MAPAPTHMA AAyeBpac Mntpwyv (Mivakwv)

MM1. Opiopoi kat opoAoyia

Ot YATPEG N TMivaKeG amoteAoUV opBoywWVIEG SLATAEELG APOPWY I OTOXEIWY

a, Q, -
A= a, ay Ay
anl an2 U ank

OTIoU N onpeloypagia a, uoONAWVEL T B€0on TOUu oToIXEiou péoa otn PATPA
KAl onuaivel mavia «i-ooth ypaupn, j-ootn otAAn». AnAadn o MPWTOg
uTTo0EIKTNG UTTOONAWVEL YPaUHn Kat o OeUTeEPOG OTNAAN. XTnVv avaAucn Tou
akoAoubsi - kat otav dev gival APeca EPPAVEG - UTTOBETOUHE OTL OAA TA OTOLXElA
TV PNTPWYV gival mpaypatikoi apiBpoi, 6nAadn a; e R.

H pAtpa (N evaAAakTika o mivakag) A Aépe OTL €ival Slaotdoewy N Taewg N
peyéBoug n emi k - kat ypagoupe nxk - otav éxel n ypappég Kat k oTAAEC.

Ta otoixeia piag pitpag pmopei va cupBoAilovtat yia eukoAia Kat wg (A) i 2€
pia nxn pAtpa A ta otowxeia (A). yua i=1,...n Bpiokovtal otn Slaywvio tng
HATPAg tnv omoia ovopaloupe KUpla dlaywvio. Ma mapddslyyd otny TapakAatw
3x3 PATpa ta otolxeia o€ €vrovn ypaen Bpiokovtal emi tng KUpLag dlaywviou,

1 2 5
-1 8 -6].
7 7 3



Juxva Ba OouUpe PATPEC va ypdgovtal o€ Opoug Twv otnAwv Toug. la

X Xy Xy
) ) X, X, - X
mapddetypa, n pAatpa X =| 2 % x
an Xn2 Xnk
X]i
’ X2i
X=[x x X | omou x =| .
X

Oa pmopouce va ypagei Kat wg

Mia pAtpa pe éva povo otoixeio, dnAadn pia 1x1 pAtpa, ovopdletal Kat gRtpa

OTOIXEIO KAl OUCLACTIKA avTloTOXel o€ €vav aplOpo. ‘Otav moAAamAacialoupe

pia pRtpa otoxeio N €va Babpwtd (aptBpd) pe pia nxk pAtpa pe TOUAAXIOTOV

pia oldotaon peyaAutepn tou 1, tote MOAAAmAacialoupe OAA Ta GTOLXEiA TNG

HATPAg pe Tov aplbpd. MNa mapddetypa,

1 1 9 A
Ala 5 —-c|=|ad
0o -2 3 0

A 94
54 —-cA
21 34

81105_8 0 40
a b c d| |sa 8 8 &d

MM.1.1 TeTpaywViKEG PNTPEG

Mia pAtpa pe ico aplBud ypappwy Kat otnAwv ovopaletal TeTpaywvikn. MNa

, , 1 8
Tapddelypa ol HATPEG {6 2} ,

=< H~ O
O 3 X

e
9 | elval TETPAYWVIKEG.
1



MM. 1.2 ZUpPETPIKN (AVTICUMPETPIKA) PNTPa
Mia pAtpa pe otolxeia Tou kavotmolouv a; =a;yld OAa ta i, ovopaletal

. , , , . a 4
ouppeTpikn. MNa mapddetypa G€iXVOUPE pia 2 x 2 CUHHETPIKN HATPA [4 b} Kat

d f
b e]l.
e ¢

1 2 6
0U0 3x3 OUMMETPIKEG UATPES, |2 4 0,
6 0 1

-~ O

Ze avtiBeon, pia pntpa pe a; =-a; ywa OAd ta i, j ovopaletal avIlOUHHETPIKN.

-8 1
, , 0 8 , ,
Ma mapdadelypa, ol PATPEG { q O} kat | 8 0 f | elval avTIOUPPETPIKEG.
-1 -f 0
JTIC QVTIOCUMPHETPIKEG MNTPEG TA OTolXeia mou Bpiokovtal GCUMPHETPIKA TIG
dlaywviou gival avtiBeta evw OAa ta Olaywvia otolxeia ival ioca pe to Pndév

a@ou pévo TOTe IKavomoleital n wotnta a; =-a; (a; =-a;, =>a; =0).

MM. 1.3 MNOEVIKEG UATPEG

Mia pntpa pe 6Aa tng ta otoixeia ioca pe to Pndév ovopdletat pndevikn. MNa

0
elval OEVIKEC. Zuxvd
- 0} unBeviKes

, , 0 0 0
mapadelyga oL PNTPEG Oz{o 0} Kdl O={
pTopEl va mapatnpriooupe UTOOEIKTEG Tou umodnAwvouv Tn Oldotacn Tng

’ ’ ’ 4 H s ’ O 0 0
unéEVlKﬂc pNTPdacg otav autn o€V €ivat augeoca katavontn, m.x 02X3 = {O 0 0} .

MM. 1.4 AlaywVieg HATPEG

Mia tetpaywvikn PAtpa pe PNOEVIKA OTOIXElA TANYV autwy TS KUplag Slaywviou

a 0 0 o0
, . . 0 b 0 0 , , .
ovopalstatl dtaywvia. MNna mapadsiypa n 0 0 0 elval pla dlaywvia 4 x4
c
0 0 0 d

uATpa.



Mia daywvia pntpa pe 0Aa ta otolxeia tng KUplag Slaywviou va loouvtdl e Tn

povada ovoudletal povadiaia pRtpa Kat cupBoAidetat pe 1. dmou o umodeiktng

10I
o 1|

Av ta otolxeia Tng Kuplag dlaywviou eival 0Aa ica petall Toug TOTE N PATPA

dnAwvel tnv Td&n tng pnTpag. MNa mapddetypa, |,

S O
oS = O
—_— o O

ovopaletal Babpwtn agou pmopei va ypasl wg éva Babuwto emi tn povadiaia

2

o 0 O 1 00
pntpa. Na mapdadewypa | 0 o° 0 [=0°|0 1 0|=0"l,
0 0 o 0 0 1

MM. 1.5 TplywVIKEG HNTPEG

Mia tetpaywvikn pATpa Pe PNOEVIKA OTOIXEla TMavw amd tnv Kupla Slaywvlo

a 0 o0
ovopadetal TPIYWVIKA KAtw, m.X |d b 0|, evw pe PndeVIKA oOTOIXElA KATW
f e c
a d f
amo tnv Kupla dlaywvio ovopdletal Tplywvikng dvw, m.x |0 b e
0 0 c

MM.1.6 Toeplitz pitpa

Ot pnRtpeg Toeplitz gival pATPEG oL oTmoieg €xouv o€ KABe dlaywvio Ola oTolxeid.

fa b ¢ d)
. e a b c , , . .
Na mapadstypya n f e a bl EmmAgov ol cuppetplkeg pntpeg Toeplitz
g f e a
(a b c d)
. . , , b a b c
€XOUV TNV 1010TNTA TNG CUHHETPLAG, Yia Tapadelyua c b a b
d ¢c b a



2TNV OLKOVOHETPIA AmavtwyTdl cUXvd TETooU £idoug PATPEG. MNa mapadelypa n

HATPA OLAKUPAVOEWY - OUVOLAKUHPAVOEWY HIiag XPOVOCELPAG {ut}ln n omoia

(u)
OUMTTUKVWVETAL o€ £va Olavuopa u :{ : J dilvetal amo tnv pRTpa
un
Var(u)=E(uu')- E(u)E(u)'

Var(u,)  Cov(u,u,) Cov(u,,u,)

| Cov(u,,u,)  Var(u,) ' :
: Cov(u,_,u,)

Cov(u,,u,) Cov(u,,u,,)  Var(u,)

omou  Var(u;)=E(u, - E(ui))2 Kal Cov(ui,uj)z E[(ui - E(ui))(uj - E(uj))] H
mapamdvw pntpa sivat Toeplitz 6tav mpoBoupe otnv UTTOBECN OTL N XpOvooElpd
{u.} eivat otdown, 6nAadn n cuvdptnon autocuvdlakUpavong e€aptartal PHovo
amo tnv (amoAuTn TIUA) XPOVIKA AMOOTACN TWV OTOIXEIWV TNG XPOVOCEIPAC,
Cov(ui,uj): f(i-jf), evd oxoet 6Tt Cov(ui,uj)=Cov(uj,ui).

MM.1.7 AlavUopata

Mia pitpa mou mepLEXEL pia povo otnAn eival yvwotn Kat wg Siavuopa oTtiAn n
av MEPLEXEL HOVO Mia Ypappn €ival éva Sldavuopa ypappn. Zuvnbws avagpEéPoups
anmAd tov 6po «dldvucpa» agou eival yvwoto amd ta cupgpalopsva av Tto
oldvuopa eivat otiAn n ypauun. EmmAfov, ouvnBiletal ta otowxeia &vog
dlaviopaTog va £Xouv Tov 010 CUPBOAIOPO pPE auTtov Tou dlavuopatog Hovo Tou
Kataypagovtal pe Bdon évav umodeiktn. MNa mapadetypa éva 4 x1 diavuopa y

Kal £va 1xn Oldvuopa U ypa@ovtal avaAuTikad wg,



Yi

Ya
y= Kat u=[u u, - U U]

Y;
Y4

Alavuopata pe OAd Toug Ta OTOoIXEla ioa pe Tn povada cupBoAilovtal pe i=

MM.1.8 ZUvOeTEG PATPEG

JUXVA OTIG OLKOVOUETPIKEG EPAPHOYES eP@avidovial alyeBpIkEG OUGKOAIEC otav
Ol MATPEG €ival apKeTA PeYAAou PEYEBOUG. ZTIC TEPITTWOELG AUTEG, N aAyEBpIKA
HEAETN OLEUKOAUVETAL ONUAVTIKA av OlapeploBouv ol PATPEG «KATAAANAQ» OE
HIKPOTEPA TPAKAta i umo-pATPES. ‘Etol pia pntpa A ovopdletal oUvOeTn av ta

EMPEPOUG OTOIXEIA TNG Eival PNTPEG HIKPOTEPOU HEYEBOUG ammd TV A.

1 2 3
MNa mapddetypa n pAtpa A=|6 -1 3| pmopei va Olapeplobel wg €ENG:
0O b 9

- A A (12 (3 B )
A_(An Azzj " A“_(6 _J’Az—@,&l—(o b). A, =(9)0.

EvaAAakTika kat avdAoya pe to {ntoupevo amotéAsopa, n yAtpa A={6 -1 3

2 3

1
pTopei va Siapeptodei wg A:(ﬁj ue A =(6 S

),Aﬁ(o b 9).

Mpocoxn, n Olapéplon Yivetal €TI0l WOTE Ol UTO-UATPEG ToU Bpiokovtal otnv
(0la ypappun va €xouv OAeg Tov (010 aplOPd YPAUHWY Kal ol UTTo-HATPEG TIOU

Bpiokovtal otnyv idla 6TAAN va €xouv tov 010 aplOpo oTnAwy.

MM.2 Np6cBeon kKal MOAAATAAGIAGHOG



O mpdgelg Tng mMpocbeong Kat agaipsong opidovtal HOVO yla PATPEG TTOU £XOUV
akpBWC TIC 01eg OLAOTAOELG KAl ASlToupyoUv pEOow TPOOBEoNG Kal apaipeong
TWV AVTIOTOIXWV OTOIXEIWV TOUG. Xe KABe AAAN mepimTwon ol UATPES eival

acupBiBaoteg w¢ MPog TNV MPocbeon N v agaipeon. MNa mapadetypa

1 2 3 1 1 1 2 3 4
w 4 5|+/b 2 2|=lw+b 6 3
1 -4 a 1 1 -a 2 -3 0

AUo pntpeg A, B 0lwv dlactdoswy ival ioeg povo otav Kabe oTolxeio Toug givat
ioo n otav A-B=0. Apa dUo PNTpeg SLaWopETIKWY SlacTdocewy OV PTTOPEL va
eival iosc.

loxUouv ol YVWOTEG IOLOTNTEG,

AvtipetaBetikin: A+B=B+A
MpooetaipiotikA: (A+B)+C = A+(B+C)

Oudétepou otoixeiou: A+0=0+A=A

O moAAamAaclacpdg pNTpwy Eival mo moAUTAoKoG. lMa va Pmopoups va
TOAAATAQcIAcoupe OUO HUATPEG AB TPEMEL 0 APIOPOC TwV OTNAWY TG A va
gival (0og pe tov aplBpd Twv Ypappwy tTNg B Kal n mapayopevn pATpa €xel
aplOpo ypappwy ico pe autdv Tng A Kal oTnAwWV (oo pe autdv Tng B. Apa av n
A eivat nxk kat n B eivat kxm tote AB=Ceivat nxm. H mpdén tou
TOAAaTAaclacpoU opiletal wg TO ECWTEPIKO YIVOPEVO KABE YpaUPAg TNG A ME

KAaBe otNAn Tng B dnAadn

k
Z(A)ip(B)pj =(C)ij yai=1..,nKat j=1,..m

p=1



Ma mapadetypa

y 4
] yz = XY, H XY, XY XY, = D XY,
3 i=1

Y,

[Xl X XX

17
L2 3] | [OO+@©+30 OO +@O+3)]_[ 16 g
32 a LOM+@)O) + @A) B)D+(2)0)+(a)-5)] [15+a 21-5a

a bjle g| |ae+bh ag+bk
c dilh k| |ce+dh cg+dk

IXNPATIKA,

K—J\——\f_/% ° ° °
L] L] L] blj k
a, Ay || 1= 2 a‘ilblj *

IoxUouv ol YVWOTEG IOIOTNTEG,

Mpooetaipiotikn: (AB)C = A(BC)
Empepiotiki: (A+B)C=AC+BC

A(B+C)=AB+AC

Mpocooxn OpwG ylati Gev 1oXUEl TAVTA N avtigetabetiky WOotnta AB=BA.
MdAwota ekt1g «e€aipécewyv> 10XUEL OTL AB = BA €vw ouxvd ol OlacTACELS TwY
MNTPpwWV €ival TEtoleg mou Oev EMTPEMOUV TOAAATAACIACHO Hiag pATpag amo

aplotepd Kat amd Og€ld. MN'autd Katl Katd tov MOAAATAACIacho pntpwy (otav



gival cupBIBacTog) avaEpoupe TN Yopd tng mMPAENg m.X «moAAamAacialoupe
amo aplotepd tn PATpa A pe Tn pAtpa B, onAadn BA» i «moAAamAactaloupe
amo Og€1d Tn PATpa A e tTn PATPa B, 6nAadn AB ».

Ol TETPAYWVIKEG HATPEG PTTOPOUV VA UYPwBoUV 0€ akEPAlEG OUVAUELG WG

A=A-A-A-...-A
\_ﬁ/_—/
k popég
evy A’=1 kat A'=A. NpocoxnA 60Tt n dUvapn umovosl TOAAATAACLAoHO Kat

OXl Uywon kKAabe otolxeiou otov ekaotote €kBetn. NMa mapddetypa, av
1 2) ., (1 2)(1 2) (7 10 N

A= Tote A" = = Kat oxt A” # .
3 4 3 4)\3 4 15 22 9 16

MM.3 Avdotpopn pntpa

H avaotpopn piag nxk pAtpag A cupBoAiletal ye A’ kat sivat pia k xn pRtpa
NG omolag ol YPAaHHEG avtiotolxoUv oTig oTnAEG tng A. Na mapadelyya av
a b
. a c e
A=|c d| tote A'= .
b d f
e f
loxUouv ot IBLOTNTEG, (A')' =A, (A+ B)' =A+B', (AB)’ =B'A. Tua
OUHMETPIKEG HATPEG OXUEL N 1O0TNTA A= A’ €VW YIA AVTICUUHETPIKEG UATPES
LOXUEL N 1010TNTa A=-A’. IXETIKA Pe Ta OUO teAeuTaia €i0n pPNTPWY PTOPOULE

emiong va mapatnpicoupe OTL av A eival TETpaywvikn Pntpa tote A+ A’ eival

L , . . a b
OUMHETPIKN evw N A— A" glval avtlouphpeTpikn. MNna mapadetypya, av A:(C J

d
TOTE
a b a ¢ 2a b+c
A+ A = + =
c d b d b+c 2d

Kal



Al A= a b) (a c)_ 0 b-c
“lc d) (b d) (=(b-c) o0
To €0wTEPIKO YIVOHEVO OUO OlAVUCHATWY Y, X HE dldotacn nx1 opiletal wg

YX= VX Yo X+t Yo Xy = DLV (A XY= XY, 4 XY, ok XY, = DX Y)

i=1 i=1

EVW TO EEWTEPIKO TOUG YIVOUEVO Bivel pia nxn pntpa

YiXi oYXy o YX
yX,: yz.xl Y, X y%xn
ynxl ynX2 yan

‘Otav 10 E0WTEPIKO YIVOHEVO GUO Slavuopdtwy eival Pndev, x'y =0, TOTE AEHE
ott ta Olavuopata sivat opBoywvia kat ypdgoupe x L y. Mapopoiwg, étav o
TOAAATAQGLACHOG OUO pNTpwY Owoel TN PNdevikn pATpa, AB=0 Afpe OTL ol
HATPEG eival 0pOOYwWVIEG.

To EukA€idg10 HETPO N MAKOG i VOpHA VoG nx1 diavuopatog x cupBoAiletal

wg [x|, kat Sivetat amé TV améAuTn TR TNG TETPAYWVIKAG pilag Tou

£0WTEPIKOU TOU YIVopEvou, |X|, = Zn:|xi|2 =/X'x . To EukAeideto pétpo amoteAel
i=1

évav amd Ttoug Baclkoug TPOTOUC UTIOAOYIOHOU TOU  «HEYEBOUG» €VOG
olavuopatog. H AEN «pEyeBog» YPAQTNKE HE E€l0AYWYIKA a@oU OV €XOUME
ElOAYEL TNV YEWUETPIKA Bewpnon twyv Slavuopdtwy. Ev cuvtopia, pmopoupe va
Bswpnooupe OTL éva OlAvuopa HE TPAYHATIKA OTOIXEld «TPOOdidel» TIG

OUVTETAYHEVEC €VOC ONMEIOU OTO YVWOTO Kapteolavo ouotnua afovwv. lNa

. . 1) o, , , .
mapadslypa to 2x1 diavuopa x = (J OlVETAL OTTIKA OTO MAPAKATW YPAPNHA HE



™ Hopyr BEAoug kal To EukAeidelo pétpo tou oo pe x|, =v1* +2° =/5 divel

v anéotacn tou onpeiou (1,2) amoé tnv apxn twv agévwv (0,0).

To EukAcidclo pETPO MTOpPEL va «OMTIKOTOINOE(» Kal otn MeEPIMTWON €VOG

dlavuopatog 3x1 to omoio maplotdvel Tn B€on €vog onpeiou otov TPLEOIACTATO

1
xwpo. Ma mapddetypa to EukAeideto pétpo tou x=| 1| givat V12 +1>+2% =6 .
2

n

1/k
To EukAeidelo pétpo yevikeletat oe x|, :[Z|xi|k] yld B€TIKOUC aKEPALOUG
i=1



k>1 evwd yia k=4 £XOUPE TO METPO ||x||w:max(|xi|). MNa mapdadetypa av

I<j<n

3
=] 2| wte x| =6, [, =i, [+, =3.
1

‘OAgC ol Tapamavw VOPHES amoteAoUV SLaPOoPETIKOUC TPOTIOUC UTTOAOYIOHOU TOU

«peyEBoUC» £vog OlavuopaTtoc.

MM.4 Ixvog pntpag

To ixvog piag TeTpaywvikng nxn pAtpag A dSivetal amd to dbpolopa Twv

oTolxeiwv tng KUptag dlaywviou g Kat cupBoAiletal pe tr(A) = Zaii . To ixvog
i=1

HATPAG €Xel TIG akOAoubeg 110TNTEG, tr(AB)=tr(BA), tr(A+B)=tr(A)+tr(B),

tr(AA)=Atr(A), tr(A)=tr(A’). To ixvog tng povadiaiag pAtpag divetal amod tn

diaotaon g, tr(l,)=n.

MM5. Opifouca pntpag

H opifouca opiletal pévo yia TETPaywVIKEG PATPEG Kat cupBoAiletal pe |A| i

det(A). Na pAtpeg 1x1 n opifouca eivat amag |Al=|a,|=a,. Na 2x2 pitpeg

a'11 a'12

n opilouca Sivetal amd tov T0mo |A|= =a,,a,, —a,a, . [EVIKA yla nxn

a2 1 22

loXUeL OTl

det(A)=a, (~1)" det (A | )

j=1



A= 8, (-1)"[Ad1 )
j=1

omou A(i| j) €lvat n pAtpa mou opiletal dlaypdovtag tnv i-00TH YPAPUn Kat
mv j-oot) otiAn g A. H det(AG|])) - |A(i]])| - ovopdletar eddoowva
opifouoca tou i, oTolXeiou evw 0 OPOG (—1)i+j|A(i | j)| ovopdZetat aAyeBpiko
OUMTARpWHA ToU i, j oTolxeiou.

O mapamdvw TUTMOG ovopdletal Kat avamtuypa tng |A wg Tpog Ty i-00TH
YPApUN. AlATIOTWVOUHE OTL OV £XEL onpacia mola ypapun 6a emAEEoUpE apKei

i+]

va mpocégoupe ta mpoonpa (—1) ° (emiong pmopoUpEe va avantu§oups wg Pog

1 2 -4
TIG 0TAAEG). MNa mapadetypa, n opilouca tng A=| -1 4 9 | divetal amd,
1 5 3

b= 4 9 1 9 1 4
A=l-1 4 9]/=+(1 —(- —4
A L +()‘5 3‘ ( )‘1 3+( )‘1 5‘

=(12-45)+2(-3-9)-4(-5-4)=-33-24+36 =21

EVaAAQKTIKA To avanmtuypa wg mpog tn 6eUtePN TNV TpiTn Ypappn 6a dwoel

b2 2 4 1 -4 1 =2
A=l-1 4 9|=—(-1 _ — 2]

b= 2 4 1 -4 )
A=-1 4 —+(1 -5 3 ~2]
A +()‘4 9‘ ()‘—1 9‘ ()‘—1 4‘



JuvnOwg €MAEYOUHE TN YPAUMA TOU £XEL TA TEPLOCOTEPA HNOEVIKA OTOIXEIQ

a@oU autd OLEUKOAUVEL onavtika TI¢ mpdafelg pag. Na mapddstypa av

2 3 -4
A=|5 0 0 |TOtTE EMAEYOUHE TO AVATITUYHA WG TIPOG TNV GUTEPN YPAHHA Kal
1 6 7
2 3 -4 3 4
|Al=]5 0 0=—(5)‘6 7‘+(0)‘ ‘—(o)‘ ‘:—5(21+24):—225
1 6 7

Mepikég 1816TNTEG TG opilouoag eivat, |A=|A'|, |1A|=2"|A|, |AB|=|A/|B|.

Eivat epgpavég ot n opiouca piag diaywviag pntpag divetat amo

a, 0

0 n

. =aa,..a, =] ]a,
. i=1

0 0 a

EVW Yla OUVOETEG UATPEG,

‘A B‘ { ‘A— BD_ICHD| 6tav 1 D givar aviiotpéyiun
c ol

‘D ~CA™' B‘ | A| otav N A etvar avtiotpéyiun
H évvola tTng avtioTpEWiUng PNTPAg avaAUsTdl APECWS TAPAKATW.

MM.6 Avtictpown pRtpa



H avtiotpopn pAtpa piag TETpaywvikng nxn pAtpac A oupBoAilstat pe A
Kal otav umdpxel kavomolel t oxéon AA'=A'A=1 . To i,j otowxeio g

avtiotpopng pntpag A~ divetat amo

(1) = )

det ( A)

Eivar eppavég o6t n avtiotpopn pAtpa umdpxet o6tav |Al=0. Emiong, dtav
UTTAdpXEL, N avtiotpogn PATPA £ival Hovadikn.

b .
] pe pn-pndevikn opilouca det(A)=ad —cb=0, n

, . a
MNa pla 2x2 pgntpa A:[C d

avtiotpon divetal amo tov TUTo,

(d -b )

PR [d —b): ad—cb ad-cb
ad—cb\-c a —C a
ad—-cb ad-cb

Fevikd ywa pia nxn pntpa A dnuloupyoUpE tn cupgmapdyouca pntpa (cofactor
matrix) C n omoia amoteAsital amd ta aAyeBplkd CUUTIANPWHATA OAWV TWV
OTOIXEIWV TNG A KAl OTNV CUVEXELA TNV AVACTPEPOUKE WOTE VA PTIAEOUNE TV
mpooaptnpévn piAtpa (adjoint matrix) Adj(A)=C’. H avtiotpopn tng A

1

A

divetat amd tnv A =— Adj(A).



2
Ma mapdadetypa, n avtiotpown tng 3x3 pNTpag A= 0 0| divetat amo,
6

A D —

10 o 5 0 |5 of ]
6 7 4 7 |4 6
0 35 24
Jupmapayouoca: C = 23 3 boa 5 2
HITAPEYOUOE =176 9l |4 7| Tl /|
0 15 -10
2 3 1 3 1 2
oo |50 |50
0 4 0
Mpocaptnuévn (avdotpogn cupmapdyoucag): Adj(A)=|-35 -5 15
24 2 -10
Opilouca: |A|=20
apa
. 0 4 0 0 1/5 0
A'=—|-35 -5 15 |=|-7/4 -1/4 3/4

24 2 -10 3/2  1/10 -1/2

BeBawwBeite o1t A'A=AAT =1,.

MepIKEG 1IO10TNTEC TNG AVTIOTPOPNG UNTPAG KAl TNG AVTIOTPOPNG UNTPWY €ival ot
e€n,

(A) ~(R)
(AB) ' =B™'A"

-1

A+B)' =A'(A'+B") B
(A+B)

1

A7) = 1A



OTIOU OAEG Ol AVTIOTPOWEG UATPEC TPETEL va UTTdpxouv. Ol PATPEC TwV oTolwy
UTTApXeL N avtiotpon ovopdalovtal avTloTPEWIHEG I} PN-101AJ0UGEG, VW PNTPES
mou OV €Xouv avtiotpogn ovopalovtal UN-avTtioTpEWIHEG N 101a{oUoEG.

Eivat epgpavég, 6t n avtiotpown piag diaywviag pRtpag divetat amo

(ai 0 - o)
(a, 0 - 0)™ ! 1
0 a . : 0 —
- = a,
. . 0
0 0 a )
0 0o —
an

A A

Ma v «KatdAAnAa» OlAPEPIOUEVN HATPA A=(
A Ay

| ve s A, v a,

AVTIOTPEYIPEG LOXUOUV Ol TTAPAKATW TUTIOL,

A :(A‘f +AARAN -AAF,
_F2A21Al_11 F,
N avtiotpogn g A, - A, AT'A,

J omou F, =(A, -A,A A, )_1 étav umdpxet

Al :( F] _FlAlez_z1
_Az_zlAlel Az_zl "'Az_zlAﬂFlAlez_z1
avtiotpoen g A, — A, A A,

J omou F :(A11 —A,zAz‘zlAZI)_1 otav umapxeL n



Ou mapamdvw TUTIOL «HEWVOVTIAl> ONnpaviika otav n A, kai/n n A, eival

Bll

pNoevikéG. Na mapddelypa, n avtiotpo@n TNng B:(B
21

SEEN |
_Bz_zlz BZlBl_ll Bz_zl

EmmAéov, av n nxn pATpa A &ival avtioTpEWipn e U Kat v va sivat nx1

0 , ,
olvetalt amo
22

daviopara téte (A+uv’)” = A’ +L\/’,§‘l.
1+V'A"u

TéAog, akopa Kat otav Osv UTIAPXEL N avtiotpown pATpa opiletat n Moore-

Penrose yevikeuhévn avtiotpopn A" n omoia KAvomolel TIC OUVONKEG

AA"A=A , A"AA" = A" evw ot A"AA" kat A"AA" eival cuppeTpikeéG. H Moore-

Penrose yevikeupévn avtiotpopn A’ opiletal kalt €ivat povadilkn yla Kabe

unTpa.
MM.7 Fpappikn €€daptnon Kai Babudg pntpag

n
‘Eva ouvolo Slavuopdtwyv X,..,X, €ival Ypappika ave&daptnto otav Z/in =0
i=1

umovoei OTL OAoL ol ouvieAeoTtég A eival pndév. AnAadn Ogv UTAPXOUV N-

n
pNGEVIKA A, TETOd WOTE Z/Ii x. =0. Xe avtifetn mepinmtwon ta dlavuopata givat
i=1

YPapuikwg e€aptnuéva. MN.x ta davuopata X, X,,X, €ival ypappika egaptnuéva
otav x, —2X,+5%,=0.

‘Eotw 61t A eivat pia nxk pAtpa. O otnAoBabudg tng pATPAg ival o PEYLIOTOG
aplOpoC TWV YPAUHIKWE aveEApTNTwy oTNAWY NG (KAl PopEl va gival To moAU
k) evwy o ypappoBabuog tng pNTpag €ivat o HEYIOTOG APOPOG YPAMHIKWG
ave€dpTNTwWy YPApUHWY (KAl Pmopei va gival To moAU icog pe n). MmopouUpe va
dci§oupe ATl 0 oTNAOBABUOC gival i00G pe To YpappoBaduo dpa PIAGUE Hovo yia

t0 BaBuoé g pATpag o omoiog oupBOAifeTal pe r(A) Kal IKAVOTOLE



r(A)<min{n,k}. Otav r(A)=min{nk} t61€ N pAtpa A eival mMApoug Babpou.
loxUet 6Tt r(A)=r(A)=r(A'A)=r(AA) ev® pia TETPAYWVIKA Nxn PATPA HE
r(A)=n wavomolei det(A)=0 Kkal To avtiotpopo. Apa av n nxk pAtpa X pe
n>k Oev eival mAfpoug Babpou, dnAadh av r(X)<k, Tote kat r(XX)<k dpa
det(XX)=0 katn XX gival pyn-avuotpéyipn.

O Babudg abpoiopatog puntpwv kavomolei tnv r(A+B)<r(A)+r(B), o Babuog

g Slaopdg r(A-B)x|r(A)-r(B)

, VW 0 Babuog tou yivopévou OUO PNTPWY
r(AB)=min{r(A),r(B)}.
Av pia nxn pAtpa A éxel BabBpo r(A)<n tote umdpxouv 0o nxm pRtpeg B,C

e BaBud r(B)=r(C)=m tétoleg wote A=BC'.

MM.8 TautodUVaPEG PNTPEG

Mia pntpa M pe tv Botnta MM =M?*=M ovopdlstat tautoduvapn n
EKOETIKA avaAloiwTtn. Mia CUPMPETPIKA TAuTOdUVAUN HATPA £XEL TNV EMUTAEOV
womta MM'=MM =M .

Ma mapddetypa €otw OTL n pAtpa M :(In—X(X’X)_l X’) omou X eivat pia

nxk pATpaA TETOlA WOTE N (X’)()_l umdpxel. H pntpa M eivat tautoduvapn

agou

MM = (1, =X (X %)™ X)(1, - X (xX) " X
= 10, = 2X(XX) T X X (XX) T XX (XX) T X
=1, =2X (XX)" X 4+ X (XX) X!
=1, -X(XX)"' X"
=M

Mapopoiwg pia pATpa g popeng H = X (X ')()_l X' eival tautoduvapn agou



HH = X (XX)"' XX (XX)" X'=H

TéMog pia akéun tautoduvapn pntpa mou Ba cuvavinooupe givat NN =1 —lii'
n
nN=I —i(i'i)_' i’ . NMapatnpeiote OTL N GUYKEKPIPEVN PNTPA HE OTOIXEla €T TNG
dlaywviou ioa pe 1—l Kal €KTOG Olaywviou ioa pe 1 av moAAamAaclacTel pe
n n

Yi

éva Oldvuopa y=|"? | téte «agaipei» and kabe otoixeio Tou dlaviopatog Tov

Yn
Y — 7
, , — 1 . , y2 - 7
aplOunTIKO pEco Yy = HZ y; OnAadn Ny=| ", ~|.
i=1
Yo=Y

Mia cuppetpiki Kat tautoduvapn pntpa €xel Babud ico pe 1o ixvog tng. lNa

mapddetypa n nxn pAtpa M :(In—X(X’X)AX’) éxel Babuo r(M)=n-k agpou

H povadikfl CUPMETPIKN Kal tautoduvaun pAtpa mAnpoug Babupou eival n
Hovadiaia pAtpa (OAEC Ol CUMHETPIKEG KAl TAUTOOUVAHEG MATPEC €KTOG TNG

povadiaiag sivat 101alouceg).



MM.9 IdioTipEg Kat 1Idlodlavucpata

Ma pia nxn TETPAYWVIKA PATpa A n e€miAuon tng mapakdtw e§icwong Tou

ovopaletal xapaktnplotikn e€iowon (sival pia e€icwon n Baduou)
|A-21]=0

amodidel To MOAU n pifeg ol omoieg oupBoAilovtat pe A, 4,,..,4, Kal

ovopadovtal IGIOTIHEG ) XAPAKTNPIOTIKEG TIMEG N XAPAKTNPIOTIKEG Pideg TG
uAtpag A. Ou pileg pmopei va ival mPayPatikeg i PyadlkeG Kal miong Pmopel

va €xoupe TOAAATAEG (UN-HOVASIKEG) WBIOTINEG Ao pTopel 4, = A; Yla Kamowa
ij.

. . . a 0] |, . .
Ma mapddetypa ot WIOTHEG TNG HATPAG A:{1 ﬂ} gival povadikég agou
A =a,4, = apou

a_

A-Al|=0& 0
1 p-2

‘:O<:>(a—/1)(ﬂ—/1):0

, 2 -3 , , , , .
EVW ywa tnv B= {8 . } €lval HOvadlKeEG Kal Hyadlkeg agou n Aucn tng
dsutepoBadplag e€lowong (2-2)(1-2)+24=2>-31+26=0 divel

Ay = 3i%i\/§ - 6mou i =+/-1.

2
MNa kabe pia 1010TIPR UTTAPXEL €va PN-PndeviKO - Kat meavov Hiyadiko -

dlavuopa v, mou ovopadetal 161061avucpa n XdpakTtnplioTiko Slavucpd TETOLOo

wote (A-Z41,)v, =0 1 Al Av, = 4V, .

, , , a 0],
Na mapadetypa n pn-tétalouca puntpa A= L ,8} EXEL



a 01]v, v,
Av, =4V, & =a
1 ﬂ V12 V12
a 01]|vy v,
Av, =4V, & =p
1 IB V22 V22
AUvovtag To MPWTO cUCTNHA EEICWOEWY YId VA UTTOAOYICOUHE TA GTOIXEId TOU V,
_ Vi =V,
. 4 a O Vll Vll a'Vll - a'Vll
KATAaAnyoupe ot =a = = Vi,
1L B Vi, Via Vip + AV, = av, Vip = a-f

AUvovtag 1o 0eUTEPO cUOTNHA EEICWOEWY YId VA UTTOAOYICOUHE TA OGTOLXEIQ TOU

V

, , a o0 Y av,, = v, =0
vV, KataAfyoups 4Tt { M 21} = ,B[ 21} = n =P }:> 2! }
1 IB 2 Vy Vi +ﬂvzz = :szz Vy =V,

BAémoupe OtTL Oev uTApXel pia povadikn AUon kat 6a xpelaotei va Baclotoupe o€

UTTOB£0€LG (TUTTOTIOINCELG) Yia €va €K Twv OUO OTOXEiwv o€ KABe dlavuopa.
, , , , , 1
Oplopéva umoAoyloTikd mpoypdpuata Bétouv v, =1 dpa v, :a—ﬂ Kal

avtiotoxa v,, =1 kat v,, =0.

2TNV OIKOVOUETPIKA TPAKTIKA cuvnBiletal va emBAaAoupe povadiaio YAKOG ota

W0lodlavuopata O6nAadn ta TumomoloUUE €TI0l wote Vv, =1. Me auti tnv
emmAéov  €fiowon - Vv, +Vv,=1 Kal Vi +V,,=1 - KAtaAfyoupe otd
_a-pg \
2
\/ -B) +
1

dlodlavuoparta v, =



ItV mePIMTWon Tou N PATPA A Eival CUMHETPIKA LOXUEL EMTAEOV OTL Vv, =0
apa tomobetwvtag ta dlavuopata wg oTNAEG og pia pntpa V =[v1 v, - vn]

Exoupe OTLVV =1 kat V' =V'.

EmmAéov TomoBeTwvTag TIG IOIOTIHEG 0T SlaywVIo Hiag HATPAG

A 0 0
A 0 '/12 :
0 0 A

EXOUUE otl AV =VA. Omote yla OUMHETPLKEG MATPES

AV =VA < AV =VAV' < A=VAV'.

O dwaxwplopog A=VAV' ovopaletal pacpdatikog Olaxwplopog (spectral
decomposition) ™G CUPPETPIKAG pATpag A. EmmAfov ypdgovtag B=VA'?
éxoupe A=BB'.

H diaywvomoinon tng CUPHETPIKAG PATpag A divetat amd VAV = A.

Mia cuppeTpikn nxn pNTPa €xet A,,..., A, OLOTIHEG Ol OTIOIEG Eival TTPAYHATIKEG

Kl HOVAOIKEG.

H opifouca piag nxn teTpaywvikig pAtpag A dOivetal amd To YIVOUEVO TwV

n
WSotipwy e |[Al=]]4 evwd to ixvog ival ico pe to dOpolopa TwV IGLOTIHGY
i=1

tr(A)=>4.
i=1
Kk
Tédog av A*=]]A=AxAx..xA TOTe lim A“=0,  Otav OAEG ol IBIOTIUEG
i —+w0

Bpiokovtal eviog Tou povadiaiou KUKAou, dnAadn otav |/1i| <1 Vi.

MM.10 BaBpog pntpag (Sava)



Ot eUpeon twv WOOTIHWY PTTOPEL va pag Bonbriocel e€alpetikd otny €Upecn TOU
Babpou omotacdnmote nxk pntpag A. AVaAutiKd, o BaBpog piag CUHPHETPIKAG
pAtpag A Sivetat amd to Babuoéd tng PATPAG IGIOTIHWY TG dnAadh r(A)=r(A).
Emeidn n A eival diaywvia, o Babuog tng €ival icog pe tov aplbpd twv pn-
MNOEVIKWY oTolxeiwv TNG e€ml Tng Olaywviou (OnAadn tov aplOpd twv un-
HNOEVIKWY 00TIHWY). EmmAéov, emeldn yua omowadnmote nxk pAtpa A, n
pAtpa A'A eival cuppetpiki e r(A)=r(A'A), ouvemayetat 6Tt o Babudg r(A)
NG A €ival (060G PE TIG UN-PNOEVIKEG IOIOTIUEG TNG PATPAG A'A.

MM.11 TETPAYWVIKEG HOPYEG, OETIKA OPICHEVEG HNTPEG
Kal oUyKplon PNTpwyv

Eav A eival pia nxn pntpa kat x=0 €ivat éva nx1 diavuopa TOTE n €KPpacn
X'AX glval yvwoti w¢ TETPAYWVIKA Hop@n. Zuxvd eival avaykaio va
yvwpiloupe av n TN Xx’Ax gival BTk, PN-apvntikhg, apvnTikn N pn-0€Tikn

AOXETWG TWV TIHWY TWV OTOIXEIWY Tou X = 0.

‘Otav x'Ax>0 yia kabe x =0 10TE N untpa A Acyetal Bstika opiouévn, O0.
Otav x'Ax>0 yia KaBe x=0 10TE n untpa A Afyetai O€Tikd NUIOPICUEVD,
OHO.

Otav x'Ax<0 yia kdbe x#0T10Te N Untpa A Afyetal apvntikd opiouévn, AO.
Otav X'AX<0 yia KaBe x=0T0Te n puntpa A A€yetal apvntikd NUIOPICUEVN,
AHO.

Ta otowxeia mou Bpiokovtal otnv Kupla dlaywvio piag ©0 pAtpag sivat oAa
BeTIkd evw o€ pia OHO pnRtpag sivat 0Aa pn-apvntikd. Avtictoixa oe AO Kat
AHO pntpeg ta otoixeia emi Tng dlaywviou gival €ite OAa apvnTika €ite OAa pn-

feTIKA.



> ZUMHETPIKEG OO0 HATPEG £XOUV HOVAOIKEG, MPAYHATIKEG Kdl OETIKEG
IOIOTIHEG

> MNa omowadnmote X pAtpa nxk, n XX eivat OHO evw eivat ©0 otav
r(X)=k, Emiong, n XX’ givat ©HO kat givat ©0 étav r(X)=n.

»>Avn A eivat pia ©0 nxn pAtpa tote r(A)=n, |[A=0, n A" umdpxet Kat
eivat ©0.

>»Av A=B+C pe tnv B ©0 kat tnv C OHO tote n A civat ©0 evw n

B~ — A™' umdpxel kat givat ©0.

2TNV OIKOVOMETPIa ocuxvd Xpelaletal va «GUyKpivoupe» U0 PATPEG, OnAadn va
amo@avOoupe av n PAtpa A eival «geyaAltepn> TG B. ApxIkd ol PATPEG Ba
mpénel va éxouv TNV 0la Oldotaon. Tote BaocwlOpacte oTtnv MOCOTNTA
x’Ax—x'Bx:x’(A—B)x yla x#0 Kal oTo Katd moco auth Eival Betikn, pn-
apVNTIKA KTA Yld Va CUYKPIVOUPE TIG UATpeS. MNa mapadelypa, otav A—B eivat
00 pntpa ypdgoupe A-B>0 i A>B kal Bewpoupe Tny A PeEyaAutepn amo
™Tv B.

T£Aog va onpelwooups Ty 1dotnta A>B=B"'> A",

MM.12  Ala@opikog AOYIOHOG HNTpwy (Oev  €XEl
OAOKANpwOEi)

210 onueio autd Ba avagEépoupe cUVTOPa HEPIKOUG KAVOVEG TNG TAPAYwWYLoNG
YPAUUIKWY a’X Kdl TETPAYWVIKWY HOPPWY X'AX wg Tpog To nx1 dldvucpa x
omou a eivalt éva nx1 dwdvuopa evw A pia TETpaywvikn nxn pAtpa. H
YPQUHUIKA  Hoppry  a’x elval pia  ypaupikn  TOAUMETABANTA  ouvaptnon

f(xl,xz,...,xn):alxl+...+anxn =a’x evw n popen Xx’Ax eivat pia moAupetaBAnTA
TOAUWVUHLKN cuvaptnon f(xl,xz,.. x) HE MpeyaAUtepn ta€n ion pe 2. Na

©9 N\p

Tapadelypd,



a, a,)\x
2 2 11 12 1 ’
f (X Xosees X ) = A, X7 3, X +3,X %, +3,X = (X, xz)[a . )( J: X’Ax
21 22

TéNog, av A eival pia mxn pAtpa tote AX oUpBOAilel éva m-—Adldotato
oUoTNHA TTOAUHETABANTWY CUVAPTACEWV.

loxUouv ol Tapakdatw Kavoveg,

da’x oxa
ox ox
JAX 0AX
—=A", =A
ox ox’
OX'AX = Ax+ A’X
oX
’X'AX _ 0

=—(Ax+A'X)= A+ A
oxox”  ox’




AXZKHZEIZ (dev £xel oOAOKANPpwOEi)

1. MpoBeite oTIg akoAoubeg mpAelg (0Tmou + onyaivel va mpoBeite oe mpooBeon

Kal agaipeon)

[

1Y (4 (5 6 2 1) (1 4 6 9
1 X x 10
+ ,121E9],]6 6 1 7|2 0 -7 8
3y y 3
9 1 1 8 9 2 2 6 -1
6\1 2 1
a b)e f 1 3 3 4
, 1|1 4 6],a
c d/\lg h 55 21
2 4)\8 7 2

a b , , ,
Av Az( d) Bpette tnv A’ Kkat umoAoylote TG A’A kat AA’. Eival
C

OUMHETPLKEG;

Av Bpeite Tnv Kkat umoAoyiote Tt Kat . Eival cUPPETPIKEG;

‘Eotw
2. pétpa.
3. YmoAoyiote Tig opilouceg,
1 0 4 1 0 2
-1 3 1 5
(a) A= ,B= ,C=|6 7 0|,D=|2 1 4
2 1 15
7 1 2 3 06
, o 0 0
(3)9:(01 0-122J’Q: 0 o2 0
0 O, 2
0 0 o

(A B 0w acft e ) oof0 1) oot 2
WMMQ=c p) oM A= )80 =) Flo o)P72

4. Bpeite (av umdpxel) TNV avtiotpo@n PNTPa TwWv



R ol 0 0 ol o, O
(B) Q:( ! lzzj , Q=0 o 0 =lo, 0, O,
0-12 0-2 2 2
0 0 o O3 Oy O;
1 2 a
(Y) ywa TOlEG TIMEG TOU a UTIAPXEL n avtiotpon pntpa tg A=|a 3 a|;
1 2 1

Bpeite tnv avtiotpopn A™'.

#. 1010TIHEG

#. Babuog

#. ouykplon,

#. 'Eotw n tautoduvapn pAtpa M, =1 - X (XX)_1 X' omou X eivat nxk pnRtpa
Babpou k. YmoAoyiote to ixvog TNG.

Anmavtnon.

Me Bdon tig 1d16tnteg tr( A+ B)=tr(A)+tr(B) kat tr(AB)=tr(BA) éxoupe 6Tl



ul
#. '‘Eotw OtL u=| : | eival éva nxl tuxaio diavuopa. H dlakupavon tou eivat
un
pia pntpa n omoia ovopdletat (opBotepa) PATPA  OLAKUPAVOEWV -
OUVOLOKUHMAVOEWY a@oU Ta OTOIXEId TNG OlaywViou TNG HATPAG AVTICTOIXOUV OTIG

OlOKUPAVOELG TWV U, ,i=1,2,.,n €vw TA OTOoXEld €KTOG NG Olaywviou

AVTIOTOIXOUV OTIC GUVOIAKUHAVOELG Cov(ui,uj) ,i#j,i,j=12,..n. Exoupe oTl



Var(u,)  Cov(uy,u,)
| Cov(u,,u,)  Var(u,)

Cov(u,,u,)

Cov(u,.u, )




