov av umoBéooupe OTL #0 TOTE n ouvdptnon TUKVOTNTag

mOavotntag Tng petaBAnTAg Y divetal amd tov tumo

—dh(y)‘ (N.2)
dy

f,(y)= fx(h(y))‘



MZX.2 Avapevopevn Tign (Hadnuatikn eAmida) Kal pomeg

Ta Baclkd XxapakTnploTIKA TwY KATAVOHWY TUXaiwy HETABANTWY TEPLYpAPovTal
amo oTaTIoTIKA pétpa mou ovopalovtal pomeg. MNa mapddetypa o mMANBUCHIAKOG
pHécog NG X (A pabnupatikh eAmida tng X 1 mPOodOKWHEVN TR TS X 1
AVAPEVOHEVN TIPA TNG X ) TEPLYPAPEL TN CUYKEVIPWON TNG KATAVOUAS YUpw

amo Kamowa TN (To Y€co u) Kat Sivetal amod Toug TUTTOUG

E(X) =Y. %P(4) fi E(X)= = [ xF (x)dx

yla OlOKPITEG KAl OUVEXEIC Tuxaieg PeTaBAntég avtiotoixa. O pEoOg ouxva
AVaQEPETAl KAl w¢ TAPAPETPOC BEoNC yia euvonTtoug Adyouc'.
Ma mapddelyya av EMOTPEWYOUHE oTn  OlaKPLT  Tuxaia HetaBAntA X :

amotéAeopa piyng {aplou, o MANBUGHIAKOG HECOG Eival

1 1 1 1
E(X)_in p(Xi)—(lxgj+(2xg)+(3xgj+...+(6xgj—3.5

EVW Mia OUVEXNAC Tuxaia PETAaBANTA X TOU KATAVEUETAlL KAVOVIKA £XEl PECO

(x=p)”

L oo dx = u.

27

E(X)=u agoul onwg eidape E(X)= I xf (x)dx = I X
—o0 —00 o

H padnpatikni eAmida twv ouvaptioswyv X* ovopdletal pomn K —Tta€ewg evw

yla k >1 opilovtal ol KEVIPIKEG poTTEG K — TAEEWG

E(X - u) =>(x —y)k p(x) kat E(X —p) :'[(x—,u)k f (x)dx

' Yndpxouv kat GAAeC mapdueTpol Bfong, omwe n Oldpecoc (median) M Tou Kavomolel Tn oxéon
1

P(X < m) =— N n Kopuyn (mode) mou yla cuvexeig o.m.m opilel To onpeio oto omoio n o.m.m f(X)
2

peylotomoleital.



Fevikd yia Borel peTpAGIPEC’ TIPAYHATIKEC OUVAPTACELS g(X) Opiloupe TNV
avapevopevn TR E[g(X)] wg E[g(X)]=Ig(x)f(x)dx<oo. H mponyoupevn

aviootnta Loxuvel otav

E|g(X)| = [|g(0)] f (x)dx < oo (n.3)

Av n (M.3) dgv KavoTmoleital Tote uToAoyi{oupe Ta OAOKANpWHATA

L= [ 9g(0fodx kat I, == | g0 f(x)dx

g(x)>0 g(x)<0

Otav |, =0 kat |,<ow T6TE E[g(X)]=c0. Otav | <o kat I,=c0 TOTE
E[9(X)]=—. Otav |, =c kat |,=c TéTe N avapevopevn T E[g(X)] Oev
opiletat. H ouvbnikn (M.3) ovopaletat cuvONKn OAOKAnpwolhoTNTAG. Apa
YEVIKA n por k—ta€fng umdapxel (opiletal) otav E|X|k <+ . EmmAéov, otav
E|X|k <+ TOTE opifovtal (UTAPXouV) OAEC Ol POTIEC HE TAEN PIKPOTEPN Tou K,
dnAadn E|X|j <40 yla 0< j<k.

ATd TG pomég pe k>1, WG oNUAVTIKOTEPN OTNV OLKOVOUETpia Bewpeital n péon
TETPAYWVIKN ATOKALON amod Tov MANBUCHIaKO PEco Tou ovopdletal Siakupaven
(Tapapetpog KAipakag i diacmopdcg) omou k =2 kat cuvABw¢ cupBoAiletal pe
o’ N Var(X). MNa mapadetypa, pia tuxaia petaBAnTi X TOU Kataveéuetal

Kavovikda €xetl Slakipavon o agou (0mwg eidape mapanavw)

2 Mia ouvdptnon g(x) pe medio optopol To GUVOAO TwV TPAYHATIKGOY apBpwy R Kkat medio TV miong
10 R - ypagoupe g(x): R — R - gival Borel petpioiun av n g(X) gival tuxaia petaBAntA otav n X

eivat tuxaia getaBAnth. Ma eukoAia ava@Eépoupe ATt OAEG Ol CUVEXEIG TPAYHATIKEG CUVAPTNOELG sival Borel
HETPNOINEG KABWG Kal GUVAPTACELG Tou TUTOU (Yia akoAouBieg Tuxaiwv petaBAntwy) max X, , min X,

sup X, , inf X .



+00 +00 (X*#)z

Var(X) = I(X—ﬂ)z f(x)dx = J.(X—ﬂ)zﬁe 2 dx=0"

—00 —00

AVaAUTIKA 1oXUOUV Ol TTAPaKATW LGOTNTEG

o* =Var(X)=E(X —E(X)) =E(X?)-[E(X)T
N
o* =Var(X)=E(X —E(X)) =E(X - )’ = E(X?)- 2

Ot pOTEC TNG KAVOVIKAG KATavoung e€aptwvtal aueca amo Tig OU0 TPWTEG POTIEG

NG, ONAAON TO PEGO Kat tn dlakupavon agou

o*k! kg
—— ,  avk dpto
E(X - ) =127 (k/2)! prios
0 , av Kk meprrtog

2

Ma napadetypa, E(X -u) =0, E(X-u) =0, eved E(X - p)' =3c* =3(c”) kat
E(X -u) =15¢° = 15(02 )3. H Swaipeon g tETAPTNG KEVIPIKAG POTNG HE TO

) ) E(X-u) E(X-u4) _ . ,
TETPAywvo tng Slakupavong (X-x) = (X-p) Olvel €va oOTATIOTIKO

[E(x —#)2}2 (")

HETPO TOU ovopadetal KUuptwon.

3TN OotatloTiKl aAAd Kal otn oUyXpovn XPNHATOOIKOVOULKH OLKOVOHETpIa

onpacia amokTouv Kal avwtepng TAENG KEVIPIKEG POTEC OTIWG N TPITNG TAENG

KEVIPIKA pom E(X —,u)3 mou ekppalel ouppetpia’ yipw amd tov péco arAd

3 Juppetpikéc katavopég Sivouv E(X —,u)3 =0. H E(X —,u)3 >0 ekppalel BTk aocuppeTpia,
OnAadn n Katavopn OuyKevipwvetdl Oe€ld TOU MEOOU Kal €XEl «HaKpua» Oefld KatdAnfn evw
E ( X - ,u)3 < 0 ek@palsl apvnTIKN QOUPPETPIA PE TNV KATAVOUN VA CUYKEVIPWYETAL APIOTEPA TOU HECOU
Kal gg@avilel «pakpla» aplotepr KatdAnén.



KAl n TETApING TAENG KEVIPIKN POTH E(X—y)4 mou €K@PAlel Tn popen n
KUpTtwon? TnNg katavopnc.

Ma mapadetypa av X : «anotéAsoua piwng {apioU» TOTE EXOUHE

Var(X)=E(X —u) =2 (%~ #) p(x)

=(1-3.5) ><%+(2—3.5)2 ><é+...+(6—3.5)2 x%

=2.9166

E(X-u) = X (%) p(%)=0

E(X-u)' =Y (x—u) p(x)=14.7291

Mapatnpeiote ATl evw 0 MANBUCHIAKOC HEGOC OlATNPEL TIG HOVADEG HETPNONG TNG
ekdotote Ttuxaiag PetaBANTAG autd Oev oupBaivel pe TN OlakUpavon Tmou
EKPPAlel TETPAYWVIKEC ATMOKAICES. Ma 1o AGYo autd ouxvd HEAETOUPE TNV

TUMKNA amoKAion

o= Jar(X)

n omoia ekppaletal otig OlEg HOVAOEG He TN HETABANTA X Kal Xpnolgomoleitat
€UpUTATA OTNV TUTIOTIOINGN OTATIOTIKWY HETPWV.

MepIKEC oNUAVTIKEG IO1OTNTEG TNG AVAPEVOHEVNG TIUAG £ival,

e av a eival otabepog apibuog téte E(a)=a

4 H kUptwon avagépetal otnv HOPPH TwV KATAVOHWY KAl HETPA TN OXEON TNG KOPUPAC Kal Twv
KAtaAn€ewy NG Katavopng. «MeyaAltepn» KUPTwon (AEMTOKUPTN KATAVOMN) UMOONAWVEL HAKPUTEPES
KATaAnEgELg TNG KATAVOPNG KAl GUHTIIESN TNG KATAVOUAG YUpw damd TtV Kopu@n. «MIKpotepn» KUPTWON
(TAatUkuptn Katavopn) umodnAwvel TAQTUTEPN KOPUPH TNG KATAVOUAG Kal HIKPOTEPEG KATAANEELG. Zuxva
WG HETPO oUYKpLong BewpoUpe TNV KUPTWON TNG KAVOVIKAG KATtavoung n otmoia eivat ion pe 3.



e H avapevopevn TiUn €ival YPApPIKOG HETACXNHPATIONOG. Av X Kat Y

TUXaieg PETABANTEC Kal a,b otabepég tote

E(aX +bY)=E(aX)+E(bY)=aE(X)+bE(Y)
e« Av f(X) givat KoiAn cuvdptnon (concave) tote E(f(X))< f(E(X))
e Av f(X) elval Kupth cuvdptnon (convex) 10te

E(f(X))>f (E(X )) "avicotnTa Jensen"

H teAsutaia avicdtnta ovopdletal avicotnta Jensen Kal €Xel TOUAAXIoTov SUO

XPNOIHEG EPAPHOYEG
[ECO|<E[X| ka [E(X)] <E(X?)

And Tig mapamdvw OU0 avicoTNTEG N TMPWTN AploTEPd €ival n avicotnta tng
amoAutng TIUAG (modulus inequality) n omoia amoteAel Kalt €k@pacn NG
ouvlnknGg OAOKANPWOGIHOTNTAG, E|X|<+oo:> E(X)<+oo, evw n  OeguTEPN
BeBawwvel Tn BeTikoTNTA TNS SLAKUPAVONG.

TéAog, opiletal n moootnTa
1/p
], =(EX[") " . p=1

n omoia ovopdletat L voppa tng tuxaiag petaBAntng X pe Baon tnv omoia
mapouctaloupe €vav xpnoldo aptbud avicotntwyv. Eotw 61t X kat Y Ouvo

Tuxaieg petaBAntég. Tote

* H avicotnta Liapunov OnAwVEL OTL

X[, <IX], » 0<p<aq



* H avieotnta Minkowski OnAwvel OTL

X[, <Ix],+Iv], » p=1

* H avicotnta Cauchy-Schwarz SnAwvel otL
e|xv|s=(E[x[) " (M)

* N avicotnta Holder ywa p>1 kat q>1 pe lp+%:1 ONAWVEL OTL
X, <[x[, v,

TEAog, o oxéon pe Tn dlakupavon amodslkvueTal otl av a Kat b eivat otabepoi
aptBpoi

Var(a)=0 kat Var(a+bX)=Db*Var(X)



MZX.3 AigetaBANTEG (AMO KOIVOU) KATAVOUEG

To péxpl Twpa mAaiclo avaAuong meplAduBave povo pia tuxaia petaBAnth. Xtnv
OlKOVOHETpia BEBala onpacia €xel n PHEAETN TNG OXEONG TEPIOCOTEPWY ATO Mia
Tuxaiwv petaBAntwyv. Opifoupe Aowmdv TNV amo-kolvou d.0.K WG TNV
mOavotnta va mapatnenooupe X <X Kdl («Tautoxpovwes» N oto idlo meipapa)

Y <y wg,
F(X,y)=P(X <xY<y)

Otav n F eivat ouvexng t0Te n amd KolvoUu ouvdpTnon TMUKvVOTNTAG

molavotntag (K.o.m.m) divetal amo tnv

_FF(x,Y)

f(x.y) oxdy

EVW Yla KABe Borel petpnolpn cuvaptnon g(x,y) oxXUeL OTL

E[g(xy)]= _U f (x, y)dxdy

Ol OplaKEG OUVAPTACELS TUKVOTNTAG mOavotntag Ttwv HeTaBAntwy Y, X

pmopouv va e§axBouv and v f(x,y),

F
()= =] Ty kat £,00= = [ ouyay

Mia onpavtikn évvola sival auti tng «ave€aptnoiac» Twy TuXdiwv PeTaBAnTwy
Y,X . Ot pyetaBAntéc Y, X A€yovral ave€dptnte¢ Otav n K.O.M.T UTOPE( va

napayovtonoinbei o010  YIVOUEVO TwWV O0OplAKWY O.M.M OnAadn otav



f(x,y)=f,(y)f, (). H 1d6tnta tng ave§aptnoiag eivat onpavtikn agou otav
LOXUEL TOTE Yla OUo omolecdnmote Borel petpnolpeg ouvaptioelg h(Y) kat w(X)
éxoupe ot E[h(Y)w(X)]=E[h(Y)]E[w(X)]. Otav n cuvaptnon g(Y,X) diveral
amo TO YIVOHEVO TWV AMOKAICEWY TwV PETABANTWY amd tov MANBUCHIAKO HECO,
g(Y,X)=(Y-E(Y))(X —E(X)), 71Ot oOpilouge TNV KOWH poOmH  TNG

«ouvdlakupavoneg»

Cov(Y,X)=E[(Y —E(Y))(X —E(X))]
=E(YX)—=E(Y)E(X) = E(YX) = st sty

émou E(Y)=g kat E(X)=pu,. H ouvdlaklpavon eivat pndév o6tav ol
HETABANTEC eival ave§ApTnTeG i OTAV €ival YPAUHIKA HN-CUCXETI{OPEVES (HE TO
OeUTEPO va Mnv ouvemayetat 1o mpwrto). Mapatnpeiote oOtL n ave€aptnoia
ouvemayetat ot E[h(Y)w(X)]=E[h(Y)]E[w(X)] dpa étav ot Y,X eival
ave§apTnTES LOXUEL E(YX)=E(Y)E(X) omdte
Cov(Y,X)=E(YX)-E(Y)E(X)=0. Mpoooxr 316t to avtictpopo Gev oxUe’
onAadn Cov(Y,X)=0 = (0ev cuvemdyetal) otL ot Y, X eival ave§aptntec.

H ouvdiakUpavon emnpedletal amo TIG HOVASEG METPNONG TWV HETABANTWY Kdal
WG €K TOUTOU OtV HTMOpel va amoteAéoel PETPO GUYKPLONG TNG «EVTAonG» TNG
oxéong Twv umo-e€€taon petaBAnTwv. Ma 1o AOY0 QuTO TUTIOTOLOUME

OlalpWVTAG ME TIC AVTIOTOIXEG TUTIKEG ATOKAICELS Kal AdpBAavoupe To

OUVTEAECTH CUGXETIONG

_ Cov(Y,X)
AY> %) \/Var(Y)Var(X)

5 Mpoocoxr. MOVO yla TNV KAVOVIKH KATAVOHN OXUEL 6Tl 6Tav Cov(Y,X) =0 Kal ol YETaBANTEG Y, X
KataveéRovTdl Kavovikd tote ol Y, X eival ave€dptnteg. To ocuumépacpd £MeTal amod TO YEYOVOG OTL n

KAVOVIKN Katavopn Xxapaktnpiletal MARpwe amo Tig mpwteg 0U0 pomEG TNG.



AmodelkvUeTal 0Tt o ouvteAeotng p(Y,X) AapBavel Tipég —1< p(Y,X)<1 pe
TIHEG KOVTA 01O 1 va onpatodotouv «loxupn (YPAPUIKA) BETIKA OUGXETion»,
KOVTA oT0 -1 «loxupn (YPAMUUIKA) APVNTIKA GUOXETION» KAl KOVIA OTO PNOEV
YPAPUIKA aCUGXETIOTEG HETABANTEG.

IXETIKA PE TN OlakUpavon abpoiopatog Tuxdiwy HETABANTWY £XOUME OTL
Var (aX £bY)=a’Var(X)+b*Var(Y)+2abCov(X,Y)
Apaav ol X kat Y eivalt ave€aptnteg f Pn-cUoXETI{OPEVES YPAUHIKA TOTE
Var(aX £bY)=a’Var(X)+b*Var(Y)
FevikoTepa, Yia pia akoAouBia Tuxaiwv peTaBAnTwy {Xi}?:l EXOUE OTL

n-1

Var{ J ZVar +2Zn:ZCov( )
MNZ.4 Ymo-ocuvONKn KATAVOUEG KAl  UTO-cuvOnkn

TMPOOCOOKIEG

H umd ouvOnkn i 0gopEUPEVN ouvdAPTNON TUKVOTNTAG mMOavotntag tng Y wg

mpog TNy X divetal amo tov Tumo

.0

Flylx)= f(x)

KAl TEPLYPAPEL TNV mMBavotnta n petaBAnt) Y va AdBel tnv TR y otav n X

Exel AABelL TNV TIUR X . Avtiotowxa 1oxUEl



f(y.%)

f(x|y)= t(y)

Eivat epgpaveg ot dtav ot petaBAntég eivat avegaptnteg tote f(y|x) = f,(y) kat
f(x]y)= f, (X) 6nAadn n MANPOWPOPNON TTOU EXOUHE OXETIKA HE TNV PETABANTA
X Oegv emnpedlel v mbavotnta eP@Aviong TG TWPAC Yy Yy TRV Y Kal
avtiotolxa yta tn getaBAnti X .

Ot umo ouvOnkn 1 0ecUEVPEVEG pOTTEG opilovTal Katd TpOTo avaAoyo HE autd
TWV KN UTT0-cUVONKN poTwv.

‘Etol, o deopeupévog PEoog yia dedopevn TiUn Tng X opiletal wg
E(Y X =x)=E(Y|x)=[yf(y|xady
Kal N OECPEUPEVN OlAKUPAvVon wE
Var (Y | X =x)=Var (Y |x)= [(y=E(Y | X =x))" f (y|x)dy

Fevikd avtikablotwvtag X Omou X, Ol OECHEUHEVEC POTIEC AVTIOTOIXOUV OF
tuxaieg peTaBANTéG Kat ypagoupe E(Y | X) i Var(Y|X) K.o.k. H deopeupévn
pormi E(Y|x) avriotoixel otn mepimtwon auti o€ pia mpayparomoinon
(realization) tng tuxaiag petaBAntig E(Y|X). Na mwapadelypa av o
OeopEUPEVOG pécOg gival ypappiki cuvaptnon tou tumou E(Y | X =X)=a+ Bx
téte pmopolpe va ypdyoupe E(Y|X)=a+pX. H péon Ti tng tuxaiag
petaBAntig E(Y|X)=a+pBX OSivetaw amé E(E(Y|X))=a+pE(X) evw n
Swakupaven anéVar (E(Y | X))= gVar(X).

Mia onpavtiki 1010TNTa Twv OECHEUPEVWY POTIWV HETAPPALETAL OTO VOHO TWV

emavaAapBavopevwy MPoodoKIwY, V.€.T, CULQWVA HE TOV OT0I0



E(E(Y X)) =E(Y)

EVW OUXVA OTa €YXELPIOld OLKOVOUETPIAg ava@epPeTal Kali 0 GUMBOAIGHOG
E, (E(Y[X))=E(Y) mou onpaivet 6Tt 0 TPGTOG TEAESTIG TIPOGBOKIWY EXEL KOG
avagopd tnv Katavopn tng X .

Fevikd yia Borel petpriotueg 0AOKANPWOIHEG UVAPTAGELG g (X ) 1oxUeL OTL
E(Yg(X)|X)=g(X)E(Y|X)

EVw Mia onpavtikg 1010TNTa Tou amoppéEl amd TO V.E.M €ivat OtlL av
E(Y|X)=E(Y) téte Cov(Y,g(X))=0 yia kaBe Borel peTpriciun 0AOKANP®WGIUN

ouvdaptnon g(X). MNa mapadetypa otav g(X)= X €xoupe

Cov(Y,X)=E(YX)-E(Y)E(X)
=E(E(YX | X))-E(Y)E(X)
=E(XE(Y|X))-E(Y)E(X)
= E(XE(Y))-E(Y)E(X)

E(
0

MZX.5 ZUvoAa mAnpowopnong

‘Eotw ot ...,Y,.Y,,Y,,... pia oglpd tuxaiwv petaBAntwv. Kabe otolxeio Tng oelpag
YPA@ETaAl YEVIKA WG Y, (TM.X yla t=6 €xoupe Tnv petaBAnth Y, ). Eidape ot n
deopeupévn mpoodokia tng petaBANTAG Y, pe Oedopévn thv X, YPAPETAL WG
E(Y,|X,) umovowvtag yveon g X, KATd Tov UTOAOYIOHO TNG QVAHEVOHEVNG

TIUAG ™G Y,. Zuxvd eival AoylkO va umoBEToupe yvwon OxtL pHovo tg X, aAAd



OANG NG OEPAG ..., X, ,, X, X, X5 Xipe- APA YEVIKEUOUUE TO UTIO-OUVORKN
oUvoAo Twv petaBAntwy Kat opidouge TO  oUVOAO  TANPOQOPNONG
X ={.s Xips X Xps Xus Xpapeoof K@U @vTioTOX@ TN GECHEUPEVN  TPOGSOKIa
E(Yt |X). AKOpPa OUXVOTEPA TO GUVOAO TANPOQOPNONG TEPLEXEL OXL HOVO TNV
o€lpd TG peTaBANTAG X, aAAd kat aplBpd aAAwv petaBAntwy. XuvnBifoupe va
oupBoAiloupe £va Tétolo oUvoAo pe Q i 1 (information set). Téhog, étav o
OeikTng t ekpdlel xpovo n owatagn (dnAadn to t-1 «mponyeital» tou t K.0.K)

Kal To oUVOAo TANPo@OpNoNG TEPLEXEL POVO TNV «lotopia» tng Y,, OnAadn

meplEXel TG {Y, .Y, ,....} , ypdpoupe F,_, kat avtiotoxa E(Y, |F,_).

MZ.6 O TEAEOTNG UCTEPNONG KAl O TEAECTAG MPWTWV

Olaopwyv
‘Ectw pia xpovooelpd Y, . O teAeotig uotépnong L €xet Tnv didtnta Ly, =y,
yla Kabe aképalo j evw yla otabepouq (Un EEAPTWHEVOUC ATIO TO XpOVO) OPOUG

a oxvel 6Tt L'a = a emiong yia KGBs akEpato j.

‘Eotw OT1 BEAOUPE Va YPAWOUPE GUVOTTIKA TN PETABOAN y, — Y, , . ‘Exoupe
Vo= Yoo = Yo Ly, =(1-L)y,
‘Eotw ot1 BEAoupE va ek@pdacoupe cuvomTikd tn dwagpopd y, — Y, , . ‘Exoupe
Yo Yoa =Y - Ly =(1-L)y,

‘Eotw OtL epappdloups Tov TEAESTH oTn PeTaBANTA t. ‘Exoupe Lt=t—j.



0 6pog (1-L) oupBoAiletal ouxvd amd 1o ypdupda A To omoio ovopdaletal Kat
TEAEOTAG  TPWTWY  Slapopwv  dgol Ay, =(1-L)y, =y, -VY,,. Avtiotoxa

ypdgpoupe A’ =(1- L)d (teAeotig d Slagopwv) Kat A, =1-L°.

Napddetypa. H petaBoAn Ay,,, €ivat {on pE Ay, =Y., — Yi,- H A%y, =AAy,
(6eUTepeg Slagopég TG Y, ) eivat ion pe A%y, =(1- L)2 Y, =Y, —2Y,, + VY., EVW N

A2yt =Y Yo

Napadetypa. ‘Eotw Ot y, =a+pft+yx . Bpeite g mpwrteg Kal OeUTEPEG

OlaopEg. ‘Exoupe, Ay, = Aa+ BAt+ yAX, = B+ yAX VW Ay, = yA’X,



AZKHZEIZ

1. (a) ‘Eotw o6tt X ~N (,u, 0'2) . Kavovtag xprion tou tumou (MM.2) dei€te ot

7 X H

~N(0,1
N0

1. (B) Mia tuxaia petaBAnTh Y Aépe OTL akoAouBei tn AoyaplOpiki-Kavoviki
katavoun otav n X =In(Y) Katavépetal kavovikda. ‘Eotw Aoumov ot

X=In(Y)~ N(y,az). Kavovtag xpron tou tumou (M.2) Bpeite t cuvdaptnon

mukvotntag meavotntag tng Y oOnAadn TNV C.T.T TNG AOYAPIOUIKO-KAVOVIKAG

(log-normal) katavopng kat Oci€te Ot n m-oot) pomn TG Y Odivetal amo

2
m29- +%o‘2

HT Apa n Y ¢€xel péco E(Y):eﬂ kKat Olakupavon

E(v")=e
Var (Y):e“*“z (e"z —1). Emiong O¢ci€te 611 n duapeoog sival ion pe e“. Ymodel€n:
n OWAPESOG €ival N TIPR & TOU yla Tuxaia PYetaBANTA Z pe amoAUTwG CUVEXN
KATAVOUN IKavoTiolel TNy oxéon P(Z < &) :% .
Amdavtnon 1(B)

ATTAN e@appoyn tou tumou (MM.2) divel

_(ln y—,u)2
e 202

, 0<Xx<+4

1 1
f = —
v (Y) S y

Apa n m-ootA pomnn tng Y divetal amo



E(Ym)= [y REGRET
( ) g y o 27re y
+00 1 _M
= j emt 5t o? dt
< ON21
4o (t—,u)2—20'2mt
- J' \}Te 267 gt
4 ON21
(#+m02j2—u2 o [t{ﬂ+mazﬂz

a?

2
:e,um+m >
émou n deUtepn 1odTNTA TPOKUTTEL amd TNV aAAayr HETaBANTAC® t=Iny ev n

TETapTn 10O0TNTA AapBavetal HeTd amd oAoKARpwon TETpaywvou, dnAadn

t* —2tu+u’ —20°mt =t’ —2t(,u+m62)+,u2

2 2

:t2—2t(,u+m0'2)+(/,t+m02) —(,u+m0'2)2+y

2

:(t—(,u+m(72))2 —(y+m02)2 + i

e

2
Omote n peon TipA TG peTaBAnTig Y Sivetat amd E(Y) =7 kal n

dlakupavon amo

Var(Y)=E(Y?)-[E(Y)] =@+~ —e2 (e 1]

1
 Apo. dt =—dy Ko ta 6pia ohokMpmong yivovtar lim (Iny) =+ , lim(Iny) = —oo
y Yot y->0



H diapecog pmopei va Bpebei eUkoAa agou yvwpiloupe 0Tt n SLAPESOC TNG

KAVOVIKNG KATAVOMNG CUUTITITEL PE TO PESO TNG ONAadH & = 1 . Apa

P(ln(Y)S,u)=%:> P(Y Se“):%

2. Mia tuxaia petaBAnty X Katavépetat opolopopga (uniformly distributed)

oto Oldotnpa [a,b], kat ypagoupe X ~U(a,b) otav n o.m.m divetatl amd tnv
1
f(x)=——, a<x<b
b-a

YmoAoyiote Tn padnpatikn eAmida (TPOcOOKWHEVN TIUR TANOBUCHIAKOC HEGOC)

NG X . YmoAoyiote tn OlakUpavon tng X . YMOAOYIOTE TIC KEVIPIKEG POTEC

TPITNG KAl TETAPTNG TAgEwG E (X — )’ kat E(X —u)" avtictoxa.

3. 'Eotw O6tL X n tuxaia petaBAnth: «amoteAéopata piyng {aplou». YmoAoyiote
TIC KEVTPIKEG POTIEC TPITNG Kal TETAPTNG TAENG. Ta EUPNHATA GAG OXETIKA HE TNV

KEVIPIKA pOTIA TPITNG TAENG TTPETEL va €ival avapevopevd. IXOAIAOTE.

4. 'Eotw OTL n petaBANT X Katavépetat opolopop@a (uniformly distributed)
oto Oldotnpa [a,b] kat a>0. Bpeite TNV d.0.K Kat tnv O©.M.T TNG TUXAIAG

HETABANTAG Y = In X
5. ‘Ectw ol tuxaieg petaBAntég X Kat Y . Me Bdon TI¢ mapakatw O10TNTEG

E(aX +bY)=aE(X)+bE(Y)
Var(aX +bY)=a’Var(X)+b?*var(Y)+2abCov(X,Y)

Cov(Y,X)=E[(Y —E(Y))(X —E(X))]=E(YX)-E(Y)E(X)



utoAoyiote T Slakupavon Var (X +Y +Z)

6. ATTOOEIETE OTL O CUVTEAECTAG CUGXETIONG o AQuBAvel TIHEG peTalU Tou -1 Kal

‘ Cov(X.,Y) ‘

‘\/Var(X)Var(Y)‘

<1

Tou 1, SnAadh |4 =

Amavtnon 6.
‘Eotw Ot ol X kat Y €ival tuxaieg pHeTaBANTEG Pe PNOEVIKO PEGO (av Kal Xwpig

YEViIKEUON pPTTOpOoUPE va umoBecoupe otL ol X kat Y divovtal o€ amokAIcElS amo

Toug pJEooug). Emeldn yia kdbe otabepd a toxuel ot

E(aX +Y)’ =a’E(X?)+2aE(XY)+E(Y?)20

() E(X) '
(xv)] , (xNT
L (XXYQ)J FE(Y )ZOQE[& 2;; (12)%
‘ E(XY) <




7a. Asifte 6Tt av X ~N (u,az) TOTE N AVAUEVOPEVN TP TG X €lval ion pe u
onAadn E(X)=u.

78. Aci€te 6T ywa v katavopn Cauchy o pécog u=E(X) Oev opiletat. H
1

Katavopn éxet 6.1 f(X)=———y ,xeR
7r(1+x )
Amavtnon 7a.
"Exoupe 6Tl
oo (e’
E(X)= | x e 29 dx
( ) J;, 2o
- j:o—('uzgz)e_zzdx
Jo2r
c vz R R
=———|ze *dx+u| —e 2dx
\/272[0 ,uJ; N2
=0+ uxl1
= u

omou n OeUTepn oOTNTA TpoKUTTEL amd tnv  aAAaynl HeTaBAntwv

7=—"¢Xx=u+0z apa Kal dx=o0dz evw n TETAPTN 10OTNTA TPOKUTTEL AT
o

Z2

10 yeyovog 6t n h(z)=ze ? eival mepurtr ouvaptnon dpa h(-z)=-h(z).

Amavtnon 78.
H avapevopevn tpn E(X) opiletat 6tav umdpxet n E[X| dSnAadh otav

E |X|# o . 'Exoupe Aotmov 6Tl



E|X|= I|x|f dx—j|x| 1+x)

17 2x

omou n OeUTEPN 1OOTNTA TPOKUTITEL AMO TN OCUHMETPia TG ouvdaptnong
1

7z(1+x2)'

X

8. 'Ectw ol tuxaieg petaBAntég X kat Y =X* 6mou E(X)=0 kat E(X3)=0.

Aci€te ot Cov(X,Y)=0 OnAadn OtTl ol HETABANTEG Eival ACUCXETIOTEG
(YPQUMIKA). YmOOeIEn: €ival gp@aveg OtL ol peTaBAnTég X kat Y Ogv gival

aveEapTnTEC.

9. Eotw 61t X pia tuxaia petaBANT pe mEMEPACUEVO PECO Kal Slakupavon. Av

Y =a+bX omou b>0 O¢i€te 61l p(X,Y)=1. Av Y =a+bX pe b<0 Oeifte ot

p(X.,Y)=-1. Na Adéyoug amromoinong uoBéote otL E(X)=0

10. Mia Slakplth Tuxaia HETaBANTH KATAVEPETAL CUHPWVA PE TNV KATAVOMN

Bernoulli otav

P(X =x)=p*(l-p)

FewpeTplkn (Geometric) otav



Poisson otav

YmoMoyiote tnv avapevopevn TR E(X) kat tn Slakdpavon Var(X) o€ 6Aeg Tig
Tapamavw MEPIMTWOELC. YToAoyiote tnv mbavotnta n X va AdBet tnv tun 0
(6nAadl P(X =0)) kat tnv mBavétnta va AdBet tnv TR 2 otav n X
KATavéPeTal oUp@wva ME TNV Katavoun Poisson. Emiong umoAoyiote tnv

mBavétnta P(1< X <3) détav n mapdpetpog A =1.

11. Mia ouvexng tuxaia PETABANTA KATAVEUETAL CUMQPWVA HE TNV €KOETIKA

Katavopn otav
1 Lx
f(x)=5e€ , 0<X<40 , >0

YmoAoyiote tnv avapevopevn T E(X) kat tn Stakupaven Var (X ).
Amavtnon 10-11.

Bernoulli: E(X)=p,Var(X)=p(-p)

[EWUETPIKA: E(X):lp ,Var(X)= 1;

2
Poisson: E(X)=A4,Var(X)=2

ExBetikn: E(X)=6,Var(X)=¢’



12. 'Eotw OTL Y, =a+ AX;+u, omou X, kat u; €ival iid tuxaieg petaBAnTEG pe

E(u)=0. Ati€te 6u Var(Y;)= fVar(X;)+Var(u;) kat ot ﬂ:%

13. Aci€te ot av Y, = AX, +u, omou X, kat u, €ivat iid tuxaieg peTaBANTEG pe

Cov(Y,, X;)

— P ehaxiotomotel Tn Slakipavon twy
Var(X;)

E(X;)=0,E(u)=0 n wyn p=

SlaTAPAKTIKWY 6pwV Var (u;) = E(u.z) .

14. 'Eotw 0Tt ol TuXaieg ave§aptnTeg HETABANTES {¢ | Katavépovtal cUpQwva

=1
petno.m.m f () katY,=a+pX,+¢ , i=L..,n Omou a kat B eival mapapeTpol
evw X, eival pia pn-otoxaotikn petaBAnth. Bpeite tnv amo-kowvou cuvdptnon
mukvotntag mlavotntag twv Y,,Y. ....Y,. Emiong Bpeite T aAAdler otnv

amavinon oag 6tav Y  =a+pX;+g , 1>0
Anavtnon 14.
Emedn ¢ =Y, —a— X, €xoupe OTL

0= 1y -a ) L2 20

%Z fg(Yi _a_ﬁxi)

Kdl n amo-kKowvou C.T.1T €ivatl n

YY) = n f,(Y,—a-pBX;)

i=1

f(Y,

n’

AOYw ave€aptnoiag twv & Kal cUVETWGS Twv Y;. Ztnv deltepn e§icwon éxoupe



f, (Yi) _ fg(Yiz —a—ﬂxi)}d (Yiﬂ _dil_ﬂXi)%

= f, (% —a-pX;) ]|

dapa n amo-Kolvou C. 1.1 €ival n

n n

(Yo ¥og¥) = TIL A6 -2 %) 2l = 2 [T £ (% 2= ]

! i=1



