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A CLASS OF SPARSE INVERTIBLE MATRICES AND THEIR
USE FOR NONLINEAR PREDICTION OF NEARLY PERIODIC
TIME SERIES WITH FIXED PERIOD

N. D. Atreas and P. Polychronidou

Department of Informatics, Aristotle University of Thessaloniki, Thessaloniki, Greece

O We introduce a class of sparse matrices U, (A, ) of order m by m, where m is a composite
natural number;, py is a divisor of m, and Ay is a set of nonzero real numbers of length p.
The construction of U, (A, ) is achieved by iteration, involving repetitive dilation operations
and block-matrix operations. We prove that the matrices U, (A, ) are invertible and we compute
the inverse matrix (Um(Am))" explicitl). We prove that each row of the inverse matrix
(U, (Am))_l has only two nonzero entries with alternative signs, located at specific positions,
related to the divisors of m. We use the structural properties of the matrix (Um(Al,,l))*1 n
order to build a nonlinear estimator for prediction of mearly periodic time series of length m
with fixed period.

Keywords Prediction; Sparse matrices; Time series.

AMS Subject Classification 65F50; 656F30; 156A09; 60G25.

1. INTRODUCTION

A time series is a sequence of observations taken sequentially in time.
Many sets of data appear as time series: hourly observations made on
the yield of a chemical process, a weekly series of the number of road
accidents, and so on. Examples of time series abound in such fields as
economics, engineering, geophysics, meteorology, social sciences, etc. An
intrinsic feature of a time series is that, typically, adjacent observations
are dependent. The nature of this dependence among observations is
of considerable practical interest. As an example of this nature, one
can consider the periodicity with which data appear. We suppose that
observations are available at discrete, equi-spaced intervals of time (more
about time series can be seen in [4, 12]).
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Some of the main goals of time series analysis are predicting, modeling,
and characterization. In this direction, matrix analysis and linear algebra
techniques (see [2]) have contributed a lot, as data are usually stored
via a matrix. Sparse matrices have a “small” number of nonzero elements
(see [6, 11]), so they provide fast computations and computational saving
methods. They are mainly used for graph algorithms, neural networks,
numerical solution of partial differential equations, and they could also be
very useful in the process of extracting local information.

Basically, the aim of predicting is to predict the sort-term evolution of
a system, that is to “predict” future values of a process, given a record of
its past values. Obviously, for the process of predicting the future values,
we wish to make use of the given information. This problem is clearly
of interest in the context of most branches of sciences, like economics
(for example, to predict future values of the stock market prices), weather
analysis (for example, to forecast the weather), geophysics (for example, to
predict future values of the ozone of the atmosphere on different layers),
and so forth. For surveys and perspectives for time series prediction, see
[3, 4, 7,8, 10, 12-15].

The aim of this work is

(a) To build a linear invertible transform on data of length m, with
the ability to extract local information at different scales. The particular
transform is based on the construction of a class of sparse invertible
matrices U, (A, ) of order m by m (generalizing our work in [1]), such that:

e U,(Ay) is built via an iteration process on matrices, starting from an
initial set A, = {a,...,q,} of nonzero numbers (p; is a divisor of m)
and using repetitive, properly selected dilation operations and block
matrix operations.

e U,(A,) is invertible and the inverse matrix (U,,L(A,]l))*1 is also a sparse
matrix with entries 1/4;,0,—1/a;, (i=1,...,p) and it is constructed
via a recursion equation on matrices. It presents interesting properties,
listed in Section 3.

(b) To use the transform corresponding with the matrix U, (A, ) for
prediction of nearly periodic time series with fixed period. We say that a
sequence {#, k=1,...,m} is nearly periodic with fixed period N, if:

(i) 4% has the same repeating pattern of length N, but with different
scaling over different periods, or

(ii) the sequence # has nearly repeating patterns with different scaling
factors over different periods (see [5]).
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Our basic idea for prediction is based on the fact that the extension
T of a data T as defined in Definition 4.4, reflects on equality of most of
their corresponding transform elements (see Proposition 4.5).

In Section 2, Definitions 2.1, 2.3, 2.5, and 2.6, we present some
new dilation operations and block matrix operations on matrices. In
Definition 2.11, we introduce the iteration process to construct the matrix
U.(A,). In Proposition 2.13, we prove that these matrices are invertible.
In Theorem 2.15, we prove a recursion equation for computing the inverse
matrix (U, (4,))7".

In Section 3, Proposition 3.1, we demonstrate the structure of
(U,.(Ay))~" and we list its properties.

Finally, in Section 4, we build an algorithm, giving rise to a nonlinear
estimator for prediction of nearly periodic time series.

2. CONSTRUCTION AND PROPERTIES OF Uy, (Ap,)

Notation (see also [9]). Let M, , be the set of all matrices of order m by
m over the field of complex numbers. If n = m, then M, ,, is abbreviated
to M,.. We shall use the symbolism A = [A;] to denote a matrix A with
elements A;. The notation

shall be used to denote the i-row of a matrix A € M, ,,. We use the notation
AT to denote the transpose of a matrix A. A square matrix A € M, is
invertible, if there is a unique square matrix A"l € M,, called the inverse
matrix of A, such that AA~! =1, where I, is the identity matrix. A matrix
having a small number of nonzero elements is called sparse. P € M,, is a
permutation matrix, if it is formed from the identity matrix I,, by reordering
its columns (or rows). The determinant of a permutation matrix P is
given by:

Det(P) = sgno,

where ¢ = {o(i) : i =1,...,n} is the permutation of its columns and the
signature sgno equals (—1)", where r is the number of transpositions of
pairs of columns that must be composed to build up the permutation. In
practice, in order to estimate r, we compute the number of elements ¢(?) :
a(l) > a(i), i =2,...,n, then we compute the number of elements ¢(7) :
d(2) > 0(i), i=3,...,n, and so forth, and finally we sum all previously
computed numbers.

The ceiling of a real number x shall be denoted by [x] = inf{n € Z:
x < n} (Z is the set of integers). If p, ¢ are natural numbers, we denote



Downloaded By: [HEAL-Link Consortium] At: 07:45 28 February 2008

Sparse Invertible Matrices 69

by Mod(p, q) the remainder of the division of p by ¢, and we shall use the
symbolism [¢], = {q+ {p : t € Z} to denote the residue class of g modulo p.

We define the following matrix dilation operations D, and H, on the
set M, ,,, where p =2,3,....

Definition 2.1. LetD,: M, ,, — M, ,,, such that:

D,(M) = {M.J%w,iz L....onj= 1,...,pm}.
Notice that Dp can be written as a block matrix:

D])(Mll) s Dp(Mlm)

D,(M) = : (2.1)

D[)(Mnl) s D[)(an)
where DP(MI) € Ml,p: Dp(Ml]) = {Mlj’ Ml’ ey Mz;}

Example 2.2.
D a2 _[(a an &z dig
o =
g1 Qg an Gy Gy )’
D an  arg _ [ a1 ann @2 i a2
3 —_ .
o1 22 A1 g1 (o1 (o2 Qo2 Q22

Definition 2.3. Let H,: M, ,, — M,, ,.:

M;iq;, whenever i € [0], ) )
H,(M) = »h ] , i=1,..,pnj=1,...,myg.
0, whenever i ¢ [0],
Example 2.4.
0 O
0 0 0 O
a2 a e a2 a2
H- = , H-. =

2( (021 022) ) 0 0 %< (6521 022) ) 0 0
o1 Qoo 0 0
o1 22

Definition 2.5. Let S(,,...,.): M, , x---x M, ,, > M, ;. 1, . be the
following block matrix operation:

M,

S(M],...,Mk)z :
M,
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Definition 2.6. Let p, w be positive integers such that w is a divisor of p
and let A, = {ay,..., a,} be a set of nonzero real numbers. We define the
following block matrix operator: Q, 4, : M,... > I\/Ilmy[,m:

d]M@"‘@d]M @@ awM@...@awM

M) =
Qs (M) p/w-times p/w-times
dlM (0]
0] a,M

where @ is the direct sum of matrices and O is the zero matrix of order
n X m.

Example 2.7.
(611 -(10) o (o) (o)
(1) (1 0)) O ado O ©
Q4,{01,02} - fo) a - (10) o
(0] (0] (0] ar - (10)
(al 000O0O0O0O
_ 0 0 g 00 0 0O
10 0 0 0 aw 0 0 0}
00 0 0 0 0 a O
where O is the zero matrix of order 1 x 2.
ay 0 0
Cll(,ll) (0 (0] _Oal 0 8
ay
(2) @y{alyazyfls}((—ll))= O aQ(—ll) o = 0 —a O ’
o o () 0 0 a
0 0 —das

where O is the zero matrix of order 2 x 1.

Definition 2.8. Let p, ¢, w be positive integers such that ¢ > 1 and w is
a divisor of p. Let A, = {a, ..., a,} be a set of nonzero real numbers. We
define the following matrix: R(p, ¢, A,) € M1

S(d] . ef, X egfl),

R(p.q.A,) =
(ps 4, Au) S(Qpan(eD),. .., Qua,el)),
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where e is the i row of the identity matrix I, and Q,, is given in
Definition 2.6.

Example 2.9. Let w=2, (i.e., A = {a, a}), then:

2
B o [mer O\ (g 0 0 0
R(2,2,Ay) = Q‘Z,{al,a‘z}(el) = ( O e’ ~\0 0 @ 0)°

where e? = {1,0}, O = {0,0}, and R(2,3, Ay) =

awel O
O e
S(Q,?»{al,wz}(e?)’%’{”1’“2}@;))= aleg o
O we}
@ 000 00
{0 00 a 00
10 @00 0 Of’
0 00 0 aw O

where €} = {1,0,0}, e = {0,1,0} and O = {0,0, 0}.
Remark 2.10.

(i) Let r,s be positive integers. It is easy to see that D,D(M) = D,(M).
The same is also true for the operator H,.

(ii) Because the matrix Q,4,(ef) has not been used in the construction
of the matrix R(p, q,A,), we have (R(p,q,A,)). iy =0, for any [ =

L....p.

From now on, we consider a composite positive integer m = lp;, where
[ > 1. Moreover, we assume that m can be written as:

m=pipo...pn, (2.3)

where po > p3 > --- > py are prime factors of m/p,. Notice that p; is not
necessarily prime. We denote:

JOy=1, jm)y=[]p. n=1,....N (2.4)
r=1

N
Ay =[]p-» i=1.....N, AN+1D=1. (2.5)
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Definition 2.11. We consider the factorization (2.3) of a positive integer
m and we define a sequence of block matrices U, (n,A, ) € M, (J(n) is
defined in (2.4)), where n =0, ..., N, by using the following iteration:

(ar...a), n=20
Un(n, Ap) = § S(UL(0,4,), R(1, p1, Ay)), n=1 ,
S(Dy, (U, (n—1,4,)), R(J(n— 1), pu, Ay)), n=2,...,N

where A, = {a,..., a[,l} is a set of nonzero real numbers. In case where
n = N, we shall write U,,(N, A, ) = U,(A,).

Example 2.12.
ay ao af)_l d[,
a 0 0 ... O
U(LA)=10 a "~ " . (2.6)
Lo 0
O “ e O a[],I O

Let m = 12, take p; = 3, then m = p; pops, where po = 2, p3s = 2, so:

a ag as
Ui2(0, A3) = (dl a as), Uo(1,A3) = |az 0 O],
0 a O
a ay a ay az as
a, a 0O 0 0 O
0 O 0 O
Ua 4=, o ¢ G o of
0 0 a 0 O O
0O 0 0 0 a O
a a 4 a a @ a4 4 dz a3 dz das
aq o o ¢ 0 0 0 0 O O O O
0 0 0 0 @ a a aw 0 0 0 O
aqa ¢ 0 0 0 0 0O O O O O O
0 0 0 0 a4 aw O O O O O O
_ 0O 0 000 0 0 0 a a3 0 O
UG A)=1 "9 00000000 0 0
0O 0y OO O O O O O O0 O
0 0 00 aw O O O O O O O
0 0 000 0 au 0 0 0 0 O
0O 0 000 0 0 0 a 0 0 O
O 0 000 0 0 0 0 0 a O
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Now, letj=1,...,p,— 1, (n=1,...,N), we define the following column
matrices V]-p" = {vf;-" ch=1,...,pu}):

1,  whenever k =
vl/;" = 1—1, whenever k= p, . (2.7)
0, elsewhere

Proposition 2.13. Let {p,:n=1,...,N} be a sequence of factors of a
composite positive integer m as in (2.3) with the corresponding sequence J(n)
defined in (2.4), then:

Det(U, (n, Aln )

(-1 a - a, n=1

= (pn=1)J (n=1) (pn=1)] (n=1) )

(- ™a " g, " Det(U,(n—1,4,)), n>1

where ¢, = L] (n = 1)(J(n) — p, +4).

Proof. Let n=1, we use (2.6) to get: Det(U,(1,A,)) = (=D .aq, -
Det(M""), where M'"" is a minor of the matrix U,(1,4,). Because
MU is a diagonal matrix (see (2.6)), we get that Det(U,(1,4,)) =
(=D ... a.

Let n>1 and let €;" be the i row of the identity matrix I, . We
consider the set Am = {1/a1, ...,1/a,} and we define the following block
matrix

Pn

C(n,;ipl) € M/(") : C(n’zpl)

_ (Qj(nl),{ Lol }((ei) ) Qo (V") o Quena, (Vi 1))

pn-times

here the block submatri b d %8
where the block submatrices Q](n_l){l ..... 1 }((e ") and Q- 0,4, (V)

Pn- times

j=1,...,p,—1 are in M., -1, (the column matrices Vp" are given

in (2. 7)) The block matrix multiplication U, (n, A, )C(n, A,,l) derives the
following block diagonal matrix (for a proof of (2.8), see Appendix I):

Uy, (n, Ay )C(n, A,
Dpn(Um(n - 17 Am ))
Qr(n-1),4, (e[f")

ﬁn
Qrn-1),4y, (€, 1)
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(G 22 R Qe ) Qe (012

S~~~
pn-times
Up(n—1,A,) 0
B L1 ©28)
(0] I](,,_l)

where the zero matrix O in the right-hand side of (2.8) belongs in M,_,).
As a result we get

Det(U,(n, Ay))Det(C(n,A,)) = Det(U,(n —1,4,)).

The computation of Det(C(n,Zm)) is equivalent to computing
Det(K(n, A, )), where K(n, A,)

(G 252 ) Qe () G (")

pn-times

is a block matrix in M;,, resulting from C(n, 171,)1 ), by replacing each block
submatrix Q/(n,l)ygm (V/’ ") with the linear combination:

Ql(nfl),zm (Vjpn) + Qj(nfl),Zm ((eZZ)T) = Qj(nfl),zpl ((ef")T), j=L....p.— 1

K(n, Ay ) is a generalized permutation matrix with the only nonzero
elements in each row either 1, or an element of the set A, , so

_ (=) (=) _ (=12
Z ?
Det(K(n, Am)) = q ! ey, ! - SgN Ty,
(pn=DJ(n=1) (e L
where =—"=—— is the number of «’s (i=1,...,) appearing in

K(n,zl,l) (see (2.2)) and o, is the permutation of its columns (in order to
obtain the identity matrix), thus:

(pn=D)J (n—1) (pn—D)J (n=1)
Det(U,(n,Ap)) =a; " --a, "™ sgno, De(U,(n—1,4,)).
The permutation ¢, = {5,(1),...,0,(/(n))} of the columns of the matrix

K(n, A, ) can be written as:
[Jnfl

0y, = YO,n U Yi,m
i=1

where Yo, ={tp,:1<t<J(n—1} and Y, ={i+tp,:0<t<]
(n—1)—1).
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In Appendix II we prove that sgno, =(—1), where ¢, = ’)"4_1
J(n—1)(J(n) — p, +4) and we complete the proof.
Lemma 2.14. The inverse matrix of U, (1,A,)) satisfies:
L0
a
0o L o0
ag
_ 0 0 0
(Un(1,A,))"" =
: . .. .. .. 0
0o ... 0 0 0 1
-1
1 1 .+ _ 1 _ 1
) a a4 4y W7 prxpy
Proof. Elementary calculation. O

Theorem 2.15.  The inverse matrix of U,(n, A, ) is given by the following
recursion equation:

(Un(n, Ap )™
— <Hpn((Um(n LAY Qg (V) .. Q,(n_l),gﬁl(%’;"_l)>, n> 1.
Proof. We multiply both sides of (2.8) with the block diagonal matrix:
(U(n—1,A,)7! 0]
)
(0] ‘ L
whose block submatrices are in Mj,_;, and we deduce that the

inverse matrix (U,,,(n,A,,l))*1 results from the following block matrix
multiplication:

(Un(n, Ap )"
bn ~ Dn ~ bn
= Qj(n—l) { = }((eﬁn)T) Q(n_l)’/lm (Vi ) T Q(n_l)’/\ﬁl (‘/}ln_])
’ pn-times
(Un(n—1,4,))7" o
I](n—l)
(0] Ij(nfl)

(G 2 JBOTEADT G, () Qe ()

pn-times



Downloaded By: [HEAL-Link Consortium] At: 07:45 28 February 2008

76 N. D. Atreas and P. Polychronidou

= (I_I[;n (Ij(n—l)) : (Um('ﬂ — I,Ap] ))71 Q[(n—l),gi,l (Vlﬁn) e Q_[("*l)szm (Vp[:ln,l))

= (Hp (a0 = 14,007 Qe VD oo Qe (Vi)

3. SOME PROPERTIES OF THE MATRIX ((U,,(A,))™)"

Let V,, be the Euclidean space consisting of all real-valued sequences
of length m, where m satisfies (2.3).

Proposition 3.1. Let e, I=1,...,m, be a row of (U, (A,))")", such that
J@O+1<I1<]J(+1), wherei=0,...,N —1. Takel = k] (i) + r, where k =
1L,...,pi— 1, r=1,...,](7), then we have:

l/arnﬂ], whenever n = (r — AG+ 1) + kA + 2)
Oy = EJ(iy+rn = —l/ar%w, whenever n = rA(i + 1) ,
0, Jor all others n’s

where the sequences [(n) and A(i) have been defined in (2.4) and (2.5),
respectively.

Proof. Take [ =kJ(i)+r, where k=1,...,p1—1 and r=1,...,](7).
For i =0,we have k =1,...,p — 1 and r = 1, so by Theorem 2.15, we get
that:

ey = ((Um(Apl))_l)n,, = HA(?)((l]m(l)A[q))_l)n’kJrl

((U.(1,A,)7"),,,,» whenever n = 2zA(2)

- 0, whenever n # zA(2) ’ - R4
1/, whenever z = k
_ —1/a,, whenever z=p,, whenever n = zA(2)
a 0, for all other z’s ,
0, whenever n # zA(2)

z=1,...,p1 (see Lemma 2.14)
1/, whenever n = RA(2)
= q1—-1/a,, whenever n = pA(2).

0, for all other n’s
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U“Fﬁ? = 1/arm1’ whenever n = kA(2)
=\ V= —l/ar%w, whenever n = A(1)
0, for all other n’s
For any i =1,...,N — 1, we use the recursive equation of Theorem 2.15

to deduce that:

e = (U4 ™), = Hairo (Qon i, V)00

_ ) Qi (‘/kal))z,lf](i), whenever n = zA(i + 2)
0, whenever n # zA(i +2) ’

z=1,...,JG+1).

Obviously, I — J(i) = (k — 1)]J (i) + r, thus: €;¢)1rn

, z
l/a{,ﬂ-| (VI w7, whenever r = ’7 —‘

ot Mod(zfl,le)Jrl,lrm( T Pit1
Z b
_ 0, whenever r # ’7——‘ )
Pit1
n=zA>Gi+2)

0, n#zA>i+2)

forz=1,...,J(i+1)

1/a o , whenever z=(r—Dp +0o,0=1,...,p

/ [ 551 o[ 1] Jhin pis
_ 0, whenever z # (r — 1)pi1 +0

n=zA>(+2)

0, n#zA(Gi+2)
forz=1,...,J(¢+1)

l/al-% , for ¢ # piy1 and o =k
~V/ar . for 6= ,
TG

0, otherwise
forz=(r—Dpp+o,0=1,...,pin1 >
0, forz#(r—1Dp1+o
n=2zA(i+2)
0 n#z2A(i+2)

>
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forz=1,...,J(¢+1)

l/al- w7 whenever z = (r — 1)piy1 + £
J@
—l/a|- » 7> Whenever z = rpi, ,
J@) .
= 0, for other z’s »oz=Lo.Ja+ D).
n=zA>(+2)
0, n#zA(Gi+2)
(3.1)
If z= (r — 1)piy1 + k, z # Ip;11, then we have:
1T [t (-2l
J@) J@ Ja@+1  J@) Pir1 JGa+D |
thus (3.1) becomes:
1/a|' o 7 forz=(r—1)pi + £
JG+1D)
—1/ar ., 7, for z=r1pyy , n=zAG+2)
CkJ (D) +rn = [](H—U 5
0, for other z’s

2=1,....JG+1).

Because n = zA(i + 2) for all nonzero terms, we substitute z inside the
brackets to get the result. O

Example 3.2. Let m =12 and p; = 3, then o =2, p3 = 2, so:

((Uia(As)™)"

0 0 0 0 0 0 0 0 0 0 0 1/as
0 0 0 1/a 0 0 0 0 0 0 0 —1/as
0 0 0 0 0 0 0 1/m 0 0 0 —1/as
0 1/ 0 —1/ag O 0 0 0 0 0 0 0
0 0 0 0 0 1/ 0 —1l/a 0 0 0 0
0 0 0 0 0 0 0 0 0 1/az 0 —1/as
| a4 -1/a 0 0 0 0 0 0 0 0 0 0
0 0 1/a —1/ay O 0 0 0 0 0 0 0
0 0 0 0 1/a —1/as O 0 0 0 0 0
0 0 0 0 0 0 1/a —1/as O 0 0 0
0 0 0 0 0 0 0 0 1/a; —1/as O 0
0 0 0 0 0 0 0 0 0 0 1/as —1/as
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Remark 3.3. Proposition 3.1 clarifies the structure of the matrix
((U,(Ay)"H" in the following sense:

(a) Each row ¢ of the matrix ((U,,(4,))™")" (except for the first row) has
only two nonzero entries with alternative signs. The first row is always
of the form (0 ... 0 1/ay).

(b) (Uu(AN ™" = VUL U ™ Vies  where Vi = {egaer i 7 =
L....J()}, Vo ={a}.

(c) For any i > 1, there holds V;;, = Uf:!ol Q; 1., where:

Qi = eyirtuppptv V=1, (pa... pi)}.

Moreover, every row of Q;;, has always its two nonzero entries in the
form +1/a,.

Corollary 3.4. Let t be a real valued sequence of length m. Take | = kJ (i) + 7,
where k =1,....,p—1, r=1,...,J() (i=0,...,N —1) and let ¢, be the l
row of the matrix ((U,(A,))™")", then:

b, l,
(t,e) = (L, ayiirer) = - .
Grebry Gy

m

where u = (r — DAG+ 1)+ RAG+ 2), v=rA(1 + 1).

Proof. Straightforward application of Proposition 3.1. O

4. A PREDICTION METHOD FOR NEARLY
PERIODIC TIME SERIES

In this section, we consider either periodic data, or nearly repeating
patterns that may be scaled differently, which we call nearly periodic
data. We present a new method for prediction of such data, by using the
structural properties of the matrix ((U, (A, ))"")". Clearly, the invertibility
of the matrix U, (A, ) gives rise to a discrete transform, introduced below:

Lemma 4.1. Let w,e, (i=1,...,m), be rows of the matrices U,(A,),
((Un(Ay N~HT respectively, then any element t € V,, can be written as:

m
tn — E yi ui,n )
i=1

where y; = (1, ¢), ({.,.) is the usual inner product of V,,).

Proof. Obvious. O
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Definition 4.2. Let y, = ({,¢) be defined in Lemma 4.1, we define the
following sets:

Wir = {yirer 17 =1,...,J (D)},

where i =0,...,.N—-1, k=1,...,pn—1, r=1,...,J(:) and J(i) has
been defined in (2.4).

Example 4.3. Let m =72, take p; =4, then pp =3, s =3, p =2, so
we have N =4. The corresponding sets W;, of Definition 4.2 are the

following:
For i = 0 we have k =1,2,3 and J(0) =1, so

Wo,i = {y2}a Woe = {)’3}, Wos = {3’4}-
For i =1 we have k= 1,2 and J(1) = 4, so:
Wii={y:n=5,...,8}, Wye={y:n=09,...,12}.
For i = 2 we have k = 1,2 and J(2) = 12, so:
Wor={y,:n=13,...,24}, Woo={y,: n=25,...,36}.
For i = 3 we have k=1 and J(3) = 36, so:
Wasy ={y,: n=37,...,72}.

Now, we consider a positive integer m as defined in (2.3). Obviously, m can
be written as:

m=l71€, CZP?---PN- (41)
We consider another integer m; such that:
m=m+c=(p+1ec. (4.2)

Definition 4.4. Let m,m be defined in (4.1) and (4.2) and let
U.(Ap), Uy (Ap+1) be the corresponding matrices with initial sets

{ar, ..., a4, ), {a, ..., am;a[,lﬂ} respectively. Let T'={4,...,1,}, we call ¢
extension of T, the data T = {4, ..., t,,} satisfying:
l; whenever : =1,...,m
7 1; whenever t=m+1,...,m+c¢—1
i = .
Ap+1

t,, whenever i=m+c=m

ap,
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Proposition 4.5. Let T= {ti,....1n} be the cextension of a data T =

{ti,....t,}. Wedefiney, = (L,¢) and y; = (1, &), where ¢; € M, ,,, ¢ € M, ,, are

rows of the matrices ((U,(Ap))™")", ((Upy (Ap 1)) respectively. Let W, =

Uijer 27 =1,...,J (D)}, where J(i) = (pr + D)po - - - pi, then:

(i) Fori=0 we have: i = y1, Yo = Yo, -» Yoy = Yp> In+1 = 0.
(ii) Fori=1,...,N — 1 we have:

~ V(4> Whenever v =1,...,J(i)
VVi,k = ~

Vifiy+is  whenevery = J(i) +1,...,J(3) '

Proof. (i) Because & = (0,...,0,——) we have ¥ = (1,&)

> ap 41

ap1+1

Zml _

at[—’” =9y (see Definition 4.4). Now, for A=2,...,p+1, we use
4!
Definition 4.4 and Corollary 3.4 for it =0, k=1,...,p, r =1 to get:

- ~ . ~ - Tra2) l lra2) l
.= (ta e).) = <t) ek+1> = - “ = - =
ay, Apy+1 ay, Ap,
(t,e41), whenever k=1,...,p —1
1o, whenever k = py '

(t,e;), whenever A=2,...,p
0, whenever 41 = p; + 1

Y, Wwhenever A=2,...,p
0, whenever A =p; +1

(il) Now, let i=1,....,N—1, as m=(pm+Dp...pn, by
Corollary 3.4 we get:
) i 7, 7
T(i)+7 = \b GJ)+7) = -
Yrj G+ kT (D)+ a[mmm “(wmm
"'Ll "'Ll
g L, 7
a a ' ar ary ’
P B = e . R
where “:,V(;_ DAG+H 1) +RAGG+2), v=TAG+ 1), k=1,...,pip1 — 1,
r=1,...,/(7). Because i, =1t, for n=1,...,m it is clear that the equality
above becomes:
3 1, 1, t 4
M r+i = — - =—— - = (L, ey y+7) = Yy(+i>
Tt Tl Tl T
whenever r =1,...,J(7). O
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Now we are able to present our prediction method:
1. We consider a nearly periodic data T'={¢t,:n=1,...,m} of
positive real numbers with fixed period P and frequency w, such that:

m = wP.

We write P = f» ... py, where o > --- > py are primes some of them being
possibly equal, so m satisfies (4.1) with p; = w. Notice that we require that
o must be greater than or equal to 5 for computational reasons.

2. We compute the matrix U,(A,) by using an initial set A, =

{ai,...,a,} whose elements are defined in the following equality:
iP
a;, = Z ty.
k=(i—1)P+1

3. We compute the U, (A, )-transform elements:
yi:<t’ei>’ i:l,...,m

as defined in Lemma 4.1.

4. Let m; = m+ P, where P has been defined in step 1. It is
clear that m satisfies (4.2). We use Proposition 4.5 to define the

Uy, (Ay 41)-transform Y = {y,,...,,,} of a P-periodic extension data 7' =
{t, ot bugts oo s =1 tu@y 1/ @y} of T. Because:
N-1pis1-1

T’=y1U U Wz,k,

i=1 k=1
where the sets ﬁ/lk have been defined in Definition 4.2, Proposition 4.5
states that:

(1) For : = OZ 5)1 :yl, 5)2 :yg, ey 5)171 :yﬁl’ 5)[71+1 = O
(ii) Forany i=1,...,N — 1:
Yiy+i» Whenever ¥ =1,...,](7)

f/\‘//i == ~ >
! Yijir+i» whenever ¥ = J(i) +1,...,J(7)

where j(i) =(p+ Dpe...pi. Obviously, we need to fulfill the
unknown elements Y547 ¥ = J(2) + 1,...,](7). Because T is nearly
periodic, we can assume that the sets:

Yi,k,m = {yk/(i)+z(7(i)—_/(i))+m 1=0,... ,hr — 1},
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where k=1,....p—1,m=1,..., (7(2') — J(i)) (see Remark 3.3(c))
correspond with a stationary processes, because:

tpq/c,l,m tP’[j)] JLm

Vi )+ =] (@)+m = a _—dz >

where g ;m, G.1.m are integers that can be explicitly calculated in
Corollary 3.4, so the unknown elements yj;.; can be efficiently
approximated by the mean:

-1
i 15 o ~
Yejir+7 = 217 Zykj(z')+l(7(i)7j(i))+(;fj(z‘)); r=J)+1,...,]0).
1 =0
5. We assume that the set A, = {ay, ..., )}, as defined in step 2, can

be considered either as a stationary process or as a nonstationary process
exhibiting some sort of homogeneity (i.e., there exists a positive integer
ko < p1/4 such that @; — a;44, becomes stationary for any i =1,...,4). In
any case, we use a properly selected autoregressive model to predict a new
element ay, ;.

Example: In many cases, such a model could be of the form

a;i— p=¢1(ai_y — ) + -+ p_o(@i_p 1o — 1) + &,

where pu is the mean of a;, €; is a white noise process, and the coefficients
¢1,...,¢, o are calculated via an equation ¢, = O~ '.0,, where O is the
autocorrelation matrix and 6, are the autocorrelations (see [4]). An
estimator for a, 4, could be:

ap1r =+ Gr(ay, — 1) + -+ @y ol — ).

6. We compute the matrix U,, (A, 11), where the first p; elements of
the set A, 4 = {as, ..., a,,l,'aplﬂ} have been calculated in step 2 and the
element a,, , is computed in step 5.

7. We compute the P-extension data of 7"

my

tn = Ezat,n
i=1
Ay 1915 whenever Mod(n — m, py) =0
== I ~ _ >
1\ + y](N—l)Mnd(nﬁn,pNH|_"ﬁ"-|)’ whenever Mod(n — m, py) # 0
where n=m+1,...,m+ P and this is a nonlinear estimator for

predicting 7" one period ahead.
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Example 4.6. We consider the function f(x)= ¢*(cos(2n10x) +
0.5c0s(2n15x)), x €[0,1] and we take T = {f(k/500):k=0,...,499}.
We observe that 7" is nearly periodic with fixed period equal to 100.
We apply the above prediction method for m =500, p; =5 and we get
Figure 1.

e lalallnlnlln
VWW\W

=27

-4+

FIGURE 1 Plot of the function f(x) (see clearsighted line) together with the prediction of f(x)
period ahead (indistinguishable line).

5. APPENDICES
Appendix |

Let e!” be rows of the identity matrix I, and Vj”",]' =1,...,p,— 1 are

column matrices defined in (2.7), then:
Dy, (Un(n —1,4))
Q/("fl)’Ai)l (e‘ifn)
Q/(" DAI’I( I?n—l)
' (Q/ml){ S ((e”") ) Qo- 0., ( ) - Q- l)Am( pn—l))

pn-times

Un(n—1,4,) O
I](n—l)

(0] Ij(n—l)
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Proof. 1t suffices to prove that:

. Pn m
(i) Dy, (U,(n—1,A,))0Q n_l){ 1ol }((epn) ) U"(n—1,4,).
pn-times
(ii) Dy, (U,(n—1, A;q))@(n 1)Apl(V}") =0,5=1,...,p, — 1, where O is
the zero matrix in Mj,_y).

P . -
(iii) @("*U’Am (e] )Q/(nl),{ L. }((epn)T) =0,j=1,...,p, — 1, where O

pn-times

is the zero matrix in Mj,_y).

(V) Qrn-1).4p, (Cf")@m-l),ﬁpl (V" = 0ilyu-rys ol =1,...,pp —1 and §;, is
the Kroneckers’s delta.

Indeed we have:
(i) We use relations (2.1) and (2.2) to perform the following block

matrix multiplication:

J(n=1),

Dy, (Un(n =1, 4,))Q { 1o }((eﬁ)T)

pn-times

77 (n=1)
= [ (U= 1, 4,00, (e) ]ijzl = U,(n—1,4,).

(ii) We observe that all column matrices Vjﬁ " have zero mean, so the block
matrix multiplication leads to:

Dy, (Un(n = 1,4,)) Qym1.3, (V™)

1 n J(n—=1)

J r=1

(iii) Obvious consequence of the fact that ep"(ep:)T =0,j=1,....,p, — L.

ael Ly o
. [),,) - (V[),,) _ . . l_
(iv) Ql(nfl),Am (C,- Q]m—l),Am )= .. ) b=
o Ll[)l e]p " a;,] . ;} n
1,...,p, — 1. Because ep"Vp"— b 5kjvk, v][]'; =9;; we get the
result. g

Appendix I

Let ¢, be the permutation defined in Proposition 2.13, then:

—1)—1)).

pn—1
sgno, = T]( —1)(1 +J(
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TABLE 1 Inversion vector elements corresponding to the permutation ¢,(i) of the irow of the
matrix U, (n, Am) of Proposition 2.13

Inversion vector elements

i 0,(i) 1V, (i)

L....J(n—=1) ibn i(pa—1)

Jn—1)+1,...,2](n—1) 14+ Mod(i—1,](n—1))p, Mod(i — 1, J(n— 1))(pn —2)

(p— 2)J(n—1) p.n”—2+Mod(i—l,](n—1))p,l Z\./[;;.d(i—l,](n—l))
+1,...,(pn—DJ(n—=1)

(=)= +1,....](n) P — 1+ Mod(i —1,](n—1))p, 0 for all 7’s

Proof. sgno, = (—1)%, where ¢, equals the number of all inversions in
the permutation o,. A pair of elements (¢,(¢),0,(j)) is called an inversion,
if i <jand g,(2) > 0,(j). The number of elements less than ¢ to the right
of i in o, gives the ith element of the inversion vector IV, corresponding
with ¢, and ¢, equals the sum of all inversion vector elements.
The last column of Table 1 gives the elements of the inversion vector:
Now we have: sgno, = (—1)%, where

J(n)
=Y IV, (i)
=1
J(n—=1) 2]/ (n—1)
=Y ip—D+ D> Mod(i—1,J(n—1)p,—2) +...
i=1 i=J(n—1)+1

J(n—=1) J(n=1)—1 J(n=1)—-1

== Y it (=2 Y it Y i
i=1 =1 i=1

)](n — DA+ j(n—1))

Jn=D(n =1 =1) (p =2)(p» = 1)
+
2 2
and elementary calculations yield the result. g
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