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Eisagwg 
Up�rqoun dÔo eid¸n majhmatik� antikeÐmena: Ta antikeÐmena peperasmènou tÔpou
(finitistic) kai ta apeirik� (non-finitistic). Den prèpei na tautÐzoume ta peperasmè-
nou tÔpou antikeÐmena me ta peperasmèna sÔnola. K�je sÔnolo peperasmènou tÔpou
eÐnai peperasmèno (  isodÔnama, k�je �peiro sÔnolo eÐnai apeirikì antikeÐmeno) all�
ìqi antÐstrofa. P.q. to sÔnolo {√2, 0} eÐnai peperasmèno all� ìqi peperasmènou
tÔpou, kaj¸c to

√
2 den eÐnai peperasmènou tÔpou. Qondrik�, peperasmènou tÔpou

antikeÐmeno eÐnai autì pou sunolik� perièqei peperasmènou pl jouc mon�dec plhro-
forÐac (bits). Kat� sunèpeia, o èlegqoc thc tautìthtac dÔo tètoiwn antikeimènwn x,
y, an dhlad  x = y, mporeÐ na gÐnei se peperasmèno qrìno, eÐte apì �njrwpo eÐte apì
mia mhqan  (prìgramma). AntÐjeta, an ta x, y eÐnai apeirik�, p.q. duì �peira sÔnola, o
èlegqoc thc isìthtac x = y paÐrnei en gènei �peiro qrìno (an prèpei na gÐnei stoiqeÐo
proc stoiqeÐo). Ta jemeli¸dh antikeÐmena peperasmènou tÔpou eÐnai oi fusikoÐ arijmoÐ,
dhlad  ta stoiqeÐa tou sunìlou

N = {0, 1, 2 . . .}.

Kai katìpin ì,ti mporeÐ na kataskeuasjeÐ, anaparastajeÐ kai kwdikopoihjeÐ me
fusikoÔc arijmoÔc. Tètoia eÐnai: 1) Oi peperasmènec akoloujÐec fusik¸n arijm¸n.
Kat� sunèpeia oi akèraioi kai oi rhtoÐ arijmoÐ (wc zeÔgh akeraÐwn). 2) Ta peperasmèna
sÔnola fusik¸n arijm¸n. 3) Ta peperasmèna sÔnola me stoiqeÐa peperasmènou tÔpou
antikeÐmena. Ta sÔnola aut� sth jewrÐa sunìlwn lègontai klhronomik� peperasmèna
(hereditarily finite). EÐnai ta stoiqeÐa tou sunìlou Vω =

⋃
n∈N Vn, ìpou ta Vn orÐzon-

tai epagwgik�: V0 = ∅, Vn+1 = P (Vn) (P (X) parist� to sÔnolo twn uposunìlwn tou
X). 4) An Σ = {a, b, c, . . .}, eÐnai èna mh kenì sÔnolo, to polÔ arijm simo, nooÔmeno
wc alf�bhto, oi lèxeic pou kataskeu�zontai me ta stoiqeÐa tou Σ eÐnai peperasmènou
tÔpou antikeÐmena. Oi lèxeic eÐnai peperasmènec akoloujÐec gramm�twn tou alfab -
tou: P.q. bbacca, aac, cbaca klp. Antistoiq¸ntac se k�je gr�mma tou alfb tou
monos manta ènan fusikì, p.q. a 7→ 0, b 7→ 1, c 7→ 2, klp, oi lèxeic kwdikopoioÔntai
me akoloujÐec fusik¸n pou eÐnai peperasmènou tÔpou antikeÐmena.

Apeirikì antikeÐmeno eÐnai, ìpwc eÐpame, ì,ti perièqei �peirec mon�dec plhroforÐac.
P.q. oi �peirec mh periodikèc akoloujÐec fusik¸n, dhlad  sthn ousÐa oi �rrhtoi
pragmatikoÐ. Kai fusik� k�je antikeÐmeno pou sthn sÔnjes  tou perièqei k�poion
�rrhto.

H jemeli¸dhc ènnoia kai to kÔrio antikeÐmeno melèthc thc jewrÐac upologismoÔ
eÐnai o algìrijmoc: Tìso ¸c diaisjhtik  ènnoia, all� kurÐwc ¸c majhmatikì antikeÐ-
meno pou anaparist� tupik� th diaisjhtik  ènnoia. Oi klasikoÐ algìrijmoi me touc
opoÐouc ja asqolhjoÔme ed¸, eÐnai ex orismoÔ (diaisjhtik�) mhqanikèc diadikasÐec pou
efarmìzontai p�nw se (dhlad  dèqontai ¸c inputs) antikeÐmena apokleistik� peperas-
mènou tÔpou. Autìc eÐnai o lìgoc pou prot�xame thn di�krish twn antikeimènwn se
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peperasmènou tÔpou kai apeirik�. Apì thn �llh meri�, oi Ðdioi oi algìrijmoi eÐnai me
th seir� touc antikeÐmena peperasmènou tÔpou. Autì eÐnai èna exairetik� endiafèron
stoiqeÐo, kaj¸c epitrèpei algorÐjmouc na dèqontai ¸c inputs �llouc algorÐjmouc,  
akìma kai ton eautì touc, pr�gma pou èqei, ìpwc ja doÔme, polÔ shmantikèc sunèpeiec.

Epeid , ìpwc anafèrjhke, ta kÔria antikeÐmena peperasmènou tÔpou eÐnai oi fusikoÐ
arijmoÐ, kai genikìtera oi peperasmènec akoloujÐec fusik¸n, ta basik� sÔnola pou
emplèkontai sth jewrÐa upologismoÔ eÐnai to N kaj¸c kai ta kartesian� ginìmena Nk,
k ≥ 1. Sto ex c ta gr�mmata x, y, m, n, k, . . . ja paristoÔn fusikoÔc arijmoÔc. Ta s-
toiqeÐa tou Nk eÐnai thc morf c (x1, . . . , xk), me xi ∈ N. Gia eukolÐa ja qrhsimopoioÔme
epÐshc kai dianusmatikì sumbolismì, gr�fontac apl¸c x antÐ gia (x1, . . . , xk).

1 H diaisjhtik  prosèggish tou algorÐjmou

1.1 Algorijmikèc sunart seic kai sÔnola

Algìrijmoc eÐnai k�je peperasmèno sÔnolo odhgi¸n-entol¸n pou apeujÔnontai se �n-
jrwpo   mhqan  me skopì thn kataskeu    aneÔresh enìc antikeimènou peperasmènou
tÔpou,   thn ap�nthsh enìc erwt matoc thc morf c nai/ìqi. O algìrijmoc trofodoteÐ-
tai me stoiqeÐa apì èna kal� orismèno sÔnolo antikeimènwn peperasmènou tÔpou. Ta
stoiqeÐa aut� lègontai eÐsodoi (inputs). Amèswc me k�je eÐsodo o algìrijmoc arqÐzei
na ��ekteleÐtai��,   na ��trèqei��, kai met� apì k�poio qrìno dÐnei mÐa to polÔ èxodo-
ap�nthsh (output), pou eÐnai epÐshc èna antikeÐmeno peperasmènou tÔpou. Lème ��to
polÔ�� gia na sumperil�boume kai thn perÐptwsh pou den dÐnei kammÐa èxodo gia mia
sugkekrimènh eÐsodo. An o algìrijmoc dÐnei èxodo gia k�je eÐsodo, ja lègetai olikìc
(total). M� aut  thn orologÐa oi olikoÐ algìrijmoi eÐnai tm ma mìnon twn algorÐjmwn
genik�.

Me ta shmerin� dedomèna, kai thn koultoÔra twn upologist¸n tìso diadedomènh
gÔrw mac, h pistìterh kai akribèsterh eikìna pou mporeÐ na èqei kaneÐc gia ton al-
gìrijmo, eÐnai aut  enìc progr�mmatoc upologist . Fusik� up�rqoun kai genikìterec
eikìnec: K�je eÐdouc ��suntag ��, apì suntag  mageirik c, kai exètash aÐmatoc, mè-
qri ��suntag �� epÐlushc enìc grammikoÔ sust matoc, eÐnai algìrijmoc. O pio genikìc
orismìc ja  tan: Algìrijmoc eÐnai k�ti pou qrei�zetai arket  eufuÐa kai empeirÐa gia
na epino seic, all� kajìlou eufuÐa gia na ektelèseic.

O parap�nw eÐnai o diaisjhtikìc/empeirikìc orismìc tou algorÐjmou. Diaisjhtik 
prosèggish den shmaÐnei mh austhr . ShmaÐnei mìno ìti o algìrijmoc den eÐnai (akìmh)
k�poio sugkekrimèno majhmatikì antikeÐmeno. Den an kei dhlad  akìmh se k�poia
apì tic gnwstèc kathgorÐec majhmatik¸n ìntwn (sÔnola, sunart seic, klp). 'Omwc
èstw kai m� aut  thn as�feia mporoÔme na poÔme arket� endiafèronta pr�gmata gia
th sumperifor� tou. Autì ja k�noume s� autì to kef�laio.

Ja parist�noume gia tic an�gkec aut c thc suz thshc touc algorÐjmouc me ta
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kefalaÐa gr�mmata A, B, Γ klp. AntÐjeta ta gr�mmata X, Y , Z klp, ja parist�noun
uposÔnola tou N   k�poiou Nk. 'Estw A ènac algìrijmoc. SumbolÐzoume me in(A)
kai out(A) ta sÔnola twn eisìdwn kai exìdwn tou A antÐstoiqa. Ustera ap� ìsa
eip¸jhkan sthn eisagwg , qwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume
ìti in(A) = Nk kai out(A) ⊆ Nl gia k�poia k, l ≥ 1. An in(A) = Nk kai x ∈ in(A),
o sumbolismìc A(x)↓ shmaÐnei ìti o A stamat� kai dÐnei èxodo otan trofodothjeÐ me
thn eÐsodo x. An h èxodoc eÐnai èna y ∈ out(A) ⊆ Nl, ja gr�foume A(x) = y. An o
A den dÐnei èxodo sto x, ja gr�foume A(x)↑. O A lègetai olikìc an A(x)↓ gia k�je
x ∈ Nk.

AfoÔ se k�je input èqoume to polÔ èna output, amèswc prokÔptei ìti ènac al-
gìrijmoc A me in(A) = Nk kai out(A) ⊆ Nl, par�gei mia sun�rthsh f : Nk → Nl.
H diafor� thc apì tic sunhjismènec sunart seic pou xèroume eÐnai ìti den eÐnai kat�
an�gkh olik , dhlad  gia orismèna x ∈ Nk mporeÐ na mhn orÐzetai. Tètoiec sunart -
seic sta majhmatik� tic lème merikèc kai apoteloÔn exaÐresh m�llon. Ed¸ antÐjeta
ja eÐnai o kanìnac. Sunep¸c, lègontac sun�rthsh f : Nk → Nl, ja ennooÔme merik 
sun�rthsh, dhl. mia antistoiqÐa f ìpou se k�je x ∈ Nk antistoiqeÐ èna to polÔ
y ∈ Nl. P.q h sun�rthsh f : N → N gia thn opoÐa f(n) =

√
n eÐnai merik . To Ðdio

kai h sun�rthsh g : N2 → N, ìpou g(m, n) = k, ìtan m = n · k.
To sÔnolo X gia to opoÐo orÐzetai to f(x) eÐnai to pedÐo orismoÔ thc f kai

sumbolÐzetai dom(f). To pedÐo tim¸n thc f to sumbolÐzoume rng(f). En gènei
dom(f) ⊆ Nk. An sumbeÐ dom(f) = Nk, h f ja lègetai olik . 'Ara oi olikèc sunart -
seic ja eÐnai mèroc mìnon twn sunart sewn genik�. 'Oso gia thn isìthta twn merik¸n
sunart sewn, orÐzetai wc ex c: Oi f, g : Nk → Nl eÐnai Ðsec an dom(f) = dom(g)
kai gia k�je x ∈ dom(f), f(x) = g(x). (Se poll� biblÐa h isìthta twn merik¸n
sunart sewn sumbolÐzetai me ' antÐ me =).

Orismìc 1.1.1 'Estw sun�rthsh f : Nk → Nl. H f ja lègetai algorijmik  (com-
putable) an up�rqei algìrijmoc A tètoioc ¸ste gia k�je x ∈ Nk, x ∈ dom(f) ⇐⇒
A(x)↓, kai gia k�je x ∈ dom(f), f(x) = A(x). H f lègetai olik  algorijmik  an eÐnai
algorijmik  kai dom(f) = Nk, dhlad  an o algìrijmoc A eÐnai olikìc.

Parat rhsh 1.1.2 Den prèpei na tautÐzoume ènan algìrijmo A me th sun�rthsh
pou par�gei. O lìgoc eÐnai ìti up�rqoun polloÐ (sthn pragmatikìthta �peiroi) di-
aforetikoÐ algìrijmoi pou par�goun thn Ðdia sun�rthsh. PolÔ perissìtero, ìpwc ja
doÔme argìtera (Je¸rhma tou Rice), den up�rqei algìrijmoc, pou na apofasÐzei an
duì algìrijmoi par�goun thn Ðdia sun�rthsh.

Mia shmantik  kathgorÐa algorÐjmwn eÐnai autoÐ apantoÔn se erwt mata thc mor-
f c ��x ∈ X;��, ìpou X k�poio sÔnolo. Oi èxodoÐ touc profan¸c prèpei na eÐnai ��nai��
  ��ìqi��, dhl. out(A) ⊆ {nai, ìqi}. AutoÐ lègontai nai/ìqi algìrijmoi. Gr�fontac
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1 antÐ gia ��nai�� kai 0 antÐ gia ��ìqi��, dhl. k�nontac ¸ste out(A) ⊆ {0, 1}, amèswc
blèpoume ìti apoteloÔn apl¸c mia eidik  perÐptwsh twn algorÐjmwn ìpwc orÐsthkan
parap�nw. P�ntwc ja exakolouj soume suqn� na gr�foume A(x) = nai   A(x) = ìqi,
kaj¸c bohj�ei th diaÐsjhs  mac.

Orismìc 1.1.3 'Ena sÔnolo X ⊆ Nk lègetai algorijmikì (decidable) an up�rqei
olikìc nai/ìqi algìrijmoc A gia to er¸thma ��x ∈ X;��, dhlad , gia k�je x ∈ Nk,

x ∈ X ⇒ A(x) = nai

kaÐ
x /∈ X ⇒ A(x) = ìqi.

'Estw V èna basikì sÔnolo, p.q V = Nk, kai X ⊆ V . Qarakthristik  sun�rthsh
tou X, lègetai h sun�rthsh CX : V → {0, 1} pou orÐzetai wc ex c:

CX(x) =

{
1 an x ∈ X,
0 an x /∈ X.

Shmei¸ste ìti k�je qarakthristik  sun�rthsh eÐnai olik . H parak�tw eÐnai pro-
fan c.

Prìtash 1.1.4 'Ena sÔnolo X ⊆ Nk eÐnai algorijmikì an kai mìnon an h qarak-
thristik  tou sun�rthsh eÐnai (olik ) algorijmik .

Prìtash 1.1.5 'Ena sÔnolo X ⊆ Nk eÐnai algorijmikì an kai mìnon to −X (dhl.
to Nk −X) eÐnai algorijmikì.

Apìdeixh. An A eÐnai olikìc nai/ìqi algìrijmoc gia to X, tìte o algìrijmoc B
o opoÐoc dÐnei ��nai�� (ant. ��ìqi��) ekeÐ ìpou o A dÐnei ��ìqi�� (ant. ��nai��), eÐnai olikìc
algìrijmoc gia to −X. QED

Paradeigmata
1) K�je stajer  sun�rthsh, p.q. f(x) = c gia k�je x ∈ Nk, eÐnai olik  algori-

jmik . EpÐshc h sun�rthsh diadoq c twn fusik¸n arijm¸n S(n) = n + 1. To Ðdio h
prìsjesh kai o pollaplasiasmìc. Gia k�je n kai k�je m ≤ n, orÐzontai oi probolèc
πnm : Nn → N, ìpou πnm(x1, . . . , xn) = xm. Profan¸c oi πnm eÐnai olikèc algori-
jmikèc. (Oi stajerèc sunart seic, oi probolikèc kai h S, paÐzoun basikì rìlo ston
orismì thc kl�shc twn anadromik¸n sunart sewn pou eÐnai mÐa apì tic majhmatikèc
tupopoi seic twn algorijmik¸n sunart sewn. M� autèc ja asqolhjoÔme sto epìmeno
kef�laio.)

2) O gnwstìc eukleÐdeioc algìrijmoc eÐnai ènac olikìc algìrijmoc gia ton upolo-
gismì tou mègistoÔ koinoÔ diairèth twn m,n ∈ N, MKD(m,n). Sunep¸c h sun�rthsh
MKD : N2 → N eÐnai olik  algorijmik .
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3) K�je peperasmèno sÔnolo eÐnai algorijmikì. Pr�gmati, èstw X =
{x1, . . . , xn}. Gia to er¸thma ��x ∈ X;�� o algìrijmoc eÐnai: Exètase b ma-b ma
an x = x1, . . . , x = xn. Epeid  ta x, xi eÐnai peperasmènou tÔpou (ed¸ eÐnai pou h
idiìthta aut  eÐnai anagkaÐa), o èlegqoc k�je isìthtac x = xi gÐnetai se peperasmèno
qrìno.

4) Gia to er¸thma ��eÐnai o n pr¸toc;��, up�rqei wc gnwstìn olikìc nai/ìqi algìri-
jmoc. 'Ara to sÔnolo twn pr¸twn arijm¸n eÐnai algorijmikì.

5) H sun�rthsh f : N→ N, ìpou

f(n) = to n-ostì dekadikì yhfÐo tou π,

eÐnai olik  algorijmik . To Ðdio kai h sun�rthsh

g(n) =

{
1 an f(n) = 7,
0 alli¸c.

6) 'Estw h sun�rthsh

h(n) =

{
1 an up�rqoun akrib¸c n diadoqik� 7 sto dekad. mèroc tou π,
0 alli¸c.

Ed¸ o mìnoc gnwstìc algìrijmoc eÐnai o ex c profan c: Gia k�je n, y�xe èna-èna
ta dekadik� tou π. An sunant seic n diadoqik� 7, gr�ye èxodo 1. An ìqi, tìte
o algìrijmoc den termatÐzei sto n. H h eÐnai ex orismoÔ olik  sun�rthsh, ìmwc o
parap�nw algìrijmoc den xèroume an eÐnai olikìc, kai sunep¸c den xèroume an h h eÐnai
algorijmik  sÔmfwna me ton orismì 1.1.1. (Gia na to xèroume ja èprepe na èqoume
epopteÐa olìklhrou tou dekadikoÔ mèrouc tou π). Aut  eÐnai mia k�pwc par�doxh
kat�stash, pou èqei na k�nei me thn diafor� an�mesa sthn klassik  logik  pou
qrhsimopoioÔme (sta majhmatik� kai thn kajhmerin  zw ) kai pou dèqetai ìti apì èna
zeÔgoc antifatik¸n prot�sewn φ kai ¬φ mÐa akrib¸c eÐnai alhj c, kai sth ��logik 
twn algorÐjmwn��, gia thn opoÐa to parap�nw den isqÔei. 'Etsi, en¸ gia thn klassik 
logik  h parap�nw sun�rthsh eÐnai olik , pou shmaÐnei ìti gia k�je n,   up�rqoun n
diadoqik� 7 sto π   den up�rqoun, gia ton algìrijmo autì den sumbaÐnei enìsw den
mporeÐ na pistopoi sei eÐte to èna eÐte to �llo.

7) 'Ena pio qtuphtì par�deigma gia to fainìmeno pou anafèrame sto par�deigma 6
eÐnai h ex c sun�rthsh: 'Estw

h(n) =

{
1 an h eikasÐa tou Goldbach eÐnai alhj c,
0 alli¸c.

Lìgw klassik c logik c, h parap�nw sun�rthsh eÐnai olik  kai m�lista stajer , �ra
algorijmik . Dedomènou ìmwc ìti h eikasÐa tou Goldbach eÐnai �luto mèqri stigm c
prìblhma, kanènac apì touc gnwstoÔc algorÐjmouc den par�gei thn h. M� �lla lìgia
h h eÐnai algorijmik  qwrÐc gnwstì algìrijmo!
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8) 'Estw g : Nk+1 → N mÐa olik  sun�rthsh k + 1 metablht¸n. Gr�foume g(x, y)
antÐ g(x1, . . . , xk, y). An, dojèntoc x, up�rqei y tètoio ¸ste p.q. g(x, y) = 0, pro-
fan¸c ja up�rqei èna el�qisto tètoio y, èstw y0. SumbolÐzoume tìte

y0 = (µy)(g(x, y) = 0).

O telest c µ lègetai telest c elaqistopoÐhshc (minimization),   µ-telest c. OrÐze-
tai tìte h ex c (merik  en gènei) sun�rthsh f : Nk → N:

f(x) =

{
(µy)(g(x, y) = 0) an (∃y)(g(x, y) = 0),
den orÐzetai alli¸c.

'An h g eÐnai algorijmik  (dhlad  olik  algorijmik ), me olikì algìrijmo A, tìte kai
h f eÐnai algorijmik  (ìqi ìmwc kat� an�gkh olik ). O algìrijmoc B gia thn f eÐnai:
Dojèntoc x ∈ Nk, trofodotoÔme diadoqik� ton A me tic eisìdouc (x, 0), (x, 1), . . ..
Lìgw thc olikìthtac tou A, gia k�je eÐsodo (x, k) ja paÐrnoume èxodo. Gia to pr¸to
k pou ja broÔme (�n broÔme) tètoio ¸ste A(x, k) = 0, jètoume B(x) = k. An gia
k�je k ∈ N, A(x, k) 6= 0, B(x)↑. Profan¸c o B eÐnai ènac algìrijmoc gia thn f .
H idiìthta g(x, y) = 0 lègetai kanonik  (regular) an (∀x)(∃y)(g(x, y) = 0). 'Otan h
g(x, y) = 0 eÐnai kanonik , profan¸c h f eÐnai olik , alli¸c den orÐzetai se k�poia
shmeÐa.

9) To pio akraÐo par�deigma merik c algorijmik c sun�rthshc eÐnai h sun�rthsh
pou den orÐzetai poujen�, dhlad  èqei pedÐo orismoÔ ∅. Ac thn parast soume me Ω. H
Ω mporeÐ na orisjeÐ me polloÔc trìpouc me th bo jeia tou telest  µ, p.q. wc ex c:
Ω(x) = (µy)(x + y + 1 = 0). Par� ton tetrimmèno qarakt ra thc h Ω eÐnai arket�
qr simh (dec p.q. to Je¸rhma tou Rice).

10) Up�rqoun mh algorijmikèc sunart seic kai sÔnola; Nai kai m�lista p�ra pol-
l�, an kai den eÐnai eÔkolo na d¸soume sugkekrimèno par�deigma. EÐnai polÔ shmantikì
na poÔme apì t¸ra kai na èqoume suneq¸c sto mualì mac ìti o k�je algìrijmoc, ektìc
apì to ìti efarmìzetai se peperasmènou tÔpou antikeÐmena, eÐnai kai o Ðdioc antikeÐmeno
peperasmènou tÔpou (an kai aut  th stigm  pijanìn na mhn eÐnai entel¸c fanerì, ja
gÐnei ìmwc sta epìmena). ArkeÐ na parathr soume ìti o algìrijmoc, wc peperasmèn-
h akoloujÐa entol¸n, eÐnai peperasmènh akoloujÐa lèxewn enìc alf�bhtou, kai ap�
ìsa eÐpame sthn eisagwg  kwdikopoieÐtai me mia n-�da fusik¸n arijm¸n. Dedomènou
t¸ra ìti up�rqoun mìno arijmhsÐmou pl jouc antikeÐmena peperasmènou tÔpou, en¸
ta sÔnola ìlwn twn uposunìlwn tou N, kai ìlwn twn sunart sewn f : N → N eÐnai
mh arijm sima, sumperaÐnoume amèswc ìti mìno èna el�qisto mèroc twn uposunìlwn
aut¸n kai twn sunart sewn eÐnai algorijmik�. Apì thn �llh meri�, gia na d¸soume
par�deigma tètoiou sunìlou   sun�rthshc, ja prèpei na to ��perigr�youme��. All�
oi ��perigrafèc �� sun jwc autì pou k�noun eÐnai na dÐnoun ènan algìrijmo, pr�gma
akrib¸c pou emeÐc jèloume na apofÔgoume. Gi� autì kai ta paradeÐgmata den eÐnai
eÔkola. Sta epìmena p�ntwc ja emfanistoÔn poll� tètoia sÔnola kai sunart seic.
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Shmei¸ste t¸ra ìti up�rqei k�poia asummetrÐa an�mesa stouc orismoÔc thc algo-
rijmik c sun�rthshc kai tou algorijmikoÔ sunìlou. H algorijmik  sun�rthsh apaiteÐ
thn Ôparxh apl¸c algorÐjmou (ìqi kat� an�gkh olikoÔ), en¸ to algorijmikì sÔnolo
apaiteÐ olikì nai/ìqi algìrijmo,   isodÔnama olikì algìrijmo gia thn qarakthristik 
sun�rthsh. Ja doÔme se lÐgo ìti to akribèc an�logo thc algorijmik c sun�rthshc
den eÐnai to algorijmikì sÔnolo, all� mia asjenèsterh ènnoia, to algorijmik� apari-
jm simo. Prohgoumènwc ac jumhjoÔme ìti sth JewrÐa Sunìlwn, kai sta majhmatik�
genikìtera, majaÐnoume na orÐzoume th sun�rthsh wc èna sÔnolo zeug¸n. Sugkekrimè-
na, eÐnai bolikì na deqìmaste ìti gia k�je sun�rthsh f , f = {(x, y) : y = f(x)}. Aut 
eÐnai h ektatik  (extensional) ènnoia thc sun�rthshc. Apì th skopi� ìmwc thc Jew-
rÐac AlgorÐjmwn, autì den isqÔei. Ed¸ h sun�rthsh f den eÐnai sÔnolo, all� mia
diadikasÐa antistoÐqishc miac exìdou f(x) se mia eÐsodo x, pou kajorÐzetai apì ènan
nìmo (algìrijmo). 'Emfash dÐnetai sthn ��perigraf �� (intension) tou nìmou antis-
toiqÐac. Bèbaia, gia k�je f , p�li orÐzetai èna sÔnolo {(x, y) : y = f(x)}, ìmwc den to
tautÐzoume me thn f . To lème gr�fhma thc f kai to sumbolÐzoume G(f). Dhlad  se
k�je f antistoiqeÐ to sÔnolo

G(f) = {(x, y) : y = f(x)}.
'Ena fusikì er¸thma eÐnai: Poi� h sqèsh an�mesa sthn algorijmikìthta thc f kai
ekeÐnh tou sunìlou G(f); Gia aplìthta graf c suqn� sta epìmena jewroÔme sunart -
seic f : N → N antÐ f : Nk → Nl. Autì se tÐpota den bl�ptei th genikìthta, kai ta
Ðdia isqÔoun gia th genikìterh perÐptwsh.

Prìtash 1.1.6 'Estw f : N → N. (i) An to G(f) eÐnai algorijmikì, h f eÐnai
algorijmik . To antÐstrofo genik� den isqÔei. (ii) An ìmwc h f eÐnai olik  tìte
isqÔei kai to antÐstrofo tou (i) dhlad 

f algorijmik  ⇐⇒ G(f) algorijmikì.

Apìdeixh. (i) 'Estw G(f) algorijmikì me algìrijmo B. 'Estw o algìrijmoc A:

A(m) =

{
n an B(m, n) = nai,
den orÐzetai alli¸c.

O A douleÔei wc ex c: Dojèntoc m, exet�zoume diadoqik� tic exìdouc B(m, 0),
B(m, 1) . . .. Gia to pr¸to n pou ja broÔme (an broÔme) tètoio ¸ste B(m,n) = nai, jè-
toume A(m) = n. Endèqetai gia k�poio m, na mhn up�rqei n tètoio ¸ste B(m,n) = nai
(se perÐptwsh pou to G(f) eÐnai gr�fhma merik c sun�rthshc), opìte o A den eÐnai
olikìc. EÐnai eÔkolo na doÔme ìti o A eÐnai algìrijmoc gia thn f . Pr�gmati, f(m) ↓
kai f(m) = n ⇐⇒ (m,n) ∈ G(f) ⇐⇒ B(m,n) = nai ⇐⇒ A(m) ↓ kai A(m) = n.
'Ara f algorijmik .
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(ii) 'Estw ìti h f eÐnai olik  sun�rthsh. H kateÔjunsh ⇐ thc isodunamÐac isqÔei
lìgw tou (i). Gia to antÐstrofo, èstw A ènac olikìc algìrijmìc thc f . Dhlad 
f(m) = n ⇔ A(m) = n. JewroÔme ton ex c algìrijmo B me in(B) ⊆ N2:

B(m,n) =

{
nai an A(m) = n,
ìqi an A(m) 6= n.

AfoÔ o A eÐnai olikìc kai o B eÐnai olikìc kai profan¸c B(m,n) = nai ⇔ (m,n) ∈
G(f), �ra G(f) algorijmikì. (An h f den eÐnai olik , o A den eÐnai olikìc, kai pro-
fan¸c o B den eÐnai olikìc, opìte den mporoÔme na sumper�noume thn algorijmikìthta
tou G(f).) QED.

Orismìc 1.1.7 'Ena sÔnolo X ⊆ Nk lègetai algorijmik� aparijm simo   gia sun-
tomÐa a.a. (effectively enumerable   listable), an up�rqei nai/ìqi algìrijmoc A (ìqi
kat� an�gkh olikìc) tètoioc ¸ste gia k�je x ∈ Nk,

x ∈ X ⇔ A(x)↓ kaÐ A(x) = nai.

Parathr ste ìti apì thn parap�nw isodunamÐa, x /∈ X den sunep�getai A(x) = ìqi,
all� A(x)↑   A(x) = ìqi. Apì ton orismì autì kai ton orismì 1.1.3 prokÔptei ìti k�je
algorijmikì sÔnolo eÐnai a.a. Diaisjhtik� èna a.a. sÔnolo eÐnai ��miso-algorijmikì��
me thn ex c ènnoia:

Prìtash 1.1.8 To X ⊆ Nk eÐnai algorijmikì an kai mìnon an to X kai to −X
(dhl. to Nk −X) eÐnai a.a.

Apìdeixh. 'Estw X algorijmikì. Apì thn Prìtash 1.1.5, to −X eÐnai epÐshc
algorijmikì. 'Ara (ex orismoÔ) ta X, −X eÐnai a.a. AntÐstrofa èstw ìti ta X, −X
eÐnai a.a. me algorÐjmouc p.q. A, B antÐstoiqa. Jewr ste ton algìrijmo Γ:

Γ(x) =

{
nai an A(x) = nai,
ìqi an B(x) = nai.

Profan¸c o Γ eÐnai olikìc algìrijmoc gia to X. QED

O ìroc ��algorijmik� aparijm simo�� proèrqetai apì mia isodÔnamh perigraf 
aut¸n twn sunìlwn pou suqn� qrhsimopoieÐtai kai wc orismìc touc.

Prohgoumènwc ja qreiasteÐ gia pr¸th for� na mil soume gia ton qrìno anamon c
mèqri na p�roume èxodo se mÐa eÐsodo, mia ènnoia jemeli¸dh sth jewrÐa algorÐjmwn.
An o algìrijmoc eÐnai èna prìgramma, tìte o qrìnoc anamon c gia thn èxodo A(x),
eÐnai o arijmìc twn bhm�twn pou k�nei to prìgramma mèqri na upologÐsei to A(x)
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(upojètontac ìti k�nei èna b ma an� mon�da qrìnou). Aut  h ènnoia tou b matoc
mporeÐ na gÐnei apìluta saf c stic di�forec tupopoi seic tou algorÐjmou, idÐwc stic
mhqanèc Turing. Se k�je algìrijmo A me in(A) = Nk kai out(A) ⊆ Nl, antistoiqeÐ
ènac olikìc nai/ìqi algìrijmoc TA me in(TA) ⊆ Nk+l+1 pou orÐzetai wc ex c:

TA(x, y, z) =

{
nai an A(x) = y se ≤ z b mata,
ìqi alli¸c,

ìpou h èkfrash ��A(x) = y se ≤ z b mata�� shmaÐnei: O algìrijmoc A me eÐsodo x
dÐnei èxodo y to polÔ se z b mata. Ja onom�zoume ton TA algìrijmo anamon c tou A.
'Oti o A eÐnai olikìc (akìma ki ìtan o A den eÐnai olikìc) eÐnai fanerì ap� ton orismì.
Se k�je eÐsodo (x, y, z) tou TA, den èqoume par� na d¸soume ston A eÐsodo x kai na
perimènoume to polÔ z mon�dec qrìnou. An s� autì to di�sthma den èrjei ap�nthsh,
  erjei kai eÐnai di�forh tou y, o TA apant� ��ìqi��, alli¸c apant� ��nai��. Profan¸c
isqÔei gia k�je x

A(x) = y ⇐⇒ (∃z)(TA(x, y, z) = nai). (1)

An o A eÐnai nai/ìqi algìrijmoc, o TA eÐnai aploÔsteroc. Sugkekrimèna orÐzoume:

TA(x, z) =

{
nai an A(x) = nai se ≤ z b mata,
ìqi alli¸c.

Opìte h (1) gÐnetai

A(x) = nai⇐⇒ (∃z)(TA(x, z) = nai). (2)

Prìtash 1.1.9 To X ⊆ Nk eÐnai a.a. an kai mìnon an eÐnai pedÐo tim¸n miac olik c
algorijmik c sun�rthshc f : N→ Nk.

Apìdeixh. Gia aplìthta èstw X ⊆ N (h apìdeixh gia to Nk den èqei kammi�
diafor�) kai èstw X = rng(f), ìpou f : N → N olik  algorijmik . M� �lla lìgia
X = {f(0), f(1), . . .}. O profan c algìrijmoc A gia to X eÐnai: Dojèntoc x ∈ N,
èlegxe an x = f(0), an x = f(1), . . ., x = f(n), . . .. (Epeid  f olik  algorijmik ,
to f(n) upologÐzetai p�nta.) An gia k�poio n, x = f(n) o algìrijmoc apant� ��nai��.
Alli¸c den apant�. Dhlad :

A(x) =

{
nai an (∃n)(x = f(n)),
den orÐzetai alli¸c.

Profan¸c x ∈ X ⇐⇒ A(x) ↓ kai A(x) = nai. 'Ara to X eÐnai a.a.
AntÐstrofa, èstw X ⊆ N a.a. kai A ènac algìrijmìc tou. Jèloume na broÔme

olik  algorijmik  f : N → N tètoia ¸ste X = rng(f). H pr¸th skèyh ja  tan
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na eis�goume èna-èna ta 0, 1, . . . , n, . . . ston A kai na perimènoume tic exìdouc A(0),
A(1), . . . , A(n), . . .. K�je for� pou ja èrqetai mÐa èxodoc A(k) = nai, kai me th seir�
pou èrqetai, na b�zoume to k sthn antÐstoiqh jèsh miac akoloujÐac x0, x1, . . . , xn, . . ..
Opìte, an f(n) = xn, X = rng(f) kai f eÐnai olik  algorijmik . H skèyh eÐnai swst 
genik�, mìno pou gia k�je k ∈ N den xèroume pìso qrìno prèpei na perimènoume
gia na p�roume ap�nthsh (diìti mporeÐ na mhn p�roume potè ap�nthsh). Gi� k�je
eÐsodo k ston A, prèpei na exantl soume ìlec tic dunatèc qronikèc anamonèc kai s�
autì eÐnai qr simoc o algìrijmoc anamon c TA tou A. Apì thn (2) pio p�nw èqoume
ìti TA(m,n) = nai shmaÐnei ìti A(m) = nai to polÔ se n b mata. 'Ara arkeÐ na
trofodot soume ton TA me ìla ta zeÔgh (m,n) thc morf c m ≤ n me thn ex c seir�:
(0, 0), (0, 1), (1, 1), (0, 2), (1, 2), (2, 2), klp. K�je for� pou gia to zeÔgoc (m, n)
èrqetai ap�nthsh ��nai��, kai me th seir� pou èrqetai, b�zoume to m sthn antÐstoiqh
jèsh thc sqhmatizìmenhc akoloujÐac x0, x1, . . .. M� autìn ton trìpo an m ∈ X,
ìso qrìno kai na p�rei gia thn ap�nthsh tou A(m), o algìrijmoc ja to sull�bei.
Estw ìti h ap�nthsh èrqetai se qrìno k. An k ≥ m, to zeÔgoc (m, k) ∈ in(TA) kai
TA(m, k) =nai. An k < m, tìte profan¸c TA(m,m) =nai (afoÔ h ap�nthsh èrqetai
se ≤ m b mata). 'Ara se k�je perÐptwsh to m ja sumperilhfjeÐ sta stoiqeÐa thc
akoloujÐac. Sunep¸c X = {x0, x1, . . .} kai an f(n) = xn, f olik  algorijmik  kai
X = rng(f). An jèlei kaneÐc na eÐnai pio austhrìc, h f orÐzetai epagwgik� wc ex c:

f(n) = m, an up�rqei k tètoio ¸ste TA(m, k)=nai kai to zeÔgoc
(m, k) eÐnai to n-ostì m� aut n thn idiìthta sthn parap�nw di�taxh
twn zeug¸n. QED

H di�taxh twn zeug¸n (m,n), me m ≤ n sthn pio p�nw apìdeixh mporeÐ na grafeÐ
kai wc ex c:

(0, 0)
(0, 1), (1, 1)
(0, 2), (1, 2), (2, 2)
(0, 3), (1, 3), (2, 3), (3, 3)
..............................................

Dhlad  h anaz thsh gÐnetai apì p�nw proc ta k�tw kai apì arister� proc ta dexi�.
Lìgw tou sq matoc, oi algìrijmoi anaz thshc kat� m koc aut c thc di�taxhc eÐdouc
lègontai ourèc peristerioÔ (dovetailing) kai ja qrhsimopoihjoÔn arketèc forèc sth
sunèqeia. Th di�taxh epÐshc aut  twn zeug¸n (m,n), m ≤ n, ((0, 0), (1, 0), (1, 1), . . .)
ja th lème our� peristerioÔ kai ja thn parist�noume <DT . Austhr� mil¸ntac h
di�taxh twn parap�nw zeug¸n orÐzetai ¸c ex c:
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(x, y) <DT (z, u) ⇐⇒ (y < u)   (y = u kai x < z).1

Prìtash 1.1.10 'Estw f : N→ N. H f eÐnai algorijmik  an kai mìnon an to G(f)
eÐnai a.a.

Apìdeixh. 'Estw f : N → N algorijmik  kai èstw A ènac algìrijmìc thc. Jew-
roÔme ton algìrijmo B:

B(m,n) =

{
nai an A(m) ↓ kai A(m) = n
den orÐzetai alli¸c.

Profan¸c o B eÐnai algìrijmoc gia to G(f), dhl. (m,n) ∈ G(f) ⇐⇒ B(m,n) ↓
kai B(m,n) = nai. 'Ara G(f) a.a. AntÐstrofa, èstw B algìrijmoc gia to G(f).
'Estw TB o algìrijmoc anamon c tou B, me eisìdouc ((m,n), k). Tìte

f(m) =

{
n, an (∃k)(TB((m,n), k) = nai),
den orÐzetai, alli¸c.

Sunep¸c ènac algìrijmoc gia thn f eÐnai o ex c A:

A(m) =

{
n an (∃k)(TB((m,n), k) = nai),
den orÐzetai alli¸c.

O A eÐnai h ex c our� peristerioÔ: 'Estw (0, 0), (0, 1), (1, 1), . . ., h di�taxh <DT twn
zeug¸n (n, k) me n ≤ k. Gi� k�je m ∈ N, eis�goume ston TB mÐa-mÐa tic eisìdouc
(m, 0, 0), (m, 0, 1), (m, 1, 1) klp. Gia to pr¸to (n, k) gia to opoÐo TB((m, n), k)↓
kai TB((m, n), k) = nai, gr�foume A(m) = n. Alli¸c A(m) ↑. Profan¸c o A eÐnai
algìrijmoc gia th f . QED

Ektìc apì aut  thc Prìtashc 1.1.9, up�rqoun ki �llec isodÔnamec perigrafèc twn
a.a. sunìlwn.

Prìtash 1.1.11 'Estw X ⊆ N �peiro. Ta parak�tw eÐnai isodÔnama:
(a) To X eÐnai a.a.
(b) To X eÐnai pedÐo tim¸n miac algorijmik c sun�rthshc.
(g) To X eÐnai pedÐo orismoÔ miac algorijmik c sun�rthshc.
(d) To X eÐnai pedÐo tim¸n miac olik c 1-1 algorijmik c sun�rthshc.

1Fusik� antÐ gia th di�taxh <DT mporeÐ kaneÐc na p�rei mia opoiad pote di�taxh ìlwn twn zeug¸n
(m, n) upì morf  akoloujÐac kai na ta exet�sei èna-èna. P.q. mporeÐ na diat�xei ta (m, n) wc
ex c: (0, 0), (0, 1), (1, 0)(0, 2), (1, 1), (2, 0), (0, 3), . . .. Apl¸c h di�taxh ≤ eÐnai ��oikonomikìterh��,
afoÔ perilamb�nei ta mis� mìno apì ta zeÔgh tou N2.
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Apìdeixh. (a) ⇒ (b): Autì èpetai amèswc apì thn Prìtash 1.1.9.
(b)⇒ (g): 'Estw X = rng(f), ìpou f algorijmik , me algìrijmo A. Jèloume na

orÐsoume èna eÐdoc ��antÐstrofou�� algorÐjmou B, dhlad , an B(m) = n, tìte A(n) =
m. Epeid  h f den eÐnai kat� an�gkh 1-1, qrhsimopoioÔme ton algìrijmo anamon c
TA tou A. O B eÐnai h ex c our� peristerioÔ: Dojèntoc m, trofodotoÔme ton TA

diadoqik� me tic tri�dec (n,m, k), gia ìla ta zeÔgh (n, k) me n ≤ k, diatetagmèna
me th di�taxh ≤DT pou orÐsthke pio p�nw. An (n, k) eÐnai to el�qisto zeÔgoc sthn
parap�nw di�taxh gia to opoÐo TA(n, m, k) = nai (an up�rqei tètoio zeÔgoc), jètoume
B(m) = n. Diaforetik� B(m) ↑. Sunoptik� o B gr�fetai:

B(m) =





n an ∃k TA(n,m, k) = nai kai (n, k) eÐnai to el�qisto zeÔgoc
sthn di�taxh <DT m� aut  thn idiìthta,

den orÐzetai alli¸c

Profan¸c an B(m) = n, tìte A(n) = m. Sunep¸c an g eÐnai h sun�rthsh
pou orÐzei o B, tìte dom(g) ⊆ rng(f). All� kai antÐstrofa, an m ∈ rng(f), tìte
TA(x,m, y)=nai gia k�poio zeÔgoc (x, y). 'Ara an (n, k) eÐnai to el�qisto tètoio zeÔgoc
sth di�taxh ≤DT , tìte B(m) = n, dhlad  g(m) = n, kai sunep¸c m ∈ dom(g). Opìte
dom(g) = rng(f) = X.

(g)⇒ (a): 'Estw X = dom(f), ìpou f algorijmik  me algìrijmo A. Jewr ste
ton algìrijmo B:

B(n) =

{
nai an A(n) ↓,
den orÐzetai alli¸c

Tìte n ∈ X ⇐⇒ n ∈ dom(f) ⇐⇒ A(n) ↓ ⇐⇒ B(n) ↓ kai B(n) = nai. 'Ara X
a.a.

(d)⇒ (a): 'Ameso apì thn Prìtash 1.1.9.
(a)⇒ (d): P�li �pì thn Pr. 1.1.9 upojètoume ìti X = rng(f), ìpou f olik 

algorijmik . Jèloume na broÔme 1-1 olik  algorijmik  g tètoia ¸ste X = rng(g).
H g orÐzetai wc ex c:

g(0) = f(0) kai
g(n + 1) = f(m), ìpou m eÐnai o el�qistoc x gia ton opoÐo

f(x) /∈ {g(0), . . . , g(n)}.
[Sunoptikìtera h teleutaÐa sqèsh gr�fetai me th qr sh tou telestoÔ e-

laqistopoÐhshc µ wc ex c:
g(n + 1) = f((µx)[f(x) /∈ {g(0), . . . , g(n)}]).]

Epeid  to X = rng(f) eÐnai �peiro (ed¸ mac qrei�zetai h apeirìthta tou X), gi-
a k�je n, X − {g(0), . . . , g(n)} 6= ∅, �ra p�nta ja up�rqei x tètoio ¸ste f(x) /∈
{g(0), . . . , g(n)}, kai sunep¸c h g orÐzetai s� ìlo to N. Profan¸c h g eÐnai algori-
jmik , 1-1 kai rng(g) = rng(f) = X (apodeÐxte to teleutaÐo). QED
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O kalÔteroc qarakthrismìc pou d¸same mèqri t¸ra gia ta (�peira) a.a. sunola
X ⊆ N eÐnai ìti apoteloÔn pedÐo tim¸n miac olik c 1-1 algorijmik c f : N → N.
M pwc mporoÔme na belti¸soume ton qarakthrismì, kai na èqoume p.q. aÔxousa f antÐ
gia 1-1; H ap�nthsh eÐnai ìqi. An antikatast soume thn sunj kh 1-1 me ��aÔxousa��
paÐrnoume algorijmik� sÔnola kai ìqi apl¸c a.a.

JumÐzoume ìti h f : N → N lègetai aÔxousa an m < n ⇒ f(m) ≤ f(n) kai
austhr� aÔxousa an m < n ⇒ f(m) < f(n). Kat�arq n èqoume to akìloujo.

Prìtash 1.1.12 An X ⊆ N algorijmikì, up�rqei f : N→ N olik  algorijmik  kai
aÔxousa, tètoia ¸ste X = rng(f). An to X eÐnai �peiro, h parap�nw f eÐnai austhr�
aÔxousa. (M� �lla lìgia, k�je �peiro algorijmikì X ⊆ N èqei mÐa algorijmik  gnhsÐ-
wc aÔxousa aparÐjmhsh twn stoiqeÐwn tou.)

Apìdeixh. 'Estw X ⊆ N algorijmikì. OrÐzoume:
f(0) = el�qisto stoiqeÐo tou X,
f(n + 1) = el�qisto stoiqeÐo tou X − {f(0), . . . , f(n)}

an X − {f(0), . . . , f(n)} 6= ∅,
= f(n) alli¸c.

Epeid  X algorijmikì eÐnai eÔkolo na doÔme ìti h f eÐnai olik  algorijmik .
[Parathr ste ìti gia X algorijmikì h idiìthta ��x el�qisto stoiqeÐo tou X�� eÐnai
algorijmik . Den sumbaÐnei to Ðdio an to X eÐnai a.a.] EpÐshc h f eÐnai aÔxousa kai
X = rng(f). Tèloc, o mìnoc lìgoc gia na mhn eÐnai h f austhr� aÔxousa, ja  tan to
X na eÐnai peperasmèno. QED

IsqÔei kai to antÐstrofo tou prohgoumènou. Prohgoumènwc qreiazìmaste to ex c
aplì:

L mma 1.1.13 An h f : N → N eÐnai austhr� aÔxousa, tìte f(n) ≥ n gia k�je
n ∈ N.

Apìdeixh. Me epagwg  sto n. Profan¸c f(0) ≥ 0. 'Estw f(n) ≥ n. Apì thn
upìjesh f(n+1) > f(n). 'Ara f(n+1) > f(n) ≥ n, opìte f(n+1) ≥ n+1. QED

Prìtash 1.1.14 An h f : N → N eÐnai austhr� aÔxousa, to X = rng(f) eÐnai
algorijmikì.

Apìdeixh. 'Opwc èqoume dei, n ∈ X ⇐⇒ (∃m)(f(m) = n). 'Omwc apì to
prohgoÔmeno L mma, f(m) ≥ m, dhlad  an f(m) = n tìte m ≤ n. 'Ara h parap�nw
isodunamÐa gr�fetai sthn perÐptwsh pou h f eÐnai austhr� aÔxousa:

n ∈ X ⇐⇒ (∃m ≤ n)(f(m) = n).
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Autì shmaÐnei ìti gia na elègxoume an n ∈ X, arkeÐ na elègxoume mìno an n = f(0),
n = f(1), . . . , n = f(n) (dhlad  h anaz thsh eÐnai fragmènh). Autì profan¸c sunist�
olikì nai/ìqi algìrijmo gia to er¸thma ��n ∈ X;��. QED

Apì tic Prot�seic 1.1.12 kai 1.1.14 prokÔptei to akìloujo:

Pìrisma 1.1.15 'Ena �peiro X ⊆ N eÐnai algorijmikì an kai mìnon an èqei mÐa
austhr� aÔxousa aparÐjmhsh (eÐnai pedÐo tim¸n miac aÔsthr� aÔxousac f : N→ N).

Ask seic

1.1.1 DeÐxte ìti to sÔnolo twn algorijmik¸n uposunìlwn tou N (  tou Nk) eÐnai
kleistì wc proc ènwsh, tom , sumpl rwma kai kartesianì ginìmeno.

1.1.2 DeÐxte ìti an ta X, Y eÐnai a.a., to Ðdio eÐnai kai ta X ∪ Y , X ∩ Y , X × Y .

1.1.3 An X ⊆ N algorijmikì kai f : N→ N olik  algorijmik , ti sumperaÐnete
gia ta sÔnola f(X) = {f(x) : x ∈ X} kai f−1(X) = {x : f(x) ∈ X};

1.1.4 'Estw Xn, n ∈ N, algorijmik� sÔnola. EÐnai to
⋃

n Xn algorijmikì;

1.1.5 DeÐxte ìti k�je �peiro a.a.sÔnolo X ⊆ N perièqei èna algorijmikì up-
osÔnolo. (Qrhsimopoi ste to Pìrisma 1.1.15.)

1.1.6 Perigr�yte ton olikì algìrijmo thc sun�rthshc f pou aparijmeÐ to X
sthn apìdeixh thc prìtashc 1.1.12

1.1.7 An f, g olikèc algorijmikèc kai to sÔnolo X orÐzetai apì th sqèsh

n ∈ X ⇐⇒ (∃x ≤ g(n))(f(x) = 0),

deÐxte ìti to X eÐnai algorijmikì.

1.1.8 DeÐxte ìti to X ⊆ N eÐnai a.a. an kai mìnon an up�rqei algorijmikì Y ⊆ N2

tètoio ¸ste gia k�je x ∈ N, x ∈ X ⇐⇒ (∃n)((n, x) ∈ Y ).
1.1.9 DeÐxte ìti sun�rthsh g pou orÐsthke sthn apìdeixh thc prìtashc 1.1.11

èqei to Ðdio pedÐo tim¸n me thn f , dhlad  rng(g) = rng(f) = X.

1.2 AlgorijmikoÐ isomorfismoÐ

'Estw X ⊆ Nk kai Y ⊆ Nl. MÐa olik  sun�rthsh f : X → Y lègetai algorijmikìc
isomorfismìc (a.i. gia suntomÐa) an eÐnai algorijmik , 1-1 kai epÐ. An perioristoÔme
se sunart seic f : Nk → Nk eÐnai eÔkolo na dei kaneÐc ìti h sÔnjesh a.i. eÐnai a.i., h
antÐstrofh a.i. eÐnai a.i. kai fusik� h tautotik  apeikìnish eÐnai a.i. 'Ara to sÔnolo
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twn a.i. sto Nk eÐnai mia om�da. Pr¸ta ìmwc prèpei na bebai¸soume thn Ôparxh mh
tetrimmènwn a.i. H parak�tw prìtash eÐnai polÔ pali� (ofeÐletai ston Cantor) kai
dÐnei ènan a.i. metaxÔ tou N kai tou N2.

Prìtash 1.2.1 H sun�rthsh J : N2 → N pou orÐzetai apì th sqèsh

J(m,n) =
(m + n)(m + n + 1)

2
+ m

eÐnai a.i. EpÐshc up�rqoun olikèc algorijmikèc K : N → N, L : N → N ètsi ¸ste gia
k�je q, (K(q), L(q)) = J−1(q).

Apìdeixh. Gr�foume ta stoiqeÐa tou N2 upì morf  �peirou pÐnaka wc ex c:

(0, 0) (0, 1) (0, 2) (0, 3) · · ·
(1, 0) (1, 1) (1, 2) (2, 3) · · ·
(2, 0) (2, 1) (2, 2) (2, 3) · · ·
(3, 0) (3, 1) (3, 2) (3, 3) · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · ·

Katìpin aparijmoÔme ta stoiqeÐa tou pÐnaka kinoÔmenoi kat� m koc twn diagwnÐwn
apì BA proc ND, dhlad  wc ex c:

(0, 0), (0, 1), (1, 0), (0, 2), (1, 1), (2, 0), . . .. K�je diag¸nioc perièqei zeÔgh me
�jroisma stoiqeÐwn stajerì. An se mia diag¸nio up�rqoun zeÔgh (m, n) me m+n = k,
tìte h diag¸nioc èqei k+1 stoiqeÐa. Sunep¸c an to zeÔgoc (m, n) katèqei thn q-ost 
jèsh sthn parap�nw akoloujÐa, tìte q = 1+2+· · ·+(m+n)+m = (m+n)(m+n+1)

2 +m.
Autì deÐqnei ìti h apeikìnish J(m,n) parèqei akrib¸c th jèsh tou zeÔgouc (m, n)
sthn pio p�nw aparÐjmhsh, �ra eÐnai 1-1 kai epÐ.

An J(m,n) = q, tìte (m,n) = J−1(q). Ta m,n mporoÔn na anakthjoÔn apì to
q me algorijmikì trìpo. An jèsoume m + n = s, tìte eÔkola blèpoume ìti prèpei
s(s+1)

2 ≤ q < (s+1)(s+2)
2 . Dojèntoc q, up�rqei monadikì s m� aut  thn idiìthta, to

opoÐo profan¸c upologÐzetai algorijmik�. Tìte ìmwc m = q− s(s+1)
2 kai n = s−m.

'Ara arkeÐ na jèsoume K(q) = q − s(s+1)
2 kai L(q) = s−K(q). QED

Me th bo jeia thc J mporoÔme na orÐsoume gia k�je k ≥ 2 ènan a.i. Jk : Nk → N.
Oi Jk orÐzontai epagwgik� wc ex c:

J2 = J ,
Jk+1(x1, . . . , xk+1) = J(x1, Jk(x2, . . . , xk+1)).

Epagwgik� apodeiknÔetai ìti k�je Jk eÐnai a.i. Tèloc an N<ω =
⋃

k≥2Nk eÐnai to
sÔnolo ìlwn twn peperasmènwn akolouji¸n fusik¸n arijm¸n m koc ≥ 2, orÐzoume
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Jω : N<ω → N wc ex c: Gi� k�je n ≥ 2 kai k�je (x1, . . . , xn) ∈ Nn,

Jω(x1, . . . , xn) = J(n, Jn(x1, . . . , xn)).

EÔkola apodeiknÔetai (dec ask seic) ìti h Jω eÐnai 1-1 kai epÐ. [MporoÔme an jèloume
na sumperil�boume sto N<ω kai tic akoloujÐec m kouc 1, dhlad  na jewr soume
N<ω =

⋃
k≥1Nk, antÐ N<ω =

⋃
k≥2Nk. Tìte h Jω prèpei na tropopoihjeÐ elafr�

gia na eÐnai epÐ tou N. K�nte to ¸c �skhsh.]
'Opwc kai sthn perÐptwsh tou J , apodeiknÔetai ìti gia k�je k up�rqoun algori-

jmikèc Ki : N → N, 1 ≤ i ≤ k, tètoiec ¸ste gia k�je q ∈ N, (K1(q), . . . , Kk(q)) =
J−1

k (q).
Me th bo jeia twn Jk, mÐa sun�rthsh f : Nk → Nl mporeÐ na ��metatrapeÐ�� se mÐa

sun�rthsh g : N→ N, jètontac g = Jl ◦ f ◦ J−1
k me thn ex c ènnoia: H f eÐnai (olik )

algorijmik  an kai mìnon an h g eÐnai olik  algorijmik .

Ask seic

1.2.1 DeÐxte ìti oi sunart seic Jn, n ≥ 2 kai Jω eÐnai 1-1 kai epÐ.

1.2.2 DeÐxte algebrik� ìti h J eÐnai 1-1.

1.2.3 BreÐte ta J−1(147) kai J−1
3 (223).

1.2.4 DeÐxte ìti to X ⊆ Nk eÐnai a.a. an kai mìnon an to Jk(X) eÐnai a.a.

1.2.5 'Estw f : N → N. Gi� k�je k ≥ 1, èstw f (k) : Nk → N h sun�rthsh pou
orÐzetai wc ex c: f (k)(x1, . . . , xk) = (f(x1), . . . , f(xk)). Oi f (k) lègontai sunart seic
epagìmenec apì thn f . DeÐxte ìti an h f eÐnai a.i., to Ðdio eÐnai kai oi epagìmenec apì
aut .

1.2.6 'Estw Gk h om�da twn a.i. tou Nk. An G
(k)
1 = {f (k) : f ∈ G1}, deÐxte ìti

h G
(k)
1 eÐnai upoom�da thc Gk.

1.3 Alf�bhta, lèxeic, kwdikopoi seic

Autì pou k�noun oi sunart seic Jn thc § 1.2 eÐnai na ��paket�roun�� thn plhroforÐa
pou up�rqei sthn n-�da (x1, . . . , xn) s� èna monadikì stoiqeÐo tou N Jn(x1, . . . , xn).
Kai fusik� me trìpo pou na mporeÐ na ��xepaketaristeÐ��, dhlad  na epistrèyoume apì
ton arijmì sth n-�da. Tètoiec algorijmikèc kai antistrèyimec diadikasÐec antipros¸-
peushc enìc antikeimènou peperasmènou tÔpou apì èna �llo lègontai kwdikopoi seic.
P.q. k�je algorijmikìc isomorfismìc f : X → Y eÐnai mia kwdikopoÐhsh twn s-
toiqeÐwn tou X me stoiqeÐa tou Y . To f(x) lègetai k¸dikac tou x. H antÐstrofh
antistoiqÐa f(x) 7→ x lègetai apokwdikopoÐhsh. Eidik� oi kwdikopoi seic zeug¸n
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fusik¸n arijm¸n me èna fusikì arijmì, dhlad  oi olikèc algorjmikèc 1-1 sunart seic
f : N2 → N (ìqi kat� an�gkh epÐ), lègontai sunart seic zeÔgouc (pairing functions).
H J(m,n) = (m+n)(m+n+1)

2 pou eÐdame parap�nw eÐnai mÐa tètoia, all� den eÐnai h
mình. 'Allec sunart seic zeÔgouc eÐnai oi ex c:

G2(m,n) = 2m · 3n,
h(m,n) = 2m+n+2 + 2n+1,
e(m, n) = 2m(2n + 1).

H G2 genikeÔetai sthn Gk : Nk → N wc ex c: An pn, eÐnai o n-ostìc pr¸toc
arijmìc, jètoume

Gk(x1, . . . , xk) = px1
1 · · · pxk

k = Πk
i=1p

xi
i .

(H arÐjmhsh miac akoloujÐac gÐnetai �llote xekin¸ntac apì to 1, x1, x2, . . ., ki �l-
lote xekin¸ntac apì to 0, x0, x1, . . .. 'Etsi kai gia touc pr¸touc, �llote gr�foume
p1, p2, . . ., ìpou p1 = 2, ki �llote p0, p1, . . ., ìpou p0 = 2. H diafor� den eÐnai ou-
siastik .) H Gk eÐnai kwdikopoÐhsh (ìqi epÐ) twn stoiqeÐwn tou Nk. H Gk eÐnai
kalÔterh apì thn Jk apì thn �poyh ìti o orismìc thc eÐnai pio �mesoc kai aplìc
apì ekeÐnon thc Jk. (Gia na upologÐsoume to Jk(x) prèpei pr¸ta na upologÐsoume
mia akoloujÐa J2(x2), J3(x3), . . . , Jk−1(xk−1).) Parathr ste ìti h sugkekrimènh k-
wdikopoÐhsh axiopoieÐ to jemeli¸dec je¸rhma thc JewrÐac Arijm¸n, ìti k�je akèraioc
èqei monos manth an�lush se ginìmeno pr¸twn.

EpÐshc gia thn kwdikopoÐhsh twn stoiqeÐwn tou N<ω, eÐdame  dh th sun�rthsh
Jω, ìmwc kai p�li mia parallag  twn parap�nw Gk eÐnai protimìterh. OrÐzoume thn
G : N<ω → N wc ex c: Gi� k�je n ∈ N kai k�je x1, . . . , xn,

G(x1, . . . , xn) = Πn
i=1p

xi+1
i .

H sun�rthsh G ofeÐletai ston K. Gödel kai suqn� o G(x1, . . . , xn) anafèretai wc
arijmìc Gödel thc n-�dac (x1, . . . , xn).

O lìgoc gia ton opoÐo ston pio p�nw orismì b�zoume pxi+1
i antÐ gia pxi

i , eÐ-
nai gia na k�noume thn G 1-1. Alli¸c ja eÐqame p.q. G(2, 5, 1) = G(2, 5, 1, 0) =
G(2, 5, 1, 0, 0) = · · ·. To Ðdio pr�gma mporeÐ na epiteuqjeÐ kai diaforetik�. P.q. na
jèsoume G(x1, . . . , xn) = 2nΠn+1

i=2 p
xi−1

i (dec [3], sel. 23).
Suqn� antÐ gia G(x1, . . . , xn) qrhsimopoieÐtai o sumbolismìc

〈x1, . . . , xn〉,
o opoÐoc èqei to pleonèkthma na eÐnai pio diafan c kai anagn¸simoc se epaneilhm-
mènec kwdikopoi seic thc morf c p.q. 〈x, 〈〈y1, . . . , yn〉, z〉〉, to opoÐo alli¸c gr�fetai
G(x,G(G(y1, . . . , yn), z)). Oi antÐstrofec sunart seic thc 〈〉 gr�fontai ()i, dhlad 

〈x1, . . . , xn〉 = y ⇐⇒ ∀i ≤ n (y)i = xi
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(dec �skhsh 2.3.3 parak�tw).
Ja mporoÔsame na tautÐsoume tic kwdikopoi seic me touc algorijmikoÔc isomor-

fismoÔc an periorizìmastan se stoiqeÐa twn sunìlwn Nk. 'Omwc h kwdikopoÐhsh eÐnai
genikìterh ènnoia kai efarmìzetai se megalÔterh poikilÐa sunìlwn. P.q. to sÔsthma
Morse pou qrhsimopoioÔntan paliìtera stic epikoinwnÐec, kwdikopoieÐ ta gr�mmata tou
alfab tou miac fusik c gl¸ssac, ìpwc h Agglik    h Ellhnik , me akoloujÐec apì
teleÐec kai paÔlec. Lìgou q�rh o k¸dikac tou S eÐnai treÐc teleÐec, kai o k¸dikac tou
O treÐc paÔlec. P.q h akoloujÐa · · · /−−− / · · · shmaÐnei SOS.

Genikìtera h kwdikopoÐhsh lèxewn kai fr�sewn miac gl¸ssac (sun jwc miac ma-
jhmatik c gl¸ssac me k¸dikec fusikoÔc) apodeÐqthke ìti èqei ter�stia shmasÐa gi-
a ta majhmatik�. EÐdh sthn Eisagwg  anafèrjhke ìti k�je mh kenì, to polÔ ar-
ijm simo sÔnolo Σ, mporeÐ na jewrhjeÐ alf�bhto miac gl¸ssac. Ta stoiqeÐa tou
Σ eÐnai ta sÔmbola tou alfab tou. Oi lèxeic (  fr�seic) eÐnai orismènec peperas-
mènec akoloujÐec sumbìlwn pou upakoÔoun stouc kanìnec sqhmatismoÔ (formation
rules) thc gl¸ssac. P.q. to alf�bhto thc Ellhnik c eÐnai to Σ = {α, β, . . . , ω} ∪
{kìmma, teleÐa, di�sthma, erwthmatikì, klp} kaÐ mÐa lèxh (fr�sh) eÐnai h akoloujÐ-
a ��Den mpor¸ s mera, na èrjw aÔrio;�� Oi arijmoÐ tou dekadikoÔ sust matoc eÐnai
lèxeic tou alfab tou Σ = {0, 1, . . . , 9}. Oi arijmoÐ tou duadikoÔ sust matoc eÐnai
lèxeic tou alfab tou Σ = {0, 1}. Sto pr¸to par�deigma, h gl¸ssa èqei polÔplokouc
kanìnec sqhmatismoÔ, me apotèlesma pollèc akoloujÐec sumbìlwn na mhn eÐnai lèxeic
(p.q. oi akoloujÐec ��kqafl��   ��spÐti basikìc j���). Sto deutero kai trÐto par�deigma
ìmwc k�je peperasmènh akoloujÐa a1a2 · · · an, ìpou ai ∈ {0, 1, . . . , n}   ai ∈ {0, 1},
eÐnai arijmìc (lèxh) tou dekadikoÔ   duadikoÔ sust matoc antÐstoiqa. S� autèc tic
peript¸seic oi lèxeic tautÐzontai me tic peperasmènec akoloujÐec sumbìlwn tou Σ kai
to sÔnolì touc to sumbolÐzoume me Σ∗. To Σ∗ eÐnai h eleÔjerh hmiom�da me genn torec
ta stoiqeÐa tou Σ.

An t¸ra Σ = {a1, a2, . . .} eÐnai mia arÐjmhsh tou Σ kai jewr soume ton fusikì ari-
jmì n k¸dika tou an, oi lèxeic metrèpontai se peperasmènec akoloujÐec tou N, dhlad 
stoiqeÐa tou N<ω. 'Etsi h kwdikopoÐhsh twn lèxewn tou Σ, an�getai se kwdikopoÐhsh
twn stoiqeÐwn tou N<ω, h opoÐa ìpwc eÐdame pio p�nw eÐnai efikt  mèsw thc Jω   thc
sun�rthshc Gödel G. 'Etsi gia k�je lèxh ai1 · · · ain , mporoÔme na jèsoume

G(ai1 · · · ain) = G(i1, · · · , in) = Πn
k=1p

ik+1
k .

H kwdikopoÐhsh mh arijmhtik¸n ennoi¸n, ìpwc oi lèxeic miac gl¸ssac, me arijmoÔc
lègetai suqn� kai arijmhtikopoÐhsh   arijmopoÐhsh (arithmetization).

Me tìn ton parap�nw trìpo ìlh h sÔntaxh miac gl¸ssac mporeÐ na arijmopoihjeÐ,
dhlad  na ekfrasjeÐ me arijmoÔc kai sqèseic metaxÔ aut¸n. Autèc oi kwdikopoihtikèc
ikanìthtec tou N k�noun thn antÐstoiqh jewrÐa pou to ekfr�zei, dhlad  th JewrÐa thc
Arijmhtik c tou Peano (PA),  , ìpwc, eÐnai eurÔtera gnwst , th JewrÐa Arijm¸n,
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na eÐnai mia jewrÐa-kleidÐ: An T eÐnai mia jewrÐa sthn opoÐa mporoÔme na orÐsoume
touc fusikoÔc arijmoÔc kai na apodeÐxoume tic basikèc touc idiìthtec, (dhlad  an
RA ⊆ T), tìte (mèsw thc kwdikopoÐhshc thc gl¸ssac thc T me arijmoÔc), h T mporeÐ
na ��mil sei�� gia na ton eautì thc kai na ��pei�� mia prìtash thn opoÐa den mporeÐ na
apodeÐxei. Autì eÐnai to 1o Je¸rhma mh plhrìthtac tou Gödel. Sthn apìdeix  tou
rìlo-kleidÐ paÐzei h arijmhtikopoÐhsh thc gl¸ssac.

Ask seic

1.3.1 'Estw n ≥ 2 ènac fusikìc, kai èstw Nn = {0, 1, . . . , n − 1}. Jewr¸ntac
to Nn alf�bhto, k�je lèxh tou Nn parist� èna stoiqeÐo tou N sto n-adikì sÔsthma.
Sugkekrimèna, an x1, . . . , xk ∈ Nn, h lèxh x1 · · ·xk parist� ton arijmì

x1n
k−1 + x2n

k−2 + · · ·+ xk−1n + xk = Σk
i=1xin

k−i.

EÐnai h apeikìnish
N∗n 3 x1 · · ·xk 7→ Σk

i=1xin
k−i ∈ N (3)

1-1; EÐnai epÐ; EÐnai kwdikopoÐhsh;

1.3.2 Sthn prohgoÔmenh �skhsh p�rte sth jèsh tou sunìlou Nn = {0, 1, . . . , n−
1}, to sÔnolo N′n = {1, . . . , n} kai deÐxte ìti h

N′∗n 3 x1 · · ·xk 7→ Σk
i=1xin

k−i ∈ N− {0} (4)

eÐnai t¸ra 1-1 kai epÐ.

2 Pr¸th tupopoÐhsh twn algorijmik¸n sunart -
sewn: Anadromikèc sunart seic

DÔo eÐnai oi basikèc tupopoi seic (dhlad  majhmatikopoi seic) thc empeirik c ènnoiac
tou algorÐjmou: H mÐa mèsw twn anadromik¸n sunart sewn kai h �llh mèsw twn
mhqan¸n Turing. S� autì to kef�laio ja mil soume gia tic anadromikèc sunart seic.
Me tic mhqanèc Turing ja asqolhjoÔme sto epìmeno.

2.1 PerÐ anadrom c genik�

Anadrom  (recursion), qondrik�, lègetai h epanalhptik  efarmog  enìc kanìna, ìpou
se k�je b ma (ektìc tou pr¸tou) qrhsimopoioÔme san eÐsodo (input) thn èxodo (out-
put) tou prohgoumènou. Stic akoloujÐec gia par�deigma, ektìc apì ekeÐnec pou or'-
izontai me ènan analutikì tÔpo (p.q. an = n+1

n , an = (1 + 1
n)n), èqoume ekeÐnec pou
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orÐzontai anadromik�, dhlad  o n-ostìc ìroc an eÐnai sun�rthsh tou an−1,   twn an−1

kai an−2 klp. P.q. oi akoloujÐec

a0 =
√

3, an+1 =
√

3an,

a0 = 1, a1 = 2, an+1 =
an + an−1

2
.

JumoÔmenoi ìti h akoloujÐa eÐnai mia sun�rthsh me f(n) = an, to teleutaÐo sq ma
gr�fetai

f(0) = 1, f(1) = 2, f(n + 1) =
f(n) + f(n− 1)

2
.

Dhlad  se k�je b ma ektìc twn dÔo pr¸twn qrhsimopoioÔme tic exìdouc twn bhm�twn
n−1 kai n wc eisìdouc sto b ma n+1. JewroÔme de th sugkekrimènh f algorijmik ,
epeid  to f(n+1) par�getai apì ta f(n−1), f(n) mèsw prìsjeshc kai h prìsjesh eÐnai
profan¸c algorijmik . 'Omwc mporoÔme na doÔme ìti h kai h sun�rthsh f : N2 → N,
ìpou f(x, y) = x + y, eÐnai epÐshc anadromik . OrÐzetai me to sq ma:

f(x, 0) = x, f(x, y + 1) = f(x, y) + 1.

Ed¸, jewr¸ntac to x par�metro, upologÐzoume to f(x, y + 1) mèsw tou f(x, y) kai
thc sun�rthshc diadoq c x 7→ x + 1. EÐnai h teleutaÐa anadromik ; H x 7→ x + 1 eÐnai
ap� tic pio aplèc algorijmikèc sunart seic sto N, den an�getai se �llec aploÔsterec,
gi� autì deqìmaste ex orismoÔ ìti eÐnai anadromik .

'Omoia oi sunart seic x · y kai xy eÐnai anadromikèc anagìmenec stic + kai · antÐs-
toiqa.

Anadromikìc orismìc thc g(x, y) = x · y: g(x, 0) = 0, g(x, y + 1) = g(x, y) + x.
(Anadrom  me th bo jeia thc + pou eÐnai  dh anadromik .)

Anadromikìc orismìc thc h(x, y) = xy: h(x, 0) = 1, h(x, y + 1) = h(x, y) · x.
(Anadrom  me th bo jeia thc · pou eÐnai  dh anadromik .)

An jèlame na d¸soume to kÔrio gn¸risma thc anadrom c, ja mporoÔsame na poÔme
ìti eÐnai h epan�lhyh, èna gn¸risma polÔ koinì stic mhqanikèc diadikasÐec. Ja doÔme
parak�tw ìti kat� mÐa ènnoia h anadrom  mporeÐ na anaqjeÐ pl rwc sth epan�lhyh.

2.2 Basikèc anadromikèc sunart seic (primitive recursive func-
tions)

H anadrom , qwrÐc na exantleÐ, ìpwc ja doÔme, thn algorijmikìthta, apoteleÐ mia polÔ
shmantik  sunist¸sa thc. Ta paradeÐgmata pou eÐdame pio p�nw ja ta sumperil�boume
se èna genikì Sq ma Basik c Anadrom c.
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Orismìc 2.2.1 (Sq ma Basik c Anadrom c) 'Estw f : Nk+1 → N, ìpou
gr�foume f(x, y), to di�nusma x èqei m koc k, kai paÐzei to rìlo paramètrwn. 'Estw
epÐshc g : Nk → N kai h : Nk+2 → N. Ja lème ìti h f par�getai me basik  anadrom 
apì tic g kai h an gia k�je x ∈ Nk kai y ∈ N,

f(x, 0) = g(x) kai
f(x, y + 1) = h(x, y, f(x, y)).

EpÐshc h kl�sh twn algorijmik¸n sunart sewn eÐnai kleist  wc proc th sÔnjesh.
Qondrik�, �n f , g algorijmikèc kai h f ◦g orÐzetai, h f ◦g eÐnai algorijmik . Epeid  h
sÔnjesh p�ntwc paÐrnei genikìterec morfèc, ja thn orÐsoume me to parak�tw Sq ma
SÔnjeshc.

Orismìc 2.2.2 (Sq ma SÔnjeshc) 'Estw f : Nk → N, h : Nm → N kai
gi : Nk → N, i = 1, . . . ,m. Ja lème ìti h f eÐnai sÔnjesh twn h kai gi, an f(x) =
h(g1(x), . . . , gm(x)). Sumbolik� gr�foume tìte f = h ◦ (g1, . . . , gm).

K�poiec sunart seic eÐnai algorijmikèc me ex¸fjalmo, tetrimmèno, kai genik� mh
anag¸gimo trìpo. Autèc eÐnai (a) h sun�rthsh diadoq c S : N→ N me S(x) = x + 1,
(b) oi stajerèc sunart seic ck : N → N, gia k�je k ∈ N, ìpou ck(x) = k gia k�je
x ∈ N, kai (g) oi probolèc, dhlad  oi sunart seic πnm : Nn → N, gia 1 ≤ m ≤ n, ìpou
πnm(x1, . . . , xn) = xm. H sun�rthsh S, oi ck kai oi πnm lègontai arqikèc sunart seic
(initial functions).

Orismìc 2.2.3 To sÔnolo PR twn basik¸n anadromik¸n sunart sewn (b.a. gia
suntomÐa) orÐzetai wc to el�qisto sÔnolo C (dhlad  h tom  ìlwn twn sunìlwn C) me
tic idiìthtec:

(i) To C perièqei ìlec tic arqikèc sunart seic.
(ii) To C eÐnai kleistì wc proc to sq ma basik c anadrom c, dhlad  an g, h ∈ C

kai h f orÐzetai me basik  anadrom  apì tic g, h, tìte f ∈ C.
(iii) To C eÐnai kleistì wc proc th sÔnjesh, dhlad  an h : Nm → N kai gi : Nk →

N, i = 1, . . . ,m, an koun sto C, tìte h f = h ◦ (g1, . . . , gm) an kei sto C.

Parat rhsh 2.2.4 (1) O orismìc 2.2.3 eÐnai epagwgikìc. Autì èqei wc apotèlesma
ìti gia na deÐxei kaneÐc ìti mia idiìthta A(·) isqÔei gia k�je f ∈ PR, arkeÐ na deÐxei ta
ex c: (a) Gia k�je arqik  sun�rthsh f , A(f). (b) An A(g), A(h) kai h f par�getai
apì tic g, h me basik  anadrom , tìte A(f). (g) An A(h), A(gi), gia i ≤ m, kai h f
eÐnai sÔnjesh twn h kai gi, tìte A(f). Mia tètoia apìdeixh thc idiìthtac A(f) gia
k�je f , lègetai epagwgik  apìdeixh.

(2) 'Enac isodÔnamoc orismìc twn b.a. sunart sewn eÐnai: H f eÐnai b.a. an up�rqei
mÐa peperasmènh akoloujÐa sunart sewn f1, . . . , fn, tètoia ¸ste: (a) fn = f kai (b)
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gia k�je i ≤ n, h fi eÐte eÐnai arqik , eÐte proèrqetai apì dÔo prohgoÔmenec fk, fj ,
(k, j < i) me basik  anadrom , eÐte proèrqetai apì �llec prohgoÔmenec me sÔnjesh.

(3) K�je b.a. sun�rthsh eÐnai olik . Autì eÔkola apodeiknÔetai epagwgik� (dec
parat rhsh (1) pio p�nw), dedomènou ìti ìlec oi arqikèc sunart seic eÐnai olikèc,
ta de sq mata basik c anadrom c kai sÔnjeshc odhgoÔn apì olikèc sunart seic se
olikèc.

(4) AntÐ gia ìlec tic stajerèc sunart seic ja mporoÔsame na jewr soume arqik 
mìno thn c0, (c0(x) = 0 gia k�je x) afoÔ c1(x) = Sc0(x), dhlad  c1 = S ◦ c0, kai
genik� ck = Sk ◦ c0.

Parat rhsh 2.2.5 K�je b.a. sun�rthsh eÐnai thc morf c f : Nk → N, dhlad 
sto PR ìpwc orÐsthke pio p�nw den perilamb�nontai sunart seic f : Nk → Nl.
O periorismìc autìc den eÐnai ousiastikìc, kai gÐnetai gia lìgouc aplìthtac. K�je
sun�rthsh thc morf c f : Nk → Nl, apoteleÐtai apì sunist¸sec sunart seic gi :
Nk → N, i ≤ l, dhlad  f(x) = (g1(x), . . . , gl(x)). Autì to gr�foume sumbolik�
f = (g1, . . . , gl). An jèloume loipìn na sumperil�boume tètoiec sunart seic, mporoÔme
na epekteÐnoume to PR sto PR∗ to opoÐo orÐzetai wc ex c: H f : Nk → Nl an kei
sto PR∗, an f = (g1, . . . , gl) kai gi ∈ PR, gia i ≤ l.

To sÔnolo PR apoteleÐ mia pr¸th prosèggish thc kl�shc twn algorijmik¸n
sunart sewn. Sta parak�tw paradeÐgmata deÐqnoume pwc mia plhj¸ra sunart sewn
pou qrhsimopoioÔme sthn pr�xh an koun s� autì.

Paradeigmata
(1) K�je stajer  sun�rthsh f : Nk → N eÐnai b.a.
'Estw f(x) = a gia k�je x ∈ Nk. Tìte f(x) = ca(πk1(x)) = a, �ra f = ca ◦ πk1,

kai afoÔ ca, πk1 ∈ PR, f ∈ PR.

(2) H tautotik  sun�rthsh eÐnai b.a.
H f(x) = x = π11(x). 'Ara f = π11.

(3) H prìsjesh eÐnai b.a.
'Estw f(x, y) = x + y. 'Opwc eÐdame  dh h f orÐzetai wc ex c: f(x, 0) = x kai

f(x, y + 1) = f(x, y) + 1. Autèc gr�fontai kai wc ex c:
f(x, 0) = π11(x),
f(x, y + 1) = Sπ33(x, y, f(x, y)).

Blèpoume ìti h f par�getai me basik  anadrom  apì tic g = π11 kai h = S ◦ π33. H h
eÐnai sÔnjesh b.a., �ra b.a., kai h g eÐnai b.a., �ra h + eÐnai b.a.

(4) O poll/smìc eÐnai b.a.
'Estw f(x, y) = x · y. Tìte
f(x, 0) = 0 = c0(x),
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f(x, y + 1) = f(x, y) + x = π33(x, y, f(x, y)) + π31(x, y, f(x, y)) = (π33 +
π31)(x, y, f(x, y)).

Ed¸ èqoume g = c0 kai h = π33 + π31 = + ◦ (π33, π31). H teleutaÐa eÐnai sÔnjesh
twn π33, π31 kai +, pou einai b.a.

(5) H xy eÐnai b.a.
'Estw f(x, y) = xy. Tìte
f(x, 0) = 1 = c1(x),
f(x, y + 1) = f(x, y) · x = π33(x, y, f(x, y)) · π31(x, y, f(x, y)) = (π33 ·

π31)(x, y, f(x, y)).
'Ara g = c1 kai h = π33 · π31.

(6) H f(x) = x! eÐnai b.a.
H f orÐzetai wc ex c:
f(0) = 1,
f(y + 1) = f(y) · (y + 1).
To sq ma autì prokÔptei apì to sq ma basik c anadrom c qwrÐc paramètrouc,

�ra qreiazìmaste mÐa h ètsi ¸ste h(y, f(y)) = f(y + 1) = f(y) · (y + 1). 'Omwc
f(y) · (y + 1) = π22(y, f(y)) · Sπ21(y, f(y)), dhlad  h = π22 · Sπ21.

(7) H sun�rthsh tou prohgoumènou (predecessor), pd(x), eÐnai b.a.
Aut  orÐzetai wc ex c:
pd(0) = 0,
pd(x + 1) = x.

'Ara pd(x + 1) = π21(x, pd(x)).

(8) H sun�rthsh diafor�c, x
·− y, eÐnai b.a.

H
·− orÐzetai wc ex c: x

·− y = x − y an x ≥ y, kai x
·− y = 0 an x < y. 'H,

anadromik�:
x

·− 0 = x,
x

·− (y + 1) = pd(x
·− y).

(9) Oi sunart seic pros mou sign(x) kai sumpros mou cosign(x) eÐnai b.a.
Oi sign(x) kai cosign(x) orÐzontai wc ex c:
sign(0) = 0, sign(x + 1) = 1,
cosign(0) = 1, cosign(x + 1) = 0,

kai profan¸c eÐnai b.a.

(10) 'Estw f : Nk+1 → N b.a. Tìte kai oi sunart seic �jroishc kai ginomènou
g, h : Nk+1 → N, ìpou g(x, y) = Σz≤yf(x, z) kai h(x, y) = Πz≤yf(x, z),eÐnai b.a. H g
orÐzetai andromik� wc ex c:
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g(x, 0) = f(x, 0),
g(x, y + 1) = g(x, y) + f(x, y + 1).

EÔkola blèpoume ìti par�getai me basik  anadrom  kai sÔnjesh apì thn f , thn +
kai arqikèc sunart seic. To Ðdio kai h h. 'Ara eÐnai b.a. Genikìtera, oi sunart seic
g(x, y) = Σz≤h(x,y)f(x, z) kai g(x, y) = Πz≤h(x,y)f(x, z), ìpou h b.a., eÐnai b.a. (lìgw
sÔnjeshc). [Parathr ste ìti an g(x, y) = Σz≤yf(x, z) kai g′(x, y) = Σz≤h(x,y)f(x, z),
tìte g′(x, y) = g(x, h(x, y)).]

(11) An h f orÐzetai me peript¸seic (by cases) apì �llec b.a., eÐnai b.a.
'Estw fi, gi, 1 ≤ i ≤ m, b.a., ètsi ¸ste gia k�je x up�rqei akrib¸c èna i tètoio

¸ste gi(x) = 0, kai èstw ìti h f orÐzetai wc ex c:

f(x) =





f1(x) an g1(x) = 0
f2(x) an g2(x) = 0
· · · · · · · · · · · · · · · · · ·
fm(x) an gm(x) = 0.

Qrhsimopoi¸ntac tic sunart seic cosign(x) pou orÐsame pio p�nw, eÐnai eÔkolo na
doÔme ìti h f gr�fetai:

f(x) = cosign(g1(x)) · f1(x) + · · ·+ cosign(gm(x)) · fm(x).

To dexiì mèloc thc teleutaÐac eÐnai sÔnjesh b.a., �ra h f eÐnai b.a.

(12) Oi sunart seic phlÐkou kai upoloÐpou eÐnai b.a.
'Estw quo(x, y) kai rem(x, y) paristoÔn to phlÐko kai to upìloipo antÐstoiqa thc

diaÐreshc tou y me to x. Gia x 6= 0 èqoume:
quo(x, 0) = 0,

quo(x, y + 1) =

{
quo(x, y) + 1 an y + 1 = (quo(x, y) + 1) · x,
quo(x, y) an y + 1 6= (quo(x, y) + 1) · x.

'Ara h quo par�getai me basik  anadrom  apì thn c0 kai thn h(x, y, z), ìpou
h(x, y, z) = z +1 an y +1 = (z +1)x kai h(x, y, z) = z alli¸c. O orismìc autìc eÐnai
mÐa parallag  tou orismoÔ me peript¸seic, �ra h b.a. Kat� sunèpeia kai h quo eÐnai
b.a.

Tèloc h rem(x, y) gr�fetai: rem(x, y) = y
·− x · quo(x, y), sunep¸c eÐnai b.a.

(13) Oi sunart seic Jk, k ≥ 2 eÐnai b.a.
H J par�getai apì tic +, · kai quo kai arqikèc me sÔnjesh. Gia tic Jk, k > 2, me

epagwg  sto k.

(14) H fragmènh elaqistopoÐhsh eÐnai b.a.
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'Estw h : Nk+1 → {0, 1} kai g : Nk+1 → N b. anadromikèc tètoiec ¸ste

(∀x ∈ Nk)(∀y ∈ N)(∃z ≤ g(x, y))(h(x, z) = 0).

Tìte h sun�rthsh f : Nk+1 → N

f(x, y) = (µz ≤ g(x, y))(h(x, z) = 0)

eÐnai b.a. [o sumbolismìc (µz ≤ y)A(· · ·) shmaÐnei: ��To el�qisto z mikrìtero tou y
tètoio ¸ste A(· · ·)��.]

ParathroÔme ìti an k eÐnai to el�qisto z ≤ g(x, y) tètoio ¸ste h(x, z) = 0, tìte

h(x, 0) = 1, h(x, 1) = 1, . . . , h(x, k − 1) = 1, h(x, k) = 0.

An gia k�je i ≤ g(x, y) fti�xoume to ginìmeno Πz≤ih(x, z), tìte Πz≤ih(x, z) = 1
gia i < k, en¸ Πz≤ih(x, z) = 0 gia i ≥ k. EpÐ plèon to �jroisma ìlwn aut¸n twn
ginomènwn gia i ≤ g(x, y) eÐnai k an kai mìnon an f(x, y) = k, dhlad 

f(x, y) = k ⇐⇒ Σi≤g(x,y)Πz≤ih(x, z) = k.

Sunep¸c f(x, y) = Σi≤g(x,y)Πz≤ih(x, z), kai apì to par�deigma (10) èpetai ìti h f
eÐnai b.a. [Parathr ste ìti den isqÔei en gènei f(x, y) = Σz≤g(x,y)h(x, z), kaj¸c an
f(x, y) = k, tìte h(x, k) = 0, all� mporeÐ k + 1 ≤ g(x, y) kai h(x, k + 1) = 1, opìte
Σz≤g(x,y)h(x, z) ≥ k + 1.]

(15) H epan�lhyh (iteration) miac b.a. eÐnai b.a.
Ed¸ ja doulèyoume sto PR∗ antÐ gia to PR, epeid  to pedÐo tim¸n thc f prèpei

na eÐnai uposÔnolo tou pedÐou orismoÔ. 'Estw f : X → X, ìpou X k�poio apì ta
sÔnola Nk. H epan�lhyh thc f eÐnai h sun�rthsh f I : X × N → X, pou orÐzetai wc
ex c:

f I(x, 0) = x, f I(x, n + 1) = f(f I(x, n)).

Amèswc blèpoume ìti h f I prokÔptei me basik  anadrom  apì thn f kai arqikèc
sunart seic, �ra an h f eÐnai b.a., to Ðdio eÐnai ka h f I . Suqn� gr�foume fn(x)
antÐ gia f I(x, n).

(16) H |x− y| eÐnai b.a.
Parathr ste ìti |x− y| = (x

·− y) + (y
·− x).

(17) H min(x, y) eÐnai b.a.

Aut  gr�fetai: min(x, y) = x · cosign(x
·− y) + y · sign(x

·− y).
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2.3 Basik� anadromik� sÔnola

Orismìc 2.3.1 'Ena sÔnolo X ⊆ Nk lègetai basikì anadromikì   b.a. gia sun-
tomÐa, an h qarakthristik  tou sun�rthsh CX eÐnai b.a.

Ta sÔnola pou mac endiafèroun ed¸ den eÐnai tuqaÐa uposÔnola tou Nk, all�
antistoiqoÔn se k�poia idiìthta   sqèsh φ(x) h opoÐa ta orÐzei, dhlad  eÐnai thc
morf c X = {x : φ(x)}. Sthn par�grafo aut  den ja orÐsoume austhr� tic idiìthtec
φ. Autì ja gÐnei st n § 5 enìthta. Diaisjhtik� oi idiìthtec eÐnai thc morf c p.q. ��x
mikrìtero tou y��, ��x diaireÐ ton y��, ��x pr¸toc �� klp. Suqn� antÐ gia ��b.a. sÔnolo
�� lème ��b.a. idiìthta   sqèsh��. P.q. èqoume:

Prìtash 2.3.2 H isìthta kai h anisìthta sto N eÐnai b.a. sqèseic. To Ðdio kai h
sqèsh diairetìthtac.

Apìdeixh. 'Estw C= kai C< oi qarakt. sunart seic twn sunìlwn {(x, y) : x = y}
kai {(x, y) : x < y} antÐstoiqa. ArkeÐ na deÐxoume ìti eÐnai b.a. 'Omwc eÐnai eÔkolo
na doÔme ìti C=(x, y) = cosign|x − y| kai C<(x, y) = sign(y

·− x) = sign|y −
min(x, y)|. Dedomènou ìti oi sign, min klp eÐnai b.a., to Ðdio eÐnai kai oi C= kai
C<. 'Omoia h qarakt. sun�rthsh tou sunìlou {(x, y) : x|y} gr�fetai: C|(x, y) =
cosign(rem(x, y)), ìpou rem h sun�rthsh upoloÐpou. QED

Prìtash 2.3.3 An ta X, Y eÐnai b.a., to Ðdio sumbaÐnei me ta sÔnola −X, X ∪ Y ,
X ∩ Y , X × Y . EpÐshc an X ⊆ Nk+1, gia k ≥ 1, eÐnai b.a., kai Y = {(x, z) :
(∀y ≤ z)(x, y) ∈ X}, Z = {(x, z) : (∃y ≤ z)(x, y) ∈ X}, ta Y , Z eÐnai b.a. (Autì to
ekfr�zoume lègontac ìti ta b.a. sÔnola eÐnai kleist� wc proc fragmènouc posodeÐktec.)

Apìdeixh. Parathr ste ìti:
C−X(x) = cosign(CX(x)),
CX∪Y (x) = sign(CX(x) + CY (x)),
CX∩Y (x) = CX(x) · CY (x),
CX×Y (x, y) = CX(x) · CY (y).

Blèpoume ìti oi C−X , CX∪Y , CX∩Y , CX×Y eÐnai sunjèseic b.a. kai �ra eÐnai b.a.
'Estw Y = {(x, z) : (∀y ≤ z)(x, y) ∈ X}. Tìte gia k�je (x, z) ∈ Nk+1,

CY (x, z) = 1 ⇐⇒ (∀y ≤ z)(CX(x, y) = 1) ⇐⇒ Πy≤zCX(x, y) = 1.

Autì shmaÐnei ìti h Πy≤zCX(x, y) eÐnai h qarakt. sun�rthsh tou Y . Aut  ìmwc
eÐnai b.a., afoÔ h CX eÐnai b.a., ìpwc eÐdame sto par�deigma (10) thc § 2.2. Gia to
Z = {(x, z) : (∃y ≤ z)(x, y) ∈ X} parathr ste ìti to sumplhrwm� tou −Z eÐnai ìpwc
to prohgoÔmeno Y . 'Ara eÐnai b.a. kai ìpwc eÐdame prohgoumènwc, kai to Z eÐnai b.a.
QED
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Prìtash 2.3.4 (a) To sÔnolo Prime = {n : n pr¸toc} eÐnai b.a.
(b) Gia k�je n ∈ N, èstw pn o n+1-ostìc pr¸toc , dhlad  p0 = 2, p1 = 3, p2 = 5

klp. H sun�rthsh p : N→ N, ìpou p(n) = pn eÐnai b.a.

Apìdeixh. (a) ArkeÐ na deÐxoume ìti to sumpl rwma tou Prime eÐnai b.a. 'Omwc o
n /∈ Prime an kai mìnon an up�rqei 1 < x < n tètoioc ¸ste x|n. Autì gr�fetai wc
ex c:

n /∈ Prime ⇐⇒ (∃x ≤ n)(∃y ≤ n)((x + 2)(y + 2) = n).

AfoÔ h idiìthta (x + 2)(y + 2) = n eÐnai b.a., lìgw thc prìtashc 2.3.2, kai h (∃x ≤
n)(∃y ≤ n)((x + 2)(y + 2) = n) eÐnai b.a., to sÔnolo −Prime eÐnai b.a.

(b) H p(n) orÐzetai anadromik� wc ex c:
p(0) = 2,
p(n + 1) = (µx)(x > p(n) kai x ∈ Prime).

All� tìte, p(n + 1) = h(p(n)), ìpou h h sun�rthsh

h(x) = (µy)(y > x kai y ∈ Prime) (5)

eÐnai b.a. T¸ra afoÔ oi idiìthtec y > x kai y ∈ Prime eÐnai b.a. ìpwc eÐdame stic
Prot�seic 2.3.2 kai 2.3.3, arkeÐ na deÐxoume ìti sthn (5) o telest c µ eÐnai ousiastik�
fragmènoc (dhlad  èqoume fragmènh anaz thsh), opìte apì to par�deigma 14 thc §2.2
prokÔptei ìti h h eÐnai b.a. ArkeÐ sunep¸c na broÔme b.a. g tètoia ¸ste

h(x) = (µy ≤ g(x))(y > x kai y ∈ Prime). (6)

Mia tètoia sun�rthsh pou fr�ssei thn anaz thsh eÐnai p.q. h g(x) = x! + 1, h
opoÐa, apì to par�deigma 6 thc §2.2 eÐnai b.a. (h idèa proèrqetai apì thn apìdeixh
tou jewr matoc tou EukleÐdh). 'Oti h (5) sunep�getai thn (6) apodeiknÔetai wc ex c:
'Estw q ènac pr¸toc diairèthc tou g(x) = x! + 1. An q ≤ x, tìte q|x!, �ra q|(x! +
1 − x!) = 1, �topo. 'Ara q > x. Ex �llou profan¸c q ≤ g(x). Sunep¸c gia k�je x
up�rqei pr¸toc q, tètoioc ¸ste x < q ≤ g(x). Autì deÐqnei ìti h h pou orÐzetai apì
thn (5) ikanopoieÐ thn (6). QED

Ask seic

2.3.1 H sun�rthsh phlÐkou quo(x, y) mporeÐ na orisjeÐ kai wc ex c: quo(x, y) =
o mègistoc z tètoioc ¸ste x · z ≤ y. Gr�yte me sqèseic autìn ton orismì kai d¸ste
mia �llh apìdeixh ìti h quo eÐnai b.a.

2.3.2 'Estw sqrt(x) = o mègistoc y tètoioc ¸ste y2 ≤ x. DeÐxte ìti eÐnai b.a.

2.3.3 'Estw x > 0. Gia k�je i ≥ 0, èstw (x)i = y
·− 1, ìpou y o ekjèthc tou pi

sthn an�lush tou x se ginìmeno pr¸twn paragìntwn. (Gia x = 0 mporoÔme na jèsoume
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(x)i = 0.) DeÐxte ìti h sqèsh (x)y = z eÐnai b.a. DeÐxte ìti gia k�je peperasmènh
akoloujÐa x0, . . . , xn up�rqei y tètoio ¸ste (y)i = xi gia k�je i = 0, . . . , n. DeÐxte
ìti o y eÐnai o arijmìc Gödel thc akoloujÐac (y)0, . . . , (y)k, ìpou pk eÐnai o mègistoc
pr¸toc pou diaireÐ ton y (dhlad  y = Πi≤npxi+1

i ).

2.3.4 DeÐxte ìti oi antÐstrofec sunart seic K,L thc sun�rthshc zeÔgouc J :
N2 → N eÐnai b.a.

Pl rhc, dipl  kai pollapl  anadrom . To Sq ma Basik c Anadrom c
pou qrhsimopoi jhke ston orismì twn b.a. sunart sewn exart� thn tim  thc f sto
y + 1, mìno apì thn tim  thc sto y (f(x, y + 1) = h(x, y, f(x, y))). 'Omwc se pollèc
peript¸seic to f(x, y + 1), exart�tai apì perissìterec timèc   kai apì ìlec tic pro-
hgoÔmenec timèc f(x, z), z ≤ y. Tètoia anadrom  lègetai pl rhc. P.q. polÔ suqn�
èqoume anadrom  thc morf c:

f(x, 0) = g0(x),
f(x, 1) = g1(x),
f(x, y + 2) = h(x, y, f(x, y), f(x, y + 1)).

EpÐshc mporeÐ na èqoume dipl    pollapl  anadrom  ìpwc sto ex c par�deigma:
'Estw g0, g1 : N → N kai h : N4 → N kai èstw f : N2 → N h sun�rthsh pou

orÐzetai me dipl  anadrom  wc ex c:
f(m, 0) = g0(m),
f(0, n) = g1(n),
f(m + 1, n + 1) = h(m,n, f(m + 1, n), f(m,n + 1)).

TÐ gÐnetai me tic sunart seic autèc; EÐnai b.a. ìtan oi sunart seic pou tic par�goun
eÐnai b.a.; H ap�nthsh eÐnai ��nai��. Dhlad  to sq ma basik c anadrom c kalÔptei kai
thn pl rh kai thn pollapl  anadrom , mìno pou h apìdeixh eÐnai arket� perÐplokh. Kai
to basikì ergaleÐo gia na to apodeÐxei kaneÐc eÐnai h kwdikopoÐhsh. Kat� arq n ìson
afor� thn pl rh anadrom , �n f(x, y) eÐnai mia sun�rthsh, mporoÔme na dhmiourg -
soume mÐa �llh pou na mac plhroforeÐ gia ìlh thn istorÐa thc tim c f(x, y), dhlad  gia
ìlh thn akoloujÐa f(x, 0), f(x, 1), . . . , f(x, y). DojeÐshc thc f : Nk+1 → N, orÐzoume
thn f∗ : Nk+1 → N wc ex c: f∗(x, y) = Πi≤yp

f(x,i)+1
i . M' �lla lìgia (dec �skhsh

2.3.3), gia k�je x, y kai i ≤ y,

(f∗(x, y))i = f(x, i).

Dhlad  o arijmìc f∗(x, y) eÐnai k¸dikac thc ��istorÐac �� f(x, 0), f(x, 1), . . . , f(x, y).
Dedomènou ìti, ìpwc eÐdame parap�nw, h ekjetik  sun�rthsh einai b.a., h sunarthsh
p(n) aparÐjmhshc twn pr¸twn eÐnai b.a. kai to ginìmeno Πi≤y odhgeÐ apì b.a. se b.a.,
h f∗ eÐnai b.a. ìtan h f eÐnai b.a.

'Estw f , g, h sunart seic san autèc pou anafèrontai sto Sq ma Basik c
Anadrom c (orismìc 2.2.1). Ja lème ìti h f par�getai apì tic g kai h me pl rh
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anadrom  an
f(x, 0) = g(x) kai
f(x, y + 1) = h(x, y, f∗(x, y)).

M' �lla lìgia, gia ton orismì tou f(x, y + 1) mporeÐ na axiopoihjeÐ ìlh h istorÐa tou
b matoc f(x, y), ki ìqi mìno to b ma autì. H parak�tw prìtash lèei ìti to sq ma
pl rouc anadrom c den eÐnai isqurìtero apì to sq ma basik c anadrom c.

Prìtash 2.3.5 'Estw ìti g, h eÐnai b.a. An h f par�getai apì tic g, h me pl rh
anadrom , tìte h f eÐnai b.a.

Apìdeixh. 'Estw ìti h f par�getai me pl rh anadrom  apì tic g kai h, dhlad 
f(x, 0) = g(x),
f(x, y + 1) = h(x, y, f∗(x, y)),

ìpou f h istorÐa thc f . Gia na deÐxoume ìti h f eÐnai b.a. arkeÐ na deÐxoume ìti h
f∗ eÐnai b.a., diìti tìte   f par�getai apì tic g, h, f∗ me sÔnjesh. T¸ra gia thn f∗

èqoume:
f∗(x, 0) = 2f(x,0)+1 = 2g(x)+1,
f∗(x, y + 1) = f∗(x, y) · pf(x,y+1)+1

y+1 = f∗(x, y) · ph(x,y,f∗(x,y))+1
y+1 .

Dhlad  h f∗ orÐzetai me thn anadrom :
f∗(x, 0) = 2g(x)+1,
f∗(x, y + 1) = f∗(x, y) · ph(x,y,f∗(x,y))+1

y+1 .
Ed¸ h sun�rthsh H thc anadrom c eÐnai h

H(x, y, z) = z · ph(x,y,z)+1
y+1 . QED

'Oson afor� thn dipl  anadrom , parathr ste ìti mia sun�rthsh f : N2 → N
mporeÐ na anaqjeÐ mèsw kwdikopoÐhshc zeÔgouc J sth sun�rthsh f : N → f , ìpou
f(J(m,n)) = f(m,n). 'Otan h f orÐzetai me dipl  epagwg , h f par�getai me to
sq ma pl rouc epagwg c, �ra eÐnai b.a., kai sunep¸c kai h f eÐnai b.a. (Leptomèreiec
sth �skhsh 2.3.5.)

Ask seic

2.3.5 DeÐxte me th bo jeia thc Prìtashc 2.3.5 ìti ta paradeÐgmata dipl c kai
pollapl c anadrom c pou anafèrjhkan pio p�nw orÐzoun b.a. sunart seic.

Ja kleÐsoume aut  thn par�grafo me mÐa prìtash pou deÐqnei autì pou eÐpame
sto tèloc thc paragr�fou 2.1, ìti ìqi mìno to kÔrio gn¸risma thc anadrom c eÐnai h
epan�lhyh, all� ìti h anadrom  mporeÐ na anaqjeÐ se epan�lhyh.
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Prìtash 2.3.6 'Estw C0 h el�qisth kl�sh sunart sewn C me tic idiìthtec:
(a) H C perièqei tic arqikèc sunart seic.
(b) H C eÐnai kleist  wc proc thn epan�lhyh, dhlad  an f ∈ C, tìte f I ∈ C (dec

par�deigma 15 thc § 2.2).
(g) H C eÐnai kleist  wc proc th sÔnjesh.
(d) H C eÐnai kleist  wc proc ta ginìmena, dhlad  an f = (g1, . . . , gl), ìpou

gi : Nk → N kai gi ∈ C, tìte f ∈ C.
Tìte C0 = PR∗.

Apìdeixh. Apì to par�deigma 15 thc § 2.2 èpetai ìti C0 ⊆ PR∗. Gia to antÐstrofo,
arkeÐ na deÐxoume ìti an g, h ∈ C0, kai h f par�getai apì tic g, h me basik  anadrom ,
tìte f ∈ C0. 'Estw g, h ∈ C0 kai èstw

f(x, 0) = g(x), kai
f(x, y + 1) = h(x, y, f(x, y)).

JewroÔme th sun�rthsh ρ : Nk+2 → Nk+2 pou orÐzetai wc ex c:

ρ(x, y, z) = (x, y + 1, h(x, y, z)).

'Estw ρI h epan�lhyh thc ρ, dhlad 

ρI(x, y, z, 0) = (x, y, z), ρI(x, y, z,m + 1) = ρ(ρI(x, y, z, m)).

IsqurÐzomai ìti gia k�je x, y,

ρI(x, 0, g(x), y) = (x, y, f(x, y)) (7)

opìte f(x, y) = π33ρ
I(x, 0, g(x), y)). T¸ra, ρI ∈ C0 afoÔ h ∈ C0, kai ρ ∈ C0.

Sunep¸c f ∈ C0.
Apìdeixh thc (7): Me epagwg  sto y. Ex orismoÔ

ρI(x, 0, g(x), 0) = (x, 0, g(x)) = (x, 0, f(x, 0)),

�ra isqÔei gia y = 0.
'Estw isqÔei gia y, dhlad  h (7) alhjeÔei. Tìte

ρI(x, 0, g(x), y+1) = ρ(ρI(x, 0, g(x), y)) = ρ(x, y, f(x, y)) (apì thn upìjesh thc epagwg c)

= (x, y + 1, h(x, y, f(x, y)) (apì ton orismì thc ρ)

= (x, y + 1, f(x, y + 1)).

QED
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2.4 Pèra apì tic b.a. sunart seic. H sun�rthsh Ackermann

H kl�sh PR twn b.a. sunart sewn, molonìti polÔ eureÐa, den perilamb�nei ìlec
tic sunart seic pou èqoun ènan profan  algìrijmo. Kat�arq n den perilamb�nei
thn tetrimmènh sun�rthsh Ω, pou eÐnai merik , en¸ ìlec oi b.a. eÐnai olikèc (dec
Parat rhsh 2.2.5 (2), kaj¸c kai to ìti Ω(x) = (µy)(x + y + 2 = 1)). Bèbaia ja
mporoÔse kaneÐc na peril�bei thn Ω stic arqikèc, opìte qreiazìmaste èna pio peistikì
par�deigma. 'Ena klassikì par�deigma sun�rthshc me profan  algìrijmo pou den
eÐnai b.a. apoteleÐ h sun�rthsh Ackermann pou ja orÐsoume amèswc.

Ac xekin soume apì tic sunart seic x + y, x · y, xy, pou h mÐa diadèqetai thn �llh
me ènan kanonikì trìpo:

x · y = x + · · ·+ x︸ ︷︷ ︸
y forèc

, xy = x · · · · · x︸ ︷︷ ︸
y forèc

.

An sumbolÐsoume me f0, f1, f2 antÐstoiqa tic sunart seic autèc, tìte apì touc
anadromikoÔc touc orismoÔc èqoume

{
f1(x, 0) = 0, f1(x, y + 1) = f0(x, f1(x, y))
f2(x, 0) = 1, f2(x, y + 1) = f1(x, f2(x, y)).

(8)

Oi sqèseic (8) upob�lloun thn idèa na suneqÐsoume thn akoloujÐa twn f0, f1, f2,
jètontac

f3(x, 0) = 1, f3(x, y + 1) = f2(x, f3(x, y)).

Me epagwg  sto y eÔkola blèpoume ìti

f3(x, y + 1) = xf3(x,y) = xx·
··x

(y + 1 forèc).

Genikìtera mporoÔme na jèsoume gia k�je n > 1,

fn+1(x, 0) = 1, fn+1(x, y + 1) = fn(x, fn+1(x, y)).

H akoloujÐa (fn)n eÐnai profan¸c mia algorijmik  akoloujÐa b.a. sunart sewn,
sunep¸c an jèsoume

A1(x, y, z) = fx(y, z),

h A1 eÐnai profan¸c algorijmik  sun�rthsh apì to N3 sto N. Gia stajerì y ≥ 1, h
A orÐzetai apì to anadromikì sq ma:





A1(0, y, z) = y + z
A1(x + 1, y, 0) = 0 an x = 0,   1 an x > 0
A1(x + 1, y, z + 1) = A1(x, y, A1(x + 1, y, z)).

(9)
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H parap�nw sun�rthsh A1 eÐnai h sun�rthsh Ackermann (  akribèstera mia morf 
thc). Epeid  genikeÔei thn ekjetik  sun�rthsh, lègetai kai genikeumènh ekjetik 
sun�rthsh.

Ston orismì (9) to y emfanÐzetai wc par�metroc, opìte mporoÔme na jèsoume y = 1,
z = y kai na jewr soume thn aploÔsterh sun�rthsh dÔo metablht¸n A2(x, y) =
A1(x, 1, y). H A2 lìgw thc (9), gr�fetai:





A2(0, y) = y + 1
A2(x + 1, 0) = 0 an x = 0,   1 an x > 0
A2(x + 1, y + 1) = A2(x,A2(x + 1, y)).

(10)

H pr¸th par�metroc kai sthn A1 kai sthn A2 ekfr�zei ton rujmì aÔxhshc thc
sun�rthshc. Pern¸ntac apì thn A1 sthn A2, katebaÐnoume èna ��skalÐ�� sthn klÐ-
maka tou rujmoÔ aÔxhshc, kaj¸c to pr¸to skalÐ thc A1, A1(0, y, z) = y + z, eÐnai h
prìsjesh, en¸ to pr¸to skalÐ thc A2, A2(0, y) = y+1, eÐnai h sun�rthsh diadoq c. H
prìsjesh sthn A2 ekfr�zetai me thn par�metro 1, sthn par�metro 2 èqoume poll/smì
epÐ 2, en¸ sthn par�metro 3 h sun�rthsh gÐnetai ekjetik  (dec �skhsh 2.4.1). Autì
ìmwc mikr  shmasÐa èqei. Sthn pragmatikìthta, autì pou mac endiafèrei sqetik� me
tic parap�nw sunart seic, den eÐnai tìso oi sugkekrimènec timèc pou paÐrnoun gia ta
di�fora x, y, all� na ekfr�zoun akrib¸c touc Ðdiouc rujmoÔc aÔxhshc, èstw kai gia
diaforetikèc timèc twn paramètrwn. Kai pr�gmati, oi A1, A2, sunolik� ekfr�zoun tic
Ðdec taqÔthtec aÔxhshc, ìpwc kai h parak�tw aploÔsterh morf , thn opoÐa sun jwc
uiojetoÔme telik� ¸c sun�rthsh Ackermann:





A(0, y) = y + 1
A(x + 1, 0) = A(x, 1)
A(x + 1, y + 1) = A(x, A(x + 1, y)).

(11)

Me pr¸th mati� o parap�nw orismìc thc A (ìpwc kai oi prohgoÔmenoi twn A1, A2)
faÐnetai na eÐnai mia dipl  basik  anadrom , p.q. san aut  tou paradeÐgmatoc thc
§2.3, ìpou f(m + 1, n + 1) = h(m,n, f(m + 1, n), f(m,n + 1)), h opoÐa ìpwc eÐdame
an�getai se basik  anadrom  kai �ra odhgeÐ se b.a. sun�rthsh. H diafor� eÐnai ìti sto
par�deigma, kai s� ìla ta antÐstoiqa paradeÐgmata pollapl c anadrom c, h anadrom 
gÐnetai mèsw miac trÐthc sun�rthshc h, anex�rththc apì thn f , en¸ ston orismì (11)
h anadrom  gÐnetai mèsw thc Ðdiac thc A. Autì sunist� èna eÐdoc diagwniopoÐhshc pou
mac bg�zei ìpwc ja doÔme apì thn kl�sh twn b.a.

Ask seic

2.4.1 DeÐxte tic ex c idiìthtec thc A.
(a) A(1, n) = n + 2.
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(b) A(2, n) = 2n + 3.
(g) A(3, n) = 2n+3 − 3.

(d) A(4, n) = 22·
··2

− 3 (me n + 3 du�ria sunolik�).

2.4.2 DeÐxte tic ex c idiìthtec thc A.
(a) A(x, y) > y. [DeÐxte pr¸ta tic peript¸seic A(0, y) > y, A(x, 0) > 0, kai

katìpin deÐxte thn zhtoÔmenh me epagwg  sto x.]
(b) A(x, y + 1) > A(x, y). [Me epagwg  sto x kai qr sh tou (a).]
(g) y1 < y2 ⇒ A(x, y1) < A(x, y2). [Me qr sh tou (b).]
(d) A(x + 1, y) ≥ A(x, y + 1). [Me epagwg  sto y.]
(e) A(x, y) > x. [Me qr sh tou (d), ap� ìpou prokÔptei ìti A(x+z, y) ≥ A(x, y+z)

kai x = 0.]
(z) x1 < x2 ⇒ A(x1, y) < A(x2, y). [ArkeÐ na deiqteÐ ìti A(x + 1, y) > A(x, y).

Me qr sh twn (d) kai (b).]
(h) A(x + 2, y) > A(x, 2y). [Me epagwg  sto y.]

St  sun�rthsh Ackermann A(x, y), o x kajorÐzei to ��Ôyoc �� twn ekjet¸n, �ra
kai thn t�xh megèjouc tou A(x, y). P.q. èqoume dei sthn �skhsh 2.4.1 ìti A(2, n) =

2n+3, A(3, n) = 2n+3 kai A(4, n) = 22·
··2

−3. Dhlad  en¸ h A(2, n) eÐnai poluwnumik 
pr¸tou bajmoÔ, h A(3, n) eÐnai ekjetik  kai h A(4, n) eÐnai uperekjetik .

Orismìc 2.4.1 'Estw f : N → N. Lème ìti h f eÐnai to polÔ t�xhc r an gia k�je
x ∈ N, f(x) ≤ A(r, x), ìpou A h sun�rthsh Ackermann. Genikìtera, an f : Nk → N,
lème ìti h f to polÔ t�xhc r an f(x) ≤ A(r,max(x)).

Dhlad  h f eÐnai to polÔ t�xhc r, an h taqÔthta aÔxhs c thc eÐnai to polÔ ìsh kai
thc A(r, x). H parak�tw prìtash deÐqnei to giatÐ h sun�rthsh Ackermann xefeÔgei
apì thn kl�sh twn b.a.

Prìtash 2.4.2 Gia k�je b.a. sun�rthsh f , up�rqei r ∈ N tètoio ¸ste h f eÐnai to
polÔ t�xhc r.

Apìdeixh. Ja d¸soume mìno èna skarÐfhma thc apìdeixhc, qwrÐc ìlec tic teqnikèc
leptomèreiec. Me epagwg  ston trìpo kataskeu c twn b.a. sunart sewn (orismìc
(2.2.3). Kat� arq n oi arqikèc sunart seic eÐnai t�xhc 0: (a) Gia thn sun�rthsh
diadoq c S èqoume S(x) = x + 1 = A(0, x). (b) Gia thn stajer� c0 èqoume c0(x) =
0 < x + 1 = A(0, x). (g) Gia thn probol  πnm èqoume πnm(x) = xm ≤ max(x) <
max(x) + 1 = A(0, max(x)).

'Estw t¸ra ìti h f par�getai me sÔnjesh apì tic h, g1, . . . , gm, dhlad 

f(x) = h(g1(x), . . . , gm(x)),
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kai èstw h h eÐnai to polÔ t�xhc r kai h gi to polÔ t�xhc si, i ≤ m. Ac jèsoume gia
suntomÐa gi(x) = yi, kaj¸c epÐshc kai max(x) = a, max(y) = b. Tìte

f(x) = h(g1(x), . . . , gm(x)) = h(y1, . . . , ym) = h(y).

Apì thn upìjesh,

h(y) ≤ A(r, b) kaÐ gi(x) = yi ≤ A(si, a). (12)

Ac jèsoume
s = max{r, s1, . . . , sm}+ 3.

Ja deÐxoume ìti h f eÐnai to polÔ t�xhc s, dhlad  ìti gia k�je x,

f(x) ≤ A(s,max(x)) = A(s, a).

K�noume qr sh twn idiot twn (a)-(h) thc �skhshc 2.4.2. Apì thn (d) èqoume

A(s, a) ≥ A(s− 1, a + 1) = A(s− 2, A(s− 1, a)). (13)

EpÐshc s− 1 > si, �ra apì thn (z) kai thn (12)

A(s− 1, a) > A(si, a) ≥ gi(x) = yi. (14)

Apì tic (13), (14) kai thn (g) èpetai ìti

A(s, a) > A(s− 2, yi)

gia k�je i, �ra, apì th (z), thn s− 2 > r, kai thn (12)

A(s, a) > A(s− 2, b) > A(r, b) ≥ h(y) = f(x),

dhlad  to zhtoÔmeno.
Parìmoia douleÔoume me to sq ma basik c anadrom c. EkeÐ h apìdeixh eÐnai pio

perÐplokh kai thn paraleÐpoume (oi endiaferìmenoi mporoÔn na doÔn thn apìdeixh sthn
Prìtash 3.14 tou [3]). QED

Pìrisma 2.4.3 H sun�rthsh Ackermann den eÐnai b.a.

Apìdeixh. 'Estw ìti eÐnai. Tìte kai h sun�rthsh f : N → N, ìpou f(x) =
A(x, x) + 1 eÐnai b.a. Apì thn prohgoÔmenh Prìtash, h f eÐnai to polÔ t�xhc r gia
k�poio r, dhlad  f(x) ≤ A(r, x) gia k�je x. Sunep¸c f(r) ≤ A(r, r), en¸ apì ton
orismì thc f f(r) = A(r, r) + 1. AntÐfash. QED
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ApodeiknÔetai ìti to gr�fhma G(A) thc sun�rthshc A, dhlad  to sÔnolo
{(x, y, z) : A(x, y) = z}, eÐnai b.a. sÔnolo. An autì isqÔei, tìte h A orÐzetai apì to
G(A) me ton telest  elaqistopoÐhshc ¸c ex c:

A(x, y) = (µz)((x, y, z) ∈ G(A)).

(Fusik� sthn thn parap�nw sqèsh o telest c µz den mporeÐ na fraqteÐ apì kammi�
b.a. sun�rthsh, alli¸c h A ja  tan b.a.) Sunep¸c o (�fraktoc) telest c µ mac
bg�zei genik� apì ton q¸ro twn b.a. sunart sewn, kai mac p�ei ston eurÔtero q¸ro
twn anadromik¸n sunart sewn.

2.5 Anadromikèc sunart seic

Sto par�deigma 8 thc § 1.1 eÐdame thn f na orÐzetai apì thn olik  sun�rthsh g wc
ex c:

f(x) =

{
(µy)(g(x, y) = 0) an (∃y)(g(x, y) = 0),
den orÐzetai alli¸c.

Lème tìte ìti h f par�getai apì thn g me elaqistopoÐhsh. Parathr ste ìti h èk-
frash z = (µy)(g(x, y) = 0) eÐnai mia suntomografÐa, kai ìti autì analutik� gr�fetai

g(x, z) = 0 kai (∀u < z)(g(x, z) 6= 0).

Orismìc 2.5.1 To sÔnolo R twn (merik¸n) anadromik¸n sunart sewn eÐnai to
el�qisto sÔnolo C (dhlad  h tom  ìlwn twn sunìlwn C) me tic idiìthtec:

(i) To C perièqei ìlec tic arqikèc sunart seic.
(ii) To C eÐnai kleistì wc proc to sq ma basik c anadrom c, dhlad  an g, h ∈ C

kai h f orÐzetai me basik  anadrom  apì tic g, h, tìte f ∈ C.
(iii) To C eÐnai kleistì wc proc th sÔnjesh, dhlad  an h : Nm → N kai gi : Nk →

N, i = 1, . . . ,m, an koun sto C, tìte h f : Nk → N, ìpou f(x) = h(g1(x), . . . , gm(x)),
an kei sto C.

(iv) To C eÐnai kleistì wc proc thn elaqistopoÐhsh, dhlad  an g ∈ C kai h f
par�getai apì thn g me elaqistopoÐhsh, tìte f ∈ C.

H elaqistopoÐhsh eÐnai èna polÔ isqurì sq ma to opoÐo mac bg�zei apì thn kl�sh
twn b.a. Gia par�deigma apodeiknÔetai ìti

Prìtash 2.5.2 H sun�rthsh Ackermann an kei sto R.

Gia thn apìdeixh dec [3], Prìtash 3.13. Sugkekrimèna apodeiknÔetai ìti h
sun�rthsh A par�getai apì b.a. sunart seic me sÔnjesh kai elaqistopoÐhsh.
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Me to sq ma elaqistopoÐhshc paÐrnoume genik� merikèc sunart seic kaj¸c to
sq ma den eggu�tai olikìthta. 'Etsi lègontac ��anadromik �� ja ennooÔme en gènei
merik  anadromik . Oi olikèc anadromikèc ja eÐnai mèroc mìnon twn anadromik¸n.

Fusik� kai gia thn kl�sh R ja mporoÔse na tejeÐ to er¸thma an up�rqoun al-
gorijmikèc sunart seic pou den an koun s� aut . 'Omwc up�rqoun peistikèc endeÐxeic
ìti h R eÐnai h mègisth kl�sh, kai ìti k�je sun�rthsh pou perigr�fetai me k�poion
empeirikì algìrijmo an kei s� aut n. Aut  h paradoq  eÐnai gnwst  wc Jèsh tou
Church (  Jèsh twn Church-Turing-Markov).

Jèsh tou Church. Mia sun�rthsh f : Nk → N eÐnai algorijmik  (me thn
empeirik  ènnoia tou ìrou) an kai mìnon an eÐnai anadromik .

Den tÐjetai jèma apìdeixhc thc Jèshc, kaj¸c den eÐnai mia majhmatik  prìtash, al-
l� m�llon èna filosofikì dìgma anaforik� me thn ènnoia thc algorijmikìthtac. Mac
lèei: Mhn y�qnete gia k�ti pèra apì autì pou par�gei h sÔnjesh, h anadrom  kai
h elaqistopoÐhsh. Bèbaia mporoÔn na up�rxoun diaforetikèc perigrafèc thc algori-
jmikìthtac (p.q. mèsw mhqan¸n Turing) all� autèc oi perigrafèc telik� apodeiknÔon-
tai isodÔnamec me thn perigraf  mèsw anadromik¸n sunart sewn, ki autì eÐnai pou
k�nei thn Jèsh tou Church arket� peistik .

Sthn pr�xh h Jèsh eÐnai mia bolik  gèfura an�mesa sthn diaÐsjhsh kai thn
austhrìthta. 'Otan sunant soume mia sun�rthsh me ènan profan  all� ìqi austhr�
diatupwmèno algìrijmo, mporoÔme na thn katat�xoume stic anadromikèc, qwrÐc na
anatrèqoume sthn leptomer  teqnik  apìdeixh tou pwc par�getai apì ta sq mata tou
orismoÔ thc anadrom c.

2.6 Anadromik� kai anadromik� aparijm sima sÔnola

Orismìc 2.6.1 'Ena sÔnolo X ⊆ Nk lègetai anadromikì an h qarakt. tou
sun�rthsh CX eÐnai anadromik . To X ja lègetai anadromik� aparijm simo   a.a.
gia suntomÐa (recursively enumerable   r.e), an X = ∅   X = rng(f), ìpou f olik 
anadromik 2.

Ja apodeÐxoume t¸ra orismènec prot�seic pou eÐnai ��metafr�seic �� twn antÐs-
toiqwn gia ta algorijmik�, kai algorijmik� aparijm sima sÔnola (§ 1.1). Sthn § 1.1
oi algìrijmoi  tan empeirik� antikeÐmena, en¸ t¸ra eÐnai majhmatik� antikeÐmena. Ex
aitÐac autoÔ, oi apodeÐxeic den eÐnai tetrimmènec anadiatup¸seic twn men stic de.

2H suntomografÐa ��a.a.�� qrhsimopoi jhke  dh pio prin gia ta ��algorijmik� aparijm sima sÔno-
la��, ki ed¸ ton qrhsimopoioÔme xan� gia na shm�nei ��anadromik� aparijm sima��. 'Omwc den up�rqei
kÐndunoc pragmatik c sÔgqushc, diìti lìgw thc Jèshc tou Church autèc oi dÔo ènnoiec apodeiknÔon-
tai isodÔnamec.
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Prìtash 2.6.2 (a) K�je anadromikì sÔnolo eÐnai a.a.
(b) To X eÐnai anadromikì an kai mìnon an ta X kai −X eÐnai a.a.

Apìdeixh. (a) 'Estw X anadromikì. Tìte h CX eÐnai anadromik . Jèloume na
deÐxoume ìti X = rng(f) gia k�poia olik  anadromik  f . An X = ∅, to X eÐnai a.a.
ex orismoÔ. 'Estw X 6= ∅ kai èstw a ∈ X. OrÐzoume thn f : N→ N wc ex c:

f(n) = n · CX(n) + cosign(CX(n)) · a.

Profan¸c f olik  anadromik  kai eÐnai eÔkolo na doÔme ìti rng(f) = X.
(b) Profan¸c X anadromikì sunep�getai −X anadromikì, �ra h mÐa kateÔjunsh

prokÔptei apì to (a). AntÐstrofa, èstw X = rng(f) kai −X = rng(g), ìpou f, g
olikèc anadromikèc. JewroÔme th sun�rthsh h, me h(2n) = f(n) kai h(2n+1) = g(n).
Profan¸c h olik  anadromik  kai rng(h) = N. 'Estw h sun�rthsh:

e(x) =

{
1 an (µn)(h(n) = x) = �rtioc,
0 an (µn)(h(n) = x) = perittìc.

EÐnai eÔkolo na diapist¸soume ìti h e eÐnai anadromik  (diìti orÐzetai me peript¸seic,
dec paradeÐgmata thc § 2.2). EpÐshc h e eÐnai olik  kai eÐnai h qarakt. sun�rthsh tou
X. QED

Prìtash 2.6.3 'Estw f olik . H f eÐnai anadromik  an kai mìnon an to sÔnolo
G(f) eÐnai anadromikì.

Apìdeixh. An f anadromik , tìte h sun�rthsh

g(m,n) =

{
1 an f(m) = n
0 an f(m) 6= n,

eÐnai olik  anadromik  kai g = CG(f). AntÐstrofa. 'Estw h CG(f) eÐnai anadromik .
Tìte h f gr�fetai

f(m) = (µn)(CG(f)(m,n) = 1).

Sunep¸c f anadromik . QED

Prìtash 2.6.4 'Estw X ⊆ N. To X eÐnai a.a an kai mìnon an up�rqei anadromikì
Y ⊆ N2, tètoio ¸ste gia k�je x ∈ N,

x ∈ X ⇐⇒ (∃n)((n, x) ∈ Y ).
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Apìdeixh. 'Estw X ⊆ N a.a. Apì ton orismì, X = rng(f) gia mia olik 
anadromik  f . 'Ara

x ∈ X ⇐⇒ (∃n)(f(n) = x) ⇐⇒ (∃n)((n, x) ∈ G(f)).

Apì thn prohgoÔmenh prìtash to G(f) eÐnai anadromikì, sunep¸c h idiìthta isqÔei.
AntÐstrofa, èstw to X èqei thn parap�nw idiìthta. To Y eÐnai anadromikì, �ra a.a.
kai èstw g : N→ N2 olik  anadromik  tètoia ¸ste Y = rng(g). OrÐzoume f : N→ N
wc ex c: f(n) = to deÔtero mèloc tou zeÔgouc g(n). Autì austhr� gr�fetai f(n) =
π22(g(n)). Profan¸c h f eÐnai olik  algorijmik  kai rng(f) = π22(rng(g)) = X.
'Ara to X eÐnai a.a. QED

Prìtash 2.6.5 (a) To X eÐnai a.a. an kaÐ mìnon an up�rqei 1-1 olik  anadromik 
f tètoia ¸ste X = rng(f).

(b) 'Estw X �peiro. To X eÐnai anadromikì an kaÐ mìnon an up�rqei austhr�
aÔxousa olik  anadromik  f tètoia ¸ste X = rng(f).

Apìdeixh. (a) H apìdeixh eÐnai Ðdia me thn apìdeixh thc isodunamÐac (a) ⇔ (d)
sthn Prìtash 1.1.11.

(b) H kateÔjunsh⇒ eÐnai Ðdia me thn apìdeixh thc 1.1.12. Gia thn �llh kateÔjunsh,
èstw X = rng(f), f austhr� aÔxousa algorijmik . 'Opwc kai sthn 1.1.14, èqoume
ìti

m ∈ X ⇐⇒ (∃n ≤ m)(f(n) = m).

Apì thn Prìtash 2.3.3 (kleistìthta wc proc fragmènouc posodeÐktec), to X orÐzetai
apì mia anadromik  sqèsh, �ra eÐnai anadromikì. QED

Ask seic

2.6.1 'Estw X ⊆ N tètoio ¸ste

x ∈ X ⇐⇒ (∃n1) · · · (∃nk)((n1, . . . , nk, x) ∈ Y ),

ìpou Y anadromikì uposÔnolo tou Nk+1. DeÐxte ìti to X eÐnai a.a.

Autì pou den mporoÔme proc to parìn na k�noume eÐnai na metafr�soume prot�seic
pou apodeiknÔontai me th bo jeia twn algorÐjmwn anamon c, TA, ìpwc eÐnai p.q. oi
upìloipoi qarakthrismoÐ twn a.a. sunìlwn pou perièqontai sthn Prìtash 1.1.11 (ìti
to X eÐnai a.a. an kai mìnon an eÐnai to pedÐo tim¸n   orismoÔ miac anadromik c
sun�rthshc klp). Kai toÔto diìti o TA orÐzetai me th bo jeia tou ��qrìnou anamon c
��,   tou upologistikoÔ b matoc to opoÐo den èqoume pei ti shmaÐnei gia tic anadromikèc
sunart seic, ki oÔte eÐnai tìso eÔkolo na to orÐsei kaneÐc (se antÐjesh me tic mhqanèc
Turing ìpou autì eÐnai polÔ eÔkolo).
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2.7 ArijmhtikopoÐhsh anadromik¸n sunart sewn. Kanonik 
morf  Kleene (Kleene’s normal form)

'Opwc prokÔptei apì ton orismì 2.2.4 (2) kai thn parat rhsh 2.2.5, gia k�je
anadromik  sun�rthsh f up�rqei mÐa peperasmènh akoloujÐa sunart sewn f1, . . . , fn,
ìqi monadik , tètoia ¸ste: (a) fn = f kai (b) gia k�je i ≤ n, h fi eÐte eÐnai ar-
qik , eÐte par�getai apì dÔo prohgoÔmenec fk, fj , (k, j < i) me basik  anadrom ,
eÐte par�getai apì prohgoÔmenec me sÔnjesh, eÐte par�getai apì mÐa prohgoÔmenh me
elaqistopoÐhsh. H akoloujÐa f1, . . . , fn perièqei ta b mata enìc algorÐjmou orismoÔ
thc f (enìc apì touc polloÔc dunatoÔc tètoiouc algorÐjmouc) kai ìqi thn ��ektatik 
ontìthta�� thc f , ¸c sunìlou zeug¸n. 'An p.q. f(x, y, z) = x · (y + z), to dexiì
mèloc thc isìthtac upodhl¸nei mia diadikasÐa upologismoÔ thc: Prìsjese ta y, z kai
katìpin pollaplasÐase to apotèlesma me to x. 'Omwc to Ðdio exagìmeno prokÔptei kai
apì thn diaforetik  diadikasÐa pou perigr�fei o ìroc x · y + x · z, pou sunist� èna
diaforetikì ��prìgramma�� upologismoÔ: PollaplasÐase to x pr¸ta me to y, katìpin
me to z, kai en suneqeÐa prìsjese ta exagìmena. Sunep¸c me to sÔmbolo f   g sthn
pragmatikìthta ja ennooÔme p�ntote k�poio prìgramma upologismoÔ thc sun�rthshc
kai ìqi to ektatikì thc isodÔnamo.

Gia na na upologÐsoume thn tim  f(x), ènac kanonikìc trìpoc eÐnai na akolouj -
soume ta b mata thc diadikasÐac pou upodhl¸nei o orismìc thc, an�gontac ton up-
ologismì tou f(x) se prohgoÔmenouc upologismoÔc, autoÔc se prohgoÔmenouc k.o.k.
Ta b mata aut� den brÐskontai p�nw se mÐa eujeÐa, all� kalÔtera mporoÔme na ta
fantasjoÔme san kìmbouc enìc (anestrammènou) dèntrou, tou dèntrou upologismoÔ
thc f sto x, T (f, x). K�je kìmboc antistoiqeÐ se ènan upologismì, dhlad  se mia
isìthta thc morf c g(x) = y, en¸ oi prop�torec (predecessors) k�je kìmbou periè-
qoun touc amèswc prohgoÔmenouc upologismoÔc. Sugkekrimèna, to T (f, x) orÐzetai
me ta parak�tw b mata (1)-(5):

(1) H rÐza tou dèntrou eÐnai o telikìc upologismìc f(x) = y.
(2) An h f par�getai me sÔnjesh apì apì tic h, g1, . . . , gm kai f(x) =

h(g1(x), . . . , gm(x)), tìte gia na upologÐsoume to f(x) prèpei na èqoume upologÐsei
pr¸ta ta y1 = g1(x), . . . , ym = gm(x) kai z = h(y1, . . . , ym), gia na jèsoume telik�
f(x) = z. 'Etsi o kìmboc tou f(x) èqei touc m + 1 prop�torec pou deÐqnei to sq ma
1.
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f(x) = z

g1(x) = y1 gm(x) = ym h(y1, . . . , ym) = z

· · ·
· · ·

Σχήμα 1
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(3) An h f par�getai me basik  anadrom  apì tic g kai h, dhlad  f(x, 0) = g(x)
kai f(x, y + 1) = h(x, y, f(x, y)), oi prop�torec tou f(x, y) faÐnontai sto sq ma 2.

f(x, 0) = y

g(x) = y

´
´

´
´

´́

Q
Q

Q
Q

QQ

f(x, y + 1) = z

f(x, y) = z1 h(x, y, z1) = z

Σχήμα 2

(4) An h f par�getai apì thn g me elaqistopoÐhsh, dhlad  f(x) = (µy)(g(x, y) =
0), oi prop�torec tou f(x, y) eÐnai autoÐ tou sq matoc 3.
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f(x) = z

g(x, 0) = a0 g(x, z − 1) = az−1 g(x, z) = 0

· · ·
· · ·

ìpou a0 6= 0, . . . , az−1 6= 0.

Σχήμα 3

(5) Tèloc ta ��fÔlla�� tou dèntrou, dhlad  oi kìmboi qwrÐc prop�torec, eÐ-
nai isìthtec pou perièqoun mìno arqikèc sunart seic, dhlad  isìthtec thc morf c
c0(x) = 0, S(x) = x + 1 kai πni(x1, . . . , xn) = xi.

EÐnai t¸ra fanerì ìti se k�je sun�rthsh f , se k�je algìrijmo pou thn orÐzei,
kai se k�je eÐsodo x, antistoiqeÐ (monos manta) èna dèntro upologismoÔ (computa-
tion tree). Fusik� o upologismìc tou f(x) gÐnetai apì ta fÔlla proc th rÐza. H
mình perÐptwsh na mhn termatÐsei o upologismìc kai na èqoume dèntro me �peirouc
kìmbouc kai qwrÐc rÐza, eÐnai ìtan se k�poio shmeÐo tou upologismoÔ efarmìsoume to
sq ma elaqistopoÐhshc (sq ma 3) kai h idiìthta g(x, y) = 0 den eÐnai kanonik , dhlad 
(∃x)(∀y)(g(x, y) 6= 0).

'Wste loipìn, autì pou sthn par�grafo 1.1 onom�zame empeirik� ��b ma upolo-
gismoÔ��,   ��mon�da qrìnou anamon c ��, ed¸ gÐnetai safèc wc ��kìmboc sto dèntro
upologismoÔ�� kai to na ��perimènoume k mon�dec qrìnou�� ed¸ metafr�zetai sto na
��per�soume apì k kìmbouc tou dèntrou��.

Qrhsimopoi¸ntac thn parap�nw idèa o S. Kleene (1936) mpìrese na d¸sei mia
kanonik  perigraf  twn anadromik¸n sunart sewn. Sugekrimèna èdeixe to akìloujo:
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Je¸rhma 2.7.1 (Je¸rhma Kanonik c Morf c tou Kleene) Up�rqoun mia b.a.
sun�rthsh U : N → N kai, gia k�je n ≥ 1, èna b.a. sÔnolo/idiìthta
Tn(e, x1, . . . , xn, y) ⊆ Nn+2 tètoia ¸ste: Gi� k�je anadromik  sun�rthsh f : Nn → N,
up�rqei arijmìc e (o deÐkthc thc f) ètsi ¸ste na isqÔoun ta akìlouja:

(a) (x1, . . . , xn) ∈ dom(f) ⇐⇒ ∃y Tn(e, x1, . . . , xn, y),
(b) f(x1, . . . , xn) = U(µy Tn(e, x1, . . . , xn, y)).

H idiìthta Tn(e, x1, . . . , xn, y) shmaÐnei to ex c: O y eÐnai k¸dikac enìc (dèn-
trou) upologismoÔ thc tim c pou dÐnei h sun�rthsh me k¸dika e ìtan trofodothjeÐ me
eisìdouc ta x1, . . . , xn. An f eÐnai h sun�rthsh me k¸dika e, paÐrnontac ton el�qisto
k¸dika y0 = µyTn (e, x1, . . . , xn, y), to U(y0) eÐnai h tim  thc f sto (x1, . . . , xn).

Sto upìloipo aut c thc paragr�fou ja prospaj soume na d¸soume èna skarÐfhma
thc apìdeixhc. Kat� arq n qrei�zetai na kwdikopoi soume tic anadromikèc sunart seic
me arijmoÔc. JumhjeÐte thn kwdikopoÐhsh thc n-�dac (x1, . . . , xn) me ton arijmì y =
〈x1, . . . , xn〉 = Πi≤npxi+1

i , me antÐstrofec sunart seic (y)i = xi.

ArijmhtikopoÐhsh twn anadromik¸n sunart sewn. AntistoiqoÔme se
k�je anadromik  sun�rthsh f , pou orÐzetai me ènan sugkekrimèno algìrijmo, ènan
arijmhtikì k¸dika dfe (pou exart�tai apì ton sugkekrimèno algìrijmo) wc ex c:

(1) Gia th stajer  sun�rthsh c0, dc0e = 0.
(2) Gia th sun�rthsh diadoq c S, dSe = 1.
(3) Gia thn probol  πni, i ≤ n, dπnie = 〈2, n, i〉.
(4) An f = h ◦ (g1, . . . , gm), dfe = 〈3, dhe, dg1e, . . . , dgme〉.
(5) An h f par�getai me basik  anadrom  apì tic g kai h, dfe = 〈4, dhe, dge〉.
(6) An h f par�getai me elaqistopoÐhsh apì thn g, dfe = 〈5, dge〉.
Me ta parap�nw b mata profan¸c k�je anadromik  sun�rthsh f apokt� ènan

arijmhtikì k¸dika dfe. O dfe lègetai deÐkthc (index) thc f .

Parat rhsh 2.7.2 1) EÐnai shmantikì na parathr soume ìti o deÐkthc e miac
sun�rthshc den eÐnai monadikìc, kai ìti o sumbolismìc dfe〉 eÐnai m�llon
kataqrhstikìc. Mia sun�rthsh mporeÐ na oristeÐ me polloÔc diaforetikoÔc trìpouc
(algorÐjmouc), �ra autì pou kwdikopoieÐ ènac deÐkthc e eÐnai ènac (apì touc polloÔc)
sugkekrimènoc algìrijmoc pou orÐzei thn f . Pio praktik� mporoÔme na jewroÔme enan
deÐkth thc f san èna prìgramma pou upologÐzei thn f .

2) Profan¸c den eÐnai k�je x ∈ N deÐkthc miac anadromik c sun�rthshc. 'Omwc
to sÔnolo twn deikt¸n, dhlad  to sÔnolo

Ind = {x : ∃ anadromik  f tètoia ¸ste dfe = x}
eÐnai anadromikì. Apì thn �llh meri� ja doÔme ìti to sÔnolo twn deikt¸n twn olik¸n
anadromik¸n sunart sewn den eÐnai algorijmikì.
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3) Ac jumhjoÔme ìti up�rqei kai h tetrimmènh sun�rthsh Ω, me dom(Ω) = ∅. H
Ω den eÐnai b.a., �ra mìno apì to sq ma elaqistopoÐhshc mporeÐ na proèljei. P.q.
ènac orismìc thc eÐnai: Ω(x) = (µy)(s(x) + s(y) = 1). 'Ara oi deÐktec thc Ω eÐnai thc
morf c 〈5, x〉.

ArijmhtikopoÐhsh twn kìmbwn tou dèntrou upologismoÔ. K�-
je kìmboc a s� èna dèntro upologismoÔ antistoiqeÐ se mia isìthta thc morf c
f(x1, . . . , xn) = y, dhlad  mia sun�rthsh, mia eÐsodo kai mia exodo. 'Ara mporeÐ na
kwdikopoihjeÐ me ton arijmì dae = 〈dfe, 〈x1, . . . , xn〉, y〉.

ArijmhtikopoÐhsh twn dèntrwn upologismoÔ. K�je dèntro T apoteleÐ-
tai apì ènan kìmbo-rÐza a kai peperasmèno arijmì upodèntrwn T1, . . . , Tl me rÐzec touc
prop�torec tou a (sq ma 4).
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Σχήμα 4

'Ara me epagwg  mporoÔme na orÐsoume ton k¸dika dT e tou T wc ex c: dT e =
〈dae, dT1e, . . . , dTle〉.

'Estw C(y) h idiìthta ��to y eÐnai k¸dikac enìc dèntrou upologismoÔ��. Prìkeitai
gia anadromik  idiìthta; H ap�nthsh eÐnai ìti prìkeitai gia basik  anadromik  idiìthta.
Bèbaia h leptomer c apìdeixh autoÔ tou isqurismoÔ eÐnai arket� makr� kai kopi¸dhc,
all� ìqi dÔskolh me thn ènnoia thc epinìhshc k�poiou dÔskolou sullogismoÔ. O
èlegqoc thc parap�nw idiìthtac sunÐstatai apokleistik� sthn apokwdikopoÐhsh tou
y kai thn exètash an pr�gmati eÐnai k¸dikac dèntrou upologismoÔ. H basik  idiìthta
pou emplèketai sthn apokwdikopoÐhsh eÐnai h (y)z = x h opoÐa eÐnai b.a. ìpwc eÐdame
sthn �skhsh 2.3.3.

An to y eÐnai pr�gmati k¸dikac enìc dèntrou upologismoÔ, tìte eÐnai apotèles-
ma ìqi miac all� pollapl¸n kwdikopoi sewn, kai �ra qrei�zontai pollaplèc apok-
wdikopoi seic gia na broÔme ton upologismì ston opoÐo antistoiqeÐ. 'Etsi, an
y = 〈dae, dT1e, . . . , dTle〉, ìpou a eÐnai h isìthta f(x1, . . . , xn) = z, prèpei

(y)1 = dae = 〈dfe, 〈x1, . . . , xn〉, z〉,
(y)2 = dT1e,
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(y)i+1 = dTie, gia i ≤ l,
kai en suneqeÐa 




((y)1)1 = dfe = e,
((y)1)2 = 〈x1, . . . , xn〉,
((y)1)3 = z.

(15)

Katìpin èqoume,
((y)1)2)1 = x1,
((y)1)2)j = xj , gia j ≤ n, klp.

O èlegqoc gia to an alhjeÔei h C(y), sunÐstatai sto na xedipl¸noume ta stoiqeÐa (y)i,
((y)i)j , (((y)i)j)k klp kai na elègqoume an aut� antistoiqoÔn eÐte se arqikèc sunart -
seic, eÐte se k�poio apì ta sq mata sÔnjeshc, basik c anadrom c kai elaqistopoÐhshc,
me antÐstoiqec eisìdouc, exìdouc klp. 'Olh aut  h diadikasÐa eÐnai profan¸c b.a.

'Eqontac sta qèria mac thn idiìthta C(y) o orismìc twn idiot twn Tn kai thc
sun�rthshc U eÐnai eÔkoloc. ArkeÐ na jèsoume, lìgw twn (15),

Tn(e, x1, . . . , xn, y) := [C(y) & ((y)1)1 = e & ((y)1)2 = 〈x1, . . . , xn〉]

kai

U(y) :=

{
((y)1)3 �n C(y),
0 alli¸c.

Ta Tn kai U eÐnai profan¸c b.a.
T¸ra an f eÐnai mia anadromik  sun�rthsh me deÐkth e kai dom(f) ⊆ Nn,

(x1, . . . , xn) ∈ dom(f) an kai mìnon an up�rqei èna dèntro upologismoÔ me k¸dika
y, dhlad  an ∃y Tn(e, x1, . . . , xn, y). Gia na p�roume de thn tim  f(x1, . . . , xn), arkeÐ
na jèsoume f(x1, . . . , xn) = U(µy Tn(e, x1, . . . , xn, y)). QED

Paradeigmata Arijmhtikopoihshc
Ac d¸soume merik� apl� paradeÐgmata kwdikopoÐhshc anadromik¸n sunart sewn

kai dèntrwn upologismoÔ.
1) Na brejeÐ ènac k¸dikac d+e gia th sun�rthsh +.
'Estw f(x, y) = x + y. 'Eqoume dei ìti h f orÐzetai me thn anadrom 
f(x, 0) = x = π11(x),
f(x, y + 1) = f(x, y) + 1 = Sπ33(x, y, f(x, y)),

dhlad  g = π11 kai h = S ◦ π33. 'Ara, sÔmfwna me touc parap�nw orismoÔc,

d+e = 〈4, dhe, dge〉 = 〈4, dS ◦ π33e, dπ11e〉.

T¸ra h S ◦ π33 par�getai me sÔnjesh apì tic S kai π33, �ra

dS ◦ π33e = 〈3, dSe, dπ33e〉
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kai tèloc
dSe = 1, dπ33e = 〈2, 3, 3〉, dπ11e = 〈2, 1, 1〉.

'Ara telik�,
d+e = 〈4, 〈3, 1, 〈2, 3, 3〉〉, 〈2, 1, 1〉〉.

2) Na brejeÐ d·e.
Jètontac f(x, y) = x · y, èqoume
f(x, 0) = 0 = c0(x),
f(x, y + 1) = f(x, y) + x = (π33 + π31)(x, y, f(x, y),

dhlad  g = c0 kai h = π33 + π31. 'Ara

d·e = 〈4, dπ33 + π31e, dc0e〉 = 〈4, 〈3, d+e, dπ33e, dπ31e〉, dc0e〉 =

〈4, 〈3, d+e, 〈2, 3, 3〉, 〈2, 3, 1〉〉, 0〉,
ìpou to d+e upologÐsthke pio p�nw.

3) 'Estw h sun�rthsh f(x) = x2.
H f mporeÐ na jewrhjeÐ eÐte ìti par�getai me sÔnjesh apì tic · kai id = π11,

dhlad  f = · ◦ (π11, π11), eÐte ìti par�getai me basik  anadrom  apì tic sqèseic
f(0) = 0 = c0(x),
f(x + 1) = f(x) + 2x + 1 = f(x) + S(2x).

Oi parap�nw eÐnai dÔo diaforetikoÐ algìrijmoi pou ja d¸soun diaforetikoÔc k¸dikec
e, e′ gia thn f .

4) SÔmfwna me ton anadromikì orismì thc +, gia na upologÐsoume p.q. to 3 + 2
prèpei pr¸ta na upologÐsoume to 3 + 0, katìpin to 3 + 1 kai tèloc to 3 + 2. Autì
gr�fetai upì morf  dèntrou upologismoÔ wc ex c:

´
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´
´

´́

Q
Q

Q
Q

QQ

3 + 2 = 5

3 + 1 = 4 S(4) = 5
´

´
´

´
´́

Q
Q

Q
Q

QQ
3 + 0 = 3 S(3) = 4

π11(3) = 3
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Σχήμα 5

O k¸dikac tou parap�nw dèntrou upologismoÔ T eÐnai

dT e = 〈d3 + 2 = 5e, dT1e, dT2e〉 = 〈〈d+e, 〈3, 2〉, 5〉, dT1e, dT2e〉,

ìpou T1, T2 eÐnai ta upodèntra me rÐzec touc kìmbouc 3 + 1 = 4 kai S(4) = 5. 'Ara

dT1e = 〈〈d+e, 〈3, 1〉, 4〉, dT3e, dT4e〉,

ìpou T3, T4 ta upodèntra me rÐzec 3 + 0 = 3 kai S(3) = 4, kai

dT2e = dS(4) = 5e = 〈dSe, 4, 5〉 = 〈1, 4, 5〉.

En suneqeÐa
dT3e = 〈〈d+e, 〈3, 0〉, 3〉, dT5e〉,

ìpou
dT5e = dπ11(3) = 3e = 〈〈2, 1, 1〉, 3, 3〉

kai
dT4e = dS(3) = 4e = 〈1, 3, 4〉.

'Ara
dT3e = 〈〈d+e, 〈3, 0〉, 3〉, 〈〈2, 1, 1〉, 3, 3〉〉.

Sunep¸c
dT1e = 〈〈d+e, 〈3, 1〉, 4〉, 〈d+e, 〈3, 0〉, 3〉, 〈1, 3, 4〉〉.

Telik�

dT e = 〈〈d+e, 〈3, 2〉, 5〉, 〈〈d+e, 〈3, 1〉, 4〉, 〈d+e, 〈3, 0〉, 3〉, 〈1, 3, 4〉〉, 〈1, 4, 5〉〉,

ìpou o d+e upologÐsthke pio p�nw.

H axÐa tou jewr matoc 2.7.1 eÐnai meg�lh. Lèei ìti ìlec oi n-meleÐc anadromikèc
sunart seic orÐzontai omoiìmorfa apì mÐa b.a. sqèsh Tn n + 2 jèsewn, ìpou th mÐa
jèsh katèqei o k¸dikac thc sun�rthshc, kai mÐa b.a. anadomik  sun�rthsh U . Pèra
apì thn aisjhtik  tou axÐa, to je¸rhma autì eÐnai h b�sh gia thn diadikasÐa aparÐ-
jmhshc twn anadromik¸n sunart sewn (dec § 4.1) kai twn gegonìtwn pou aporrèoun
apì aut n, dhlad  to diplì paignÐdi twn arijm¸n, wc orÐsmata apì th mia kai wc k¸dikec
sunart sewn apì thn �llh.

Pèra apì autì mia �llh efarmog  mac dÐnei touc qarakthrismoÔc twn a.a. sunìlwn
wc pedÐa tim¸n kai orismoÔ anadromik¸n sunart sewn. Sth sqèsh Tn(e, x, y), to y
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parist� to ��m koc tou upologismoÔ��, dhlad  eÐnai to an�logo tou qrìnou anamon c,
to de kathgìrhma Tn(e, x, y) eÐnai to an�logo tou algorÐjmou anamon c (dovetailing).
An h f eÐnai mia (merik  en gènei) sun�rthsh me deÐkth e, tìte profan¸c

f(x) = u ⇐⇒ (∃y)[Tn(e, x, y) & U(y) = u], (16)

kai h sqèsh Tn(e, x, y) & U(y) = u eÐnai b.a.

Prìtash 2.7.3 'Estw X ⊆ N. Ta parak�tw eÐnai isodÔnama:
(a) To X eÐnai a.a.
(b) To X eÐnai pedÐo tim¸n mia anadromik c sun�rthshc (ìqi kat� an�gkh olik c).
(g) To X eÐnai eÐnai pedÐo orismoÔ miac anadromik c sun�rthshc.

Apìdeixh. QwrÐc periorismì thc genikìthtac ac p�roume to X �peiro.
(a)⇒(b): Tetrimmèno afoÔ k�je olik  anadromik  eÐnai anadromik  sun�rthsh.
(b)⇒(a): 'Estw X = rng(f) kai èstw dfe = e ènac deÐkthc thc f . Tìte u ∈

X ⇐⇒ (∃n)(f(n) = u), kai apì thn (16) èqoume

u ∈ X ⇐⇒ (∃n)(∃y)[T1(e, n, y) & U(y) = u].

AfoÔ h sqèsh
T1(e, n, y) & U(y) = u

eÐnai anadromik , apì thn prìtash 2.6.4 kai thn �skhsh 2.6.1, to X eÐnai a.a.
(a)⇒(g): 'Estw X a.a., dhlad  X = rng(f), f olik  anadromik . OrÐzoume

h : N→ N, wc ex c:
h(n) = (µm)(f(m) = n).

Profan¸c h h eÐnai (merik ) anadromik  kai dom(h) = rng(f) = X.
(g)⇒(b): 'Estw X = dom(f), ìpou f anadromik , me k¸dika e. Apì to Je¸rhma

tou Kleene, x ∈ dom(f) ⇐⇒ ∃y T1(e, x, y), kai to sumpèrasma prokÔptei apì thn
2.6.4. Alli¸c: OrÐzoume thn sun�rthsh g wc ex c: g(x) = x + 0 · f(x). Profan¸c h
g eÐnai anadromik  kai dom(g) = dom(f). Kai gia k�je x ∈ N,

x ∈ X ⇐⇒ x ∈ dom(f) ⇐⇒ x ∈ dom(g) ⇐⇒ g(x) = x ⇐⇒ x ∈ rng(g),

dhlad  X = rng(g). QED

3 DeÔterh tupopoÐhsh twn anadromik¸n sunart -
sewn: Mhqanèc Turing

Sthn § 2 eÐdame thn pr¸th kÔria tupopoÐhsh twn algorijmik¸n sunart sewn, mèsw twn
anadromik¸n sunart sewn. Sto kef�laio autì ja doÔme thn deÔterh kÔria tupopoÐhsh,
kai Ðswc pio dhmofil , mèsw twn mhqan¸n Turing.
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O Alan Turing to 1936 periègraye mia jewrhtik  upologistik  mhqan  pou p re
to ìnom� tou kai up rxe o prìdromoc twn pragmatik¸n upologist¸n pou emfanÐsthkan
20 qrìnia argìtera.

H mhqan  Turing eÐnai to pio diaisjhtikì kai sugqrìnwc akribèc montèlo upolo-
gistik c diadikasÐac. En¸ prìkeitai gia majhmatikì antikeÐmeno (pou ja to orÐsoume
amèswc parak�tw) kai ìqi, bèbaia, gia mhq�nhma, mporeÐ kaneÐc na èqei sto mualì
tou mia eikìna thc, san na prìkeitai gia fusikì antikeÐmeno, pr�gma pou bohj�ei th
diaÐsjhsh.

3.1 Genik  perigraf 

H eikìna eÐnai h ex c (dÐnoume mÐa apì tic pollèc parallagèc pou up�rqoun sth bibli-
ografÐa): H mhqan  apoteleÐtai apì mÐa (stajer ) tainÐa apeÐrou m kouc3, qwrismènh
se tetr�gwna diamerÐsmata (cells) kai mia kinoÔmenh kefal ,   kèrsora, (read/write
head). H kefal  kineÐtai dexi�-arister� kai an� p�sa stigm  exet�zei (diab�zei) èna
tetr�gwno (dec sq ma 6)4. K�je tetr�gwno, perièqei an� p�sa stigm  èna sÔmbo-
lo enìc peperasmènou alfab tou S (  eÐnai kenì, to opoÐo shmei¸netai me èna eidikì
sÔmbolo − tou S). Mìno peperasmènou pl jouc tetr�gwna thc tainÐac perièqoun
sÔmbolo daforetikì tou −.

4

qi

− − s1 − − s2 s3 s4 − − s5 −· · · · · ·

Sq ma 6

H mhqan  mporeÐ na ektelèsei mÐa apì tic parak�tw stoiqei¸deic pr�xeic (an�
qronik  stigm ):

(a) Na gr�yei èna sÔmbolo sto exetazìmeno th stigm  ekeÐnh tetr�gwno (antika-
jist¸ntac to  dh up�rqon sÔmbolo m� èna kainoÔrgio).

3H tainÐa mporeÐ na eÐnai �peirh eÐte mìno proc ta dexi�, opìte ta tetr�gwna arijmoÔntai me touc
fusikoÔc 0, 1, 2, . . ., eÐte kai proc tic dÔo kateujÔnseic, opìte ta tetr�gwna arijmoÔntai me touc
akeraÐouc . . . ,−2,−1, 0, 1, 2, . . ..

4Autì eÐnai to montèlo MT me kinoÔmenh kefal  (Moving Head Turing Machine). Up�rqei kai
to montèlo MT me kinoÔmenh tainÐa (Moving Tape Turing Machine). Ed¸ h kefal  eÐnai stajer  kai
diab�zei p�nta to tetr�gwno up' arijm. 0. S�n upologistik� sust mata oi dÔo tÔpoi eÐnai isodÔnamoi.
'Omwc san dunamik� sust mata èqoun k�poiec diaforèc (dec [6]).
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(b) Na metakinhjeÐ mia jèsh (tetr�gwno) arister�.
(g) Na metakinhjeÐ mia jèsh dexi�.
K�je tètoia stoiqei¸dhc pr�xh eÐnai èna b ma thc mhqan c. Se epÐpedo logis-

mikoÔ, up�rqei ènac peperasmènoc arijmìc katast�sewn (states), q0, . . . , qk, kai se
k�je stigm  thc leitourgÐac thc h mhqan  brÐsketai se mia kat�stash.

H mhqan  leitourgeÐ me b�sh èna ��prìgramma��, dhlad  èna peperasmèno sÔnolo
entol¸n. K�je entol  eÐnai mia tetr�da thc morf c qixyqj , ìpou qi, qj katast�seic,
x ∈ S kai y ∈ S ∪ {L,R} (ta L, R eÐnai apì tic lèxeic left kai right antÐstoiqa).
Dhlad  oi entolèc èqoun mÐa apì tic ex c morfèc:

qiskslqj , qiskLqj , qiskRqj .

H shmasÐa touc eÐnai h ex c:
• qiskslqj : 'Otan h mhqan  eÐnai se kat�stash qi kai diab�zei èna tetr�gwno pou

perièqei to sÔmbolo sk, tìte gr�fei s� autì to sÔmbolo sl kai metabaÐnei se kat�stash
qj .

• qiskLqj : 'Otan h mhqan  eÐnai se kat�stash qi kai diab�zei èna tetr�gwno pou
perièqei to sÔmbolo sk, tìte metakineÐtai mia jèsh arister� kai metabaÐnei se kat�stash
qj .

• qiskRqj : 'Otan h mhqan  eÐnai se kat�stash qi kai diab�zei èna tetr�gwno pou
perièqei to sÔmbolo sk, tìte metakineÐtai mia jèsh dexi� kai metabaÐnei se kat�stash
qj .

O austhrìc orismìc eÐnai o ex c:

Orismìc 3.1.1 (Turing, 1936) Mia (nteterministik ) mhqan  Turing (MT gia
suntomÐa) eÐnai mÐa tri�da M = (S,Q, F ), ìpou:

(a) S eÐnai èna peperasmèno sÔnolo sumbìlwn, to alf�bhto thc mhqan c. 'Ena
apì ta sÔmbola tou S eÐnai to −, pou shmaÐnei ��kenì�� (blank).

(b) Q = {q0, . . . , qf} eÐnai èna peperasmèno sÔnolo katast�sewn gia thn M , Q ∩
S = ∅, ìpou q0 h arqik  kat�stash kai qf h telik  kat�stash,

(g) F eÐnai h sun�rthsh met�bashc (transition function)

F : (Q− {qf})× S → Q× (S ∪ {R,L}),
ìpou ta R, L eÐnai eidik� sÔmbola pou den an koun sto S kai sto Q.

H sun�rthsh F prosdiorÐzei tic entolèc tou progr�mmatoc. Gia eukolÐa antÐ gia
F (qi, x) = (qj , y), sumfwnoÔme na gr�foume qixyqj , ìpwc k�name nwrÐtera. H mhqan 
xekin� p�nta se kat�stash q0, kai stamat� ìtan perièljei sthn telik  kat�stash qf

(gi� autì kai den orÐzetai to F (qf , x)).
Oi eÐsodoi kai oi èxodoi thc mhqan c eÐnai lèxeic tou alfab tou S. Lìgw thc

parousÐac tou sumbìlou − pou antistoiqeÐ sto kenì, oi eÐsodoi kai oi èxodoi eÐnai
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lèxeic pou den arqÐzoun oÔte telei¸noun me −. Tètoiec lèxeic ac tic poÔme gn siec.
DojeÐshc miac gn siac lèxhc si1 · · · sin , jètoume thn mhqan  se kat�stash q0, kai thn
kefal  thc na diab�zei to akro-aristerì gr�mma thc lèxhc si1 (en¸ pantoÔ alloÔ
up�rqei mìno to sÔmbolo −) (sq ma 7).

4

q0

− si1 si2 · · · sin − − − − −· · · · · ·

Sq ma 7

H mhqan  xekin� akolouj¸ntac to prìgramma F . An kai ìtan stamat sei, wc èxodo
jewroÔme th gn sia lèxh sj1 · · · sjm pou eÐnai grammènh sthn tainÐa kai sthc opoÐac to
aristerì �kro eÐnai stamathmènh h kefal  se kat�stash qf (sq ma 8).

4

qf

− − − − − sj1 · · · sjm − −· · · · · ·

Sq ma 8

Se k�je stigm  h mhqan  brÐsketai se mia upologistik  f�sh   apl¸c f�sh (con-
figuration). Mia f�sh perigr�fetai pl rwc (1) apì to perieqìmeno thc tainÐac (th
dedomènh stigm ), (2) thn eswterik  kat�stash q thc mhqan c, kai (3) apì th jèsh
tou kèrsora, dhlad  to poiì tetr�gwno thc tainÐac diab�zei h kefal . To perieqìmeno
thc tainÐac (an th jewr soume �peirh kai proc tic dÔo kateujÔnseic) eÐnai mia apeikìn-
ish σ : Z → S. 'Ara, gia na eÐmaste akribeÐc, h f�sh eÐnai mia tri�da thc morf c
(q, σ, n), ìpou q h kat�stash, σ to perieqìmeno thc tainÐac kai n ∈ Z o akèraioc
pou deÐqnei th jèsh tou kèrsora. 'Omwc, epeid  o kèrsorac, sqedìn p�nta, deÐqnei
k�poio gr�mma thc peperasmènhc gn siac lèxhc pou up�rqei sth tainÐa,   k�poio apì
ta diplan� −, pio apl� kai diaisjhtik� h f�sh gr�fetai

(q, si1 · · · sik · · · sin),
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ìpou si1 · · · sin h gn sia lèxh thc tainÐac kai to upogrammismèno sÔmbolo deÐqnei th
jèsh tou kèrsora. Akìmh praktikìtera h f�sh mporeÐ na parastajeÐ wc ex c:

si1 · · · qsik · · · sin ,

dhlad  to sÔmbolo thc kat�stashc mpaÐnei amèswc arister� tou exetazìmenou sum-
bìlou.

Epeid  gia k�je kat�stash qi (pl n thc telik c) kai k�je x ∈ S, h F pros-
diorÐzei nteterministik� thn epìmenh kat�stash qj kai to b ma thc mhqan c, dhlad 
to F (qi, x) = (qj , y), eÐnai fanerì ìti apì k�je f�sh a pou den perièqei thn telik 
kat�stash qf , phgaÐnoume sthn amèswc epìmenh   di�doqh f�sh a′, mèsw miac entol c
thc morf c qixyqj . An sumbolÐsoume me γ thn entol  aut , aut  th met�bash th sum-
bolÐzoume a

γ−→ a′,   apl¸c a → a′. MÐa arqik  f�sh eÐnai thc morf c q0si1 · · · sin ,
en¸ mia telik  f�sh eÐnai thc morf c qfsi1 · · · sin . 'Enac upologismìc (computation)
eÐnai mia akoloujÐa f�sewn, peperasmènh   �peirh,

a0 → a1 → · · · → af ,

 
a0 → a1 → · · · → ai → ai+1 → · · · ,

ìpou h a0 eÐnai arqik  f�sh, af telik , kai k�je ai+1 eÐnai di�doqh thc ai. O pr¸toc
eÐnai ènac termatizìmenoc upologismìc (terminated computation), en¸ o deÔteroc
eÐnai mh termatizìmenoc.

K�je MT M orÐzei me fusikì trìpo mÐa (merik ) sun�rthsh M̂ : S∗ → S∗ apì
to sÔnolo twn (gn siwn) lèxewn tou S ston eautì tou, pou orÐzetai wc ex c: 'Estw
x = si1 · · · sin mÐa gn sia lèxh tou S. An o upologismìc pou arqÐzei me th f�sh
a0 = q0si1 · · · sin eÐnai termatizìmenoc, kai af = qfsj1 · · · sjn eÐnai h telik  tou f�sh,
tìte

M̂(si1 · · · sin) = sj1 · · · sjm .

An o upologismìc den eÐnai termatizìmenoc, to M̂(si1 · · · sin) den orÐzetai.

3.2 Turing upologÐsimec sunart seic

Ta parap�nw perigr�foun th genik  morf  kai leitourgÐa twn MT. 'Otan t¸ra jèloume
h mhqan  na epexerg�zetai mìno fusikoÔc arijmoÔc, eÐnai arketì na p�roume wc alf�b-
hto apl¸c to sÔnolo S = {−, |}, ìpou − eÐnai ìpwc prin to sÔmbolo tou kenoÔ. Oi
arijmoÐ ed¸ gr�fontai sto enikì (unary) sÔsthma tou monadikoÔ yhfÐou |: O 0 gr�fe-
tai |, o 1 gr�fetai ||, o n gr�fetai | · · · |︸ ︷︷ ︸

n+1

(dhlad  to | den eÐnai o arijmìc ��èna��, all�
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mia ��qaraki���( tally) ). Genikìtera h n-�da (n1, . . . , nk) ∈ Nk parÐstatai apì th lèxh

| · · · |︸ ︷︷ ︸
n1+1

− | · · · |︸ ︷︷ ︸
n2+1

− · · · − | · · · |︸ ︷︷ ︸
nk+1

Orismìc 3.2.1 'Estw f : Nk → N mia sun�rthsh. H f lègetai Turing-upologÐsimh
(Turing-computable), an up�rqei MT M me alf�bhto S = {−, |}, tètoia ¸ste gia
k�je n1, . . . , nk,m ∈ N, f(n1, . . . , nk) = m an kai mìnon an

M̂(| · · · |︸ ︷︷ ︸
n1+1

− | · · · |︸ ︷︷ ︸
n2+1

− · · · − | · · · |︸ ︷︷ ︸
nk+1

) = | · · · |︸ ︷︷ ︸
m+1

,

dhlad  o upologismìc pou arqÐzei me th f�sh q0 | · · · |︸ ︷︷ ︸
n1+1

− | · · · |︸ ︷︷ ︸
n2+1

− · · · − | · · · |︸ ︷︷ ︸
nk+1

, termatÐzei

me th f�sh qf | · · · |︸ ︷︷ ︸
m+1

.

EÐnai profanèc ìti k�je Turing-upologÐsimh sun�rthsh eÐnai algorijmik , me al-
gìrijmo to ��prìgramma�� thc mhqan c. 'Ara oi Turing-upologÐsimec sunart seic sunis-
toÔn mÐa enallaktik  austhr  prosèggish thc algorijmikìthtac. Oi sunart seic autèc
orÐsthkan thn Ðdia perÐpou epoq  me tic anadromikèc, opìte fusik� tèjhke to er¸th-
ma gia th sqèsh touc me tic teleutaÐec. Dhlad  poi� eÐnai h sqèsh thc kl�shc twn
anadromik¸n kai thc kl�shc twn Turing-upologÐsimwn; ApodeiknÔetai ìti autèc oi k-
l�seic tautÐzontai (qwrÐc bèbaia thn epÐklhsh thc Jèshc tou Church. H Jèsh tou
Church  rje akrib¸c wc sumpèrasma aut c thc taÔtishc). Ja skiagraf soume tic
apodeÐxeic twn jewrhm�twn pou apodeiknÔoun aut  thn isìthta. 'Ena sunhjismèno
prìblhma ��prwtìgonou programmatismoÔ�� s� autì to q¸ro eÐnai: DojeÐshc (algori-
jmik c) sun�rthshc f , breÐte MT pou na thn upologÐzei. AfoÔ to alf�bhto s� ìlec
autèc tic mhqanèc eÐnai to Ðdio, S = {−, |}, to na broÔme MT shmaÐnei na gr�youme
èna kat�llhlo sÔnolo entol¸n thc morf c qixyqj gia ènan ikanì arijmì katast�sewn
Q = {q0, . . . , qf}, pou ja ton prosdiorÐsoume emeÐc an�loga me tic an�gkec mac. ('Ara,
stajeropoi¸ntac to alf�bhto, h MT den eÐnai par� èna prìgramma.) Ed¸, an�loga
me thn ìrexh kai to talènto tou, mporeÐ kaneÐc na askhjeÐ kat� boÔlhsh. EmeÐc ja
d¸soume mìno k�poia anagkaÐa paradeÐgmata. Lìgou q�rh èqoume to ex c:

Prìtash 3.2.2 Oi arqikèc sunart seic eÐnai Turing-upologÐsimec.

Apìdeixh. Ja kataskeu�soume MT gia ton upologismì thc S, thc stajer�c c0 kai
twn probol¸n.
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(a) MT gia thn S(x) = x + 1. Prèpei na fti�xoume èna prìgramma ètsi ¸ste
xekin¸ntac me th f�sh q0 | · · · |︸ ︷︷ ︸

n+1

na termatÐzoume sth f�sh qf | · · · |︸ ︷︷ ︸
n+2

. JewroÔme to prì-

gramma me treÐc katast�seic Q = {q0, q1, qf} kai entolèc:

γ1 = q0|Rq0, γ2 = q0 − |q1, γ3 = q1|Lq1, γ4 = q1 −Rqf .

Tìte p.q. gia eÐsodo ��2��, pou parÐstatai me th lèxh |||, èqoume ton upologismì:

q0||| γ1−→ |q0|| γ1−→ ||q0| γ1−→ |||q0− γ2−→ |||q1|
γ3−→ ||q1|| γ3−→ |q1||| γ3−→ q1|||| γ3−→ q1 − |||| γ4−→ qf ||||.

'Ara èqoume èxodo |||| pou parist� ton ��3��. To Ðdio gÐnetai me k�je eÐsodo | · · · |︸ ︷︷ ︸
n+1

. H

idèa eÐnai h ex c: O kèrsorac se kat�stash q0, ìtan diab�zei | proqwreÐ suneq¸c
dexi�. Mìlic sunant sei − to k�nei | kai all�zei thn kat�stas  tou se q1. T¸ra,
diab�zontac | proqwreÐ arister�, dhlad  gurÐzei pÐsw, mèqri na sunant sei to pr¸to
−. Tìte gurÐzei p�li dexi�, kai p�ei se telik  kat�stash, �ra stamat�. To apotèlesma
eÐnai na èqei prostejeÐ èna | sto tèloc thc prohgoÔmenhc lèxhc kai o kèrsorac na eÐnai
xan� sthn pali� tou jèsh.

(b) Erqìmaste sth stajer  sun�rthsh, c0(x) = 0. Ed¸ prèpei xekin¸ntac me th
f�sh q0 | · · · |︸ ︷︷ ︸

n+1

na termatÐzoume sth f�sh qf |. Ed¸ p�li jewroÔme èna sÔnolo tri¸n

katast�sewn Q = {q0, q1, qf}. H idèa eÐnai gia eÐsodo | · · · |︸ ︷︷ ︸
n+1

, h mhqan  na sb nei

ìlec tic mon�dec, af nontac sto tèloc mÐa kai na stamat�ei. ArkeÐ na p�roume to
prìgramma:

γ1 = q0| − q1, γ2 = q1 −Rq0, γ3 = q0 − |qf .

'Etsi, p.q. gia eÐsodo ||| ja èqoume:

q0||| γ1−→ q1 − || γ2−→ q0|| γ1−→ q1 − | γ2−→ q0| γ1−→
q1− γ2−→ q0− γ3−→ qf |.

(g) 'Estw h probol  πnm : Nn → N, ìpou π(x1, . . . , xn) = xm. Ed¸ prèpei na
fti�xoume èna prìgramma to opoÐo gia eÐsodo

| · · · |︸ ︷︷ ︸
x1+1

− | · · · |︸ ︷︷ ︸
x2+1

− · · · − | · · · |︸ ︷︷ ︸
xn+1

,
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na sb nei ìlec tic mon�dec ektìc ekeÐnec tou m-block, dhlad  na dÐnei èxodo
| · · · |︸ ︷︷ ︸
xm+1

. Autì mporeÐ na gÐnei qrhsimopoi¸ntac gia par�deigma 2n + 5 katast�seic

q0, q
′
0, q1, q

′
1, . . . qn, q′n, qn+1, q

′
n+1, qf . K�je zeÔgoc qi, q

′
i, i ≤ n, i 6= m, ja qrhsimeÔsei

gia na sbhstoÔn ta i-blocks, gia i 6= m, ìpwc ègine sto (b). To zeÔgoc qm, q′m, ja
qrhsimeÔsei gia th diat rhsh tou m-block, en¸ oi upìloipec ja qreiastoÔn gia na
epistrèyei o kèrsorac sthn arq  tou m-block kai na stamat sei. H akrib c graf 
tou sugkekrimènou progr�mmatoc na gÐnei san �skhsh. QED

H MT den èqei qwrist  ��mn mh��, dhlad  ènan q¸ro ìpou na apojhkeÔei plhro-
forÐec kai na tic anakaleÐ ìpote qrei�zetai. O mìnoc trìpoc na ��jum�tai�� eÐnai mèsw
twn kat�llhlwn katast�sewn. Autì k�nei ¸ste diadikasÐec pou faÐnontai polÔ aplèc
gia ènan sunhjismèno upologist , na apaitoÔn arket� polÔploko prìgramma se mia
MT, kai meg�lo arijmì katast�sewn.

Paradeigma-Askhsh 1. Na kataskeuasjeÐ MT pou na ekteleÐ thn entol  ��fti�xe
antÐgrafo thc lèxhc s proc ta dexi� thc af nontac dÔo ken� an�mesa��. Gia aplìthta
ac antigr�fei apl¸c lèxeic thc morf c | · · · |︸ ︷︷ ︸

n+1

, dhlad  gia eÐsodo | · · · |︸ ︷︷ ︸
n+1

na dÐnei èxodo

| · · · |︸ ︷︷ ︸
n+1

−− | · · · |︸ ︷︷ ︸
n+1

.

Ap�nthsh. Perigr�foume pr¸ta me lìgia ton algìrijmo. 'Estw s = | · · · |︸ ︷︷ ︸
n+1

h

eÐsodoc.

B ma 1. P gaine sto dexiì �kro thc s, �fhse dÔo ken� kai gr�ye èna |.
B ma 2. GÔrise pÐsw, anaz thse to dexiì | thc s kai sb sto.
B ma 3. 'Elegxe an to | pou sb sthke prohgoumènwc  tan to teleutaÐo (dhlad 

an arister� tou up�rqei �llo |   ìqi). An ìqi tìte:
B ma 3.1. P gaine gr�ye amèswc met� to | pou ègrayec prohgoumènwc èna akìmh

|. En suneqeÐa epanèlabe to B ma 2. An nai tìte:
B ma 3.2. Xanagr�ye thn eÐsodo s (gr�fontac diadoqik� | proc ta dexi� mèqri na

sunant seic to epìmeno | kai tìte sb nontac dÔo gia na meÐnoun dÔo ken� an�mesa sto
s kai to antÐgrafì tou).

Ja ulopoi soume parak�tw autìn ton algìrijmo me mia MT me 17 katast�seic
(pijanìn o arijmìc autìc na mporeÐ na meiwjeÐ). Ac doÔme me ti entolèc ulopoieÐtai to
k�je èna apì ta parap�nw b mata. Xekin�me me arqik  kat�stash q0, kai sthn poreÐa
eis�goume nèec katast�seic kai an�logec entolèc kajodhgoÔmenoi ap� ton algìrijmo.
Ac p�roume gia odhgì thn eÐsodo s = |||. To prìgramma pou ja orÐsoume ìmwc
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douleÔei gia k�je s = | · · · |︸ ︷︷ ︸
n+1

B ma 1. OrÐzoume:

q0||| q0|Rq0−→ |q0|| q0|Rq0−→ ||q0| q0|Rq0−→ |||q0− q0−Rq1−→ ||| − q1− q1−Rq2−→

||| − −q2− q2−|q3−→ ||| − −q3|
B ma 2. OrÐzoume:

||| − −q3| q3|Lq4−→ ||| − q4 − | q4−Lq4−→ |||q4 −−| q4−Lq4−→

||q4| − −| q4|−q5−→ ||q5 −−− |.
B ma 3. OrÐzoume:

||q5 −−− | q5−Lq6−→ |q6| − − − |.

Sto shmeÐo autì an o kèrsorac diab�zei |, eÐmaste sto B ma 3.1, en¸ an diab�zei −,
eÐmaste sto B ma 3.2. Sthn prokeimènh perÐptwsh eÐmaste sto

B ma 3.1. OrÐzoume:

|q6| − − − | q6|Rq7−→ ||q7 −−− | q7−Rq7−→ || − q7 −−| q7−Rq7−→ || − −q7 − |
q7−Rq7−→ || − − − q7| q7|Rq8−→ || − − − |q8− q8−|q8−→ || − − − |q8| q8|Lq9−→

|| − − − q9|| q9|Lq9−→ || − −q9 − || q9−−q4−→ || − q4 − ||.
Blèpoume ìti me thn teleutaÐa f�sh èqoume epanèljei sto B ma 2 (brìqoc). AfoÔ

ektelèsoume dÔo forèc autìn ton brìqo, ja sbhstoÔn ìla ta | thc arqik c lèxhc kai
ja èrjoume sth f�sh q6 −−−−− |||. T¸ra eÐmaste sto

B ma 3.2. OrÐzoume:

q6 −−−−− ||| q6−|q10−→ q10| − − −−||| q10|Rq11−→ |q11 −−− ||| q11−|q10−→

|q10| − − − ||| q10|Rq11−→ ||q11 −−− ||| q11−|q10−→ ||q10| − −|||

q10|Rq11−→ |||q11 −−||| q11−|q10−→ |||q10| − ||| q10|Rq11−→ ||||q11 − |||
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q11−|q10−→ ||||q10|||| q10|Rq11−→ |||||q11||| q11|Lq12−→ ||||q12||||

q12|−q13−→ ||||q13 − ||| q13−Lq12−→ |||q12| − ||| q12|−q13−→ |||q13 −−|||

q13−Lq14−→ ||q14| − −||| q14|Lq14−→ |q14|| − −||| q14|Lq14−→ q14||| − −|||

q14|Lq15−→ q15 − ||| − −|||
q15−Rqf−→ qf ||| − −|||.

Paradeigma-Askhsh 2. Mia shmantik  kathgorÐa mhqan¸n Turing eÐnai oi ��nai-
ìqi�� mhqanèc, dhlad  ekeÐnec ìpou h èxodoc den eÐnai mia lèxh all� èna ��naÐ��   èna
��ìqi��. (P.q. ìla ta ��autìmata�� eÐnai autoÔ tou eÐdouc.) Stic mhqanèc autèc to sÔnolo
twn katast�sewn Q perièqei metaxÔ �llwn kai tic eidikèc katast�seic ��yes�� kai ��no��.
Dhlad  Q = {yes, no, q0, q1, . . .}. Oi katast�seic yes kai no eÐnai telikèc katast�seic,
dhlad  ìtan h mhqan  brejeÐ se f�sh pou perièqei to yes   to no, stamat�. 'Estw M
mia nai-ìqi mhqan  me alf�bhto S. MÐa lèxh x ∈ S∗ lègetai apodekt  apì thn M , an
o upologismìc pou xekin� me th f�sh q0x termatÐzei se mÐa f�sh thc morf c y“yes′′z.
To sÔnolo

L(M) = {x ∈ S∗ : x apodekt  apì thn M}
lègetai h gl¸ssa thc M .

'Estw èna alf�bhto S = {−, 0, 1,×, . . .}. MÐa duadik  lèxh, dhlad  {0, 1}-lèxh,
tou S lègetai palÐndromo an diab�zetai to Ðdio apì arister� proc ta dexi� kai an-
tÐstrofa. P.q. h lèxh 1100011 eÐnai palÐndromo en¸ h 0100011 den eÐnai. ZhteÐtai na
kataskeuasteÐ mhqan  M (dhlad  prìgramma) pou na dèqetai akrib¸c ta palÐndroma,
dhlad  L(M) = {x ∈ {0, 1}∗ : x palÐndromo}.

H idèa eÐnai elègqoume èna-èna ta zeÔgh twn summetrik¸n yhfÐwn thc lèxhc. An
se k�poio tètoio zeÔgoc ta yhfÐa diafèroun, h ap�nthsh eÐnai no. Alli¸c h ap�nthsh
eÐnai nai. Ja qrhsimopoi soume gia to skopì autì to bohjhtikì sÔmbolo ×. Ja
qreiastoÔme epÐshc katast�seic l0, l1 me tic opoÐec h mhqan  ��jum�tai�� an èna sÔmbolo
pou èlegxe apì arister�  tan 0   1 antÐstoiqa, kaj¸c kai katast�seic r0, r1 gia na
��jum�tai�� to Ðdio gia ta sÔmbola pou elègqei apì dexi�. Ta b mata eÐnai ta ex c:

1) H mhqan  xekin� me arqik  f�sh q0x. Blèpei to pr¸to sÔmbolo thc x. An eÐnai
0 to antikajist� me × kai phgaÐnei se kat�stash l0 (dhlad  ��jum�tai�� ìti sun�nthse
0). An eÐnai 1 to antikajist� me × kai phgaÐnei se kat�stash l1.

2) Ontac t¸ra se kat�stash l0   l1, kineÐtai stajer� dexi� (prospern¸ntac ta
sÔmbola ×, 0,1) mèqri na sunant sei to pr¸to −. Tìte kineÐtai mia jèsh arister� kai
p�ei se kat�stash r0   r1 antÐstoiqa.
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3) An eÐnai se r0 kai sunant sei 1, h eÐnai se r1 kai sunant sei 0, gr�fei no kai
stamat�. Alli¸c antikajist� to 0   to 1 me −, phgaÐnei se kat�stash q, kai kineÐtai
arister� mèqri na sunant sei to ×.

4) An sunant sei ×, tìte kineÐtai mia jèsh dexi�, kai p�ei se kat�stash q0. T¸ra
suneqÐzei ìpwc sto b ma 1). An sbhstoÔn ìla ta yhfÐa 0,1 kai meÐnoun mìno × kai −,
h mhqan  dÐnei yes kai stamat�.

Ta parap�nw dÐnoun to akìloujo sÔnolo entol¸n me sÔnolo katast�sewn Q =
{yes, no, q0, q, l0, l1, r0, r1}:

(11) q00× l0, (12) q01× l1, (13) q0 − yes,
(21) l0 ×Rl0, (22) l00Rl0, (23) l01Rl0, (24) l0 − Lr0

(31) l1 ×Rl1, (32) l10Rl1, (33) l11Rl1, (34) l1 − Lr1

(41) r10no, (42) r11− q, (43) r1 × yes,
(51) r01no, (52) r00− q, (53) r0 × yes,
(61) q0Lq, (62) q1Lq, (63) q ×Rq0.

Ac efarmìsoume ta parap�nw sth lèxh 101:

q0101 12−→ l1 × 01 −→∗ ×01l1− 34−→ ×0r11

×0r11
42−→ ×0q− −→∗ q × 0− 63−→ ×q00

×q00
11−→ l0× 21−→ ×l0− 24−→ r0 ×− 53−→ yes

Ask seic

3.2.1 Kataskeu�ste mhqanèc Turing gia tic sunart seic: (a) x+y, (b) f(x) = 3,
(g) f(x) = 2x.

Prokeimènou na deÐxoume ìti k�je anadromik  sun�rthsh eÐnai Turing- upologÐsimh,
prèpei na parathr soume ìti an èqoume n mhqanèc Turing M1, . . . , Mn, tìte mporoÔme
na broÔme mÐa M pou ja prosomoi¸nei th leitourgÐa k�je miac apì tic Mi. Autì
eÐnai san na èqete n anex�rthta progr�mmata, kai na ta ��sugkoll�te�� se èna pou
ta perièqei wc upoprogr�mmata. P.q. an Qi = {qi0, . . . , qif} eÐnai to sÔnolo twn
katast�sewn kai Γi to sÔnolo twn entol¸n thc Mi, mporoÔme na jewr soume ìti ta
Qi eÐnai xèna sÔnola (alli¸c jewroÔme xèna antÐgrafa), kai na p�roume wc sÔnolo
katast�sewn thc M èna Q tètoio ¸ste

⋃
i Qi ⊆ Q. EpÐshc tropopoi¸ntac kat�llhla

tic entolèc twn Γi (eidik� ekeÐnec pou aforoÔn tic telikèc katast�seic qif , ¸ste na
mhn eÐnai t¸ra telikèc), mporoÔme na diamorf¸soume to prìgramma Γ thc M , ¸ste na
kaleÐ an�loga me ton skopì pou epidi¸koume ta upoprogr�mmata Γi.

Mi� dieukìlunsh pou mporoÔme na eis�goume eÐnai ìti ìtan xekin� ènac upologismìc
−q0si1 · · · sim−, dhlad  me eÐsodo si1 · · · sim , o kèrsorac den kineÐtai potè aristerìtera
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tou − pou keÐtai arister� tou si1 . M� �lla lìgia oi upologismoÐ diex�gontai sto dexiì
tm ma thc tainÐac pou orÐzei h arq  thc lèxhc.

Je¸rhma 3.2.3 (Turing 1936) K�je anadromik  sun�rthsh eÐnai Turing- up-
ologÐsimh.

Apìdeixh. Me epagwg  sta b mata kataskeu c miac anadromik c sun�rthshc.
(a) Gia tic arqikèc to deÐxame sthn prìtash 3.2.2.
(b) 'Estw ìti h f par�getai me sÔnjesh apì tic h, g1, . . . , gm, dhlad 

f(x1, . . . , xk) = h(g1(x1, . . . , xk), . . . , gm(x1, . . . , xk)),

kai ìti oi h, g1, . . . , gm eÐnai Turing- upologÐsimec me tic mhqanèc M0, M1, . . . , Mm

antÐstoiqa. JewroÔme mÐa mhqan  M pou prosomoi¸nei tic M0, M1, . . . ,Mm, me ton
trìpo pou perigr�yame pio prin kai ìtan dojeÐ mia eÐsodoc

s = | · · · |︸ ︷︷ ︸
x1+1

− | · · · |︸ ︷︷ ︸
x2+1

− · · · − | · · · |︸ ︷︷ ︸
xk+1

,

k�nei ta ex c:
1) Xekin� me thn arqik  f�sh q0s, antigr�fei thn eÐsodo mia for� proc ta dexi� af -

nontac dÔo ken� an�mes� touc, kai phgaÐnei sthn arq  tou antigr�fou se kat�stash
qm0 (arqik  thc Mm), dhlad  sth f�sh

s−−qm0s.

2) T¸ra arqÐzei na douleÔei to upoprìgramma Mm me eÐsodo s, kai ja d¸sei mÐa
èxodo tm (pou parist� thn tim  gm(x1, . . . , xk)). (Epeid  oi upologismoÐ gÐnontai
proc ta dexi�, ìpwc sumfwn same parap�nw, h Ôparxh tou antigr�fou thc s proc ta
arister� tou kèrsora den ephre�zei ton upologismì.) T¸ra h M eÐnai se f�sh

s−−qmf tm.

3) Katìpin metafèrei th lèxh tm arister� thc s, af nontac dÔo ken� an�mes�
touc, antigr�fei xan� thn s proc ta dexi� thc, kai tÐjetai sthn arq  tou antigr�fou
se kat�stash qm−1,0 (arqik  thc Mm−1), dhlad  se f�sh

tm −−s−−qm−1,0s.

4) T¸ra douleÔei to upoprìgramma Mm−1 me eÐsodo s kai dÐnei èxodo tm−1 (=h
tim  gm−1(x1, . . . , xk)), thn opoÐa metafèrei arister� thc tm, me èna kenì an�mes�
touc, antigr�fei thn eÐsodo, kai èrqetai sth f�sh

tm−1 − tm −−s−−qm−2,0s.
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5) SuneqÐzontac me ton Ðdio trìpo ft�nei sth f�sh

t1 − t2 − · · · − tm −−qps,

ìpou qp k�poia kat�stash.
6) T¸ra sb nei th lèxh s kai èrqetai sto aristerì �kro thc lèxhc t1−t2−· · ·−tm,

se kat�stash q00 (arqik  thc mhqan c M0), dhlad  se f�sh

q00t1 − t2 − · · · − tm.

7) 'Omwc h lèxh t1 − t2 − · · · − tm parist� thn m-�da

(g1(x1, . . . , xk), . . . , gm(x1, . . . , xk)),

h dè M0 upologÐzei th sun�rthsh h, �ra ìtan termatÐsei o upologismìc pou xekin� me
th f�sh q00t1 − t2 − · · · − tm kai d¸sei telik  f�sh

q0fr,

h lèxh r parist� thn tim  h(g1(x1, . . . , xk), . . . , gm(x1, . . . , xk)), dhlad  f(x1, . . . , xk).
Sunep¸c h M eÐnai mhqan  Turing gia thn f .

(g) 'Estw ìti h f par�getai me basik  anadrom  apì tic g kai h, dhlad 
f(x, 0) = g(x),
f(x, y + 1) = h(x, y, f(x, y)),

kai ìti oi g, h eÐnai Turing-upologÐsimec me tic mhqanèc M0,M1 antÐstoiqa. 'Estw
M mia mhqan  pou prosomoi¸nei tic M0, M1. 'Estw s parist� to di�nusma x kai ty
parist� ton arijmì y. Tìte mia eÐsodoc èqei th morf  s− ty. Xekin�me th mhqan  me
thn f�sh

q0s− ty.

H M elègqei pr¸ta th morf  tou ty. An y = 0, dhlad  ty = |, tìte o kèrsorac
sb nei to t0, epistrèfei sthn afethrÐa tou se kat�stash q00 (arqik  thc M0), dhlad 
se f�sh q00s, kai ekteleÐ ton upologismì pou antistoiqeÐ sto g(x). An y > 0, tìte h
mhqan  gr�fei dexi� thc eisìdou, diadoqik� tic lèxeic s− ty−1, s− ty−2, . . . s− t0, s,
af nontac dÔo ken� an�mes� touc, sb nei thn arqik  eÐsodo s − ty, kai èrqetai sthn
arq  thc lèxhc s se kat�stash q00, dhlad  sth f�sh:

s− ty−1 −−s− ty−2 −− · · · − −s− t0 −−q00s.

T¸ra mimeÐtai thn M0, ekteleÐ ton upologismì, dÐnei èxodo r0, metatopÐzei thn r0 mia
jèsh arister�, kai kinoÔmenoc arister�, èrqetai sthn arq  thc prohgoÔmenhc lèxhc se
kat�stash q10 (arqik  thc M1). Dhlad  eÐmaste sth f�sh:

s− ty−1 −−s− ty−2 −− · · · − −q10s− t0 − r0.
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H lèxh s − t0 − r0 parist� to di�nusma (x, 0, f(x, 0)), sunep¸c eÐnai h eÐsodoc gia
th mhqan  M1 pou antiproswpeÔei thn h. An r1 eÐnai h èxodoc autoÔ tou upologis-
moÔ, xan� o kèrsorac metatopÐzei to r1 mia jèsh arister�, kai èrqetai sthn arq  thc
prohgoÔmenhc lèxhc (an up�rqei) se kat�stash p�li q10, dhlad  sth f�sh:

s− ty−1 −−s− ty−2 −− · · · − −q10s− t1 − r1.

SuneqÐzontac me ton Ðdio trìpo ja èrjei h mhqan  sth f�sh

q10s− ty−1 − ry−1.

EkteleÐ ton upologismì, dÐnei èxodo ry, y�qnei na dei an up�rqei �llh lèxh arister�,
den brÐskei kai stamat�. H telik  èxodoc tou upologismoÔ eÐnai to ry, pou parist� to
h(x, y − 1, f(x, y − 1)) = f(x, y).

(d) 'Estw ìti h f par�getai apì thn g me elaqistopoÐhsh, dhlad 

f(x) =

{
(µy)(g(x, y) = 1) an (∃y)(g(x, y) = 1),
den orÐzetai alli¸c,

kai ìti h g eÐnai Turing-upologÐsimh me th mhqan  M0. 'Estw M p�li mia mhqan  pou
exomoi¸nei thn M0. 'Estw h lèxh s parist� thn eÐsodo x thc M . H M xekin� me th
f�sh q0s kai af nontac dÔo ken� dexi� gr�fei th lèxh s− | kai èrqetai sto aristerì
thc �kro se kat�stash q00, dhlad  sth f�sh:

s−−q00s− |.
EkteleÐ ton upologismì mimoÔmenh th mhqan  M0. An h èxodoc eÐnai h lèxh || (dhlad 
o arijmìc 1), o kèrsorac af nei mìno th lèxh | kai stamat�. An h èxodoc eÐnai 6= ||,
sb nei thn èxodo, gr�fei dexi� thc s th lèxh s− ||, èrqetai sth f�sh

s−−q00s− ||,
kai ekteleÐ ton upologismì. An h èxodoc eÐnai ||, af nei mìno th lèxh || kai stamat�.
Alli¸c suneqÐzei me ton Ðdio trìpo (pijanìn ep' �peiron). Genik�, ìtan apì th f�sh

s−−q00s− | · · · |︸ ︷︷ ︸
n+1

,

ektelèsei ton upologismì kai h èxodoc eÐnai ||, gr�fei th lèxh | · · · |︸ ︷︷ ︸
n+1

kai stamat�.

Alli¸c suneqÐzei me ton Ðdio trìpo.
H mhqan  M pou sumperifèretai ìpwc perigr�yame eÐnai h zhtoÔmenh. Autì

oloklhr¸nei thn skiagr�fhsh thc apìdeixhc. QED

IsqÔei kai to antÐstrofo tou prohgoumènou.
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Je¸rhma 3.2.4 (Turing 1936) K�je Turing- upologÐsimh sun�rthsh eÐnai
anadromik .

Apìdeixh. Sthn par�grafo 2.7 deÐxame pwc mporoÔme na arijmhtikopoi soume
tic anadromikèc sunart seic kai touc upologismoÔc pou antistoiqoÔn s� autèc. Me
akrib¸c an�logo trìpo mporoÔme na arijmhtikopoi soume tic MT kai touc an-
tÐstoiqouc upologismoÔc, par' ìlo pou oi MT den orÐzontai epagwgik� ìpwc oi
anadromikèc sunart seic. Ac jumhjoÔme ìti mia MT M eÐnai èna peperasmèno sÔnolo
tetr�dwn qixyqj , ìpou ta qi, qj an koun s� èna sÔnolo QM ��katast�sewn��, ta x, y s�
èna sÔnolo SM ��sumbìlwn�� kai QM ∩SM = ∅. MporoÔme ètsi na p�roume dÔo �peira
(arijm sima) xèna sÔnola Q,S kai na upojèsoume ìti to men Q perièqei tic katast�-
seic ìlwn twn MT, to de S perièqei ta sÔmbola ìlwn twn MT. Pio sugkekrimèna
èstw S = {s0, s1, . . .}, Q = {q0, q1, . . .}, ìpou eidik�, s0 = −, s1 = L, s2 = R, kai
sk = 2k, en¸ qi = 2i + 1. Mia MT M kwdikopoieÐtai me ènan arijmì e tètoion ¸ste
gia k�poio k, ta (e)1, . . . , (e)k eÐnai oi entolèc tou progr�mmatoc thc M , dhlad  gia
k�je k�je i ≤ k,h tetr�da

((e)i)1((e)i)2((e)i)3((e)i)4

eÐnai mia entol , dhlad  ((e)i)1, ((e)i)4 ∈ Q, ((e)i)2, ((e)i)3 ∈ S, kai ta ((e)i)j plhroÔn
tic sunj kec sumbibastìthtac pou apaitoÔntai gia tic entolèc.

An�loga mporoÔme na orÐsoume ton k¸dika enìc (termatismènou) upologismoÔ,
dhlad  miac peperasmènhc akoloujÐac f�sewn a0 → a1 → . . . → an, ìpou h a0

eÐnai arqik  f�sh, h ai+1 eÐnai di�doqh f�sh thc ai, kai h an eÐnai telik  f�sh. 'Op-
wc kai sto je¸rhma 2.7.1, gia k�je n ≥ 1, orÐzetai mia b.a. anadromik  idiìthta
Kn(e, x1, . . . , xn, y) pou shmaÐnei:

��To y eÐnai k¸dikac enìc upologismoÔ pou pragmatopoieÐ h MT me k¸dika e kai
eÐsodo x1, . . . , xn.��

OrÐzetai tìte h ex c b.a. anadromik  sun�rthsh W : N→ N:
��An y eÐnai o k¸dikac enìc upologismoÔ, W (y) eÐnai o arijmìc pou parist� h

èxodoc tou upologismoÔ. Alli¸c W (y) = 0.��
'Estw t¸ra f mia n-mel c Turing-upologÐsimh sun�rthsh. 'Estw M mia MT pou

thn upologÐzei, kai èstw e o k¸dikac thc M . Tìte profan¸c gia k�je x1, . . . , xn ∈ N,

f(x1, . . . , xn) = W (µyKn(e, x1, . . . , xn, y)).

Sunep¸c h f eÐnai anadromik . QED.

Gia perissìtera gia tic mhqanèc Turing deÐte p.q. to [8].
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4 Sunèpeiec thc arijmhtikopoÐhshc: ArÐjmhsh, di-
agwniopoÐhsh, stajer� shmeÐa klp.

4.1 Jewr mata s-m-n kai Rice

Merikèc apì tic sunèpeiec thc arijmhtikopoÐhshc, dhlad  thc kwdikopoÐhshc twn
anadromik¸n sunart sewn me arijmoÔc, f�nhkan  dh: 'Eqoume t n komy  kanonik 
morf  Kleene (§ 2.7, je¸rhma 2.7.1), pou lèei ìti ìlec oi n-meleÐc anadromikèc sunart -
seic orÐzontai omoiìmorfa me mia b.a. sqèsh Tn n + 2 jèsewn kai mia b.a. anadomik 
sun�rthsh U , dhlad  gia k�je n-mel  anadromik  f , up�rqei e ∈ N tètoio ¸ste, gia
k�je x1, . . . , xn ∈ N

f(x1, . . . , xn) = U(µy Tn(e, x1, . . . , xn, y)). (17)

Me thn Ðdia idèa apodeÐxame pio prin ìti k�je Turing -upologÐsimh sun�rthsh eÐnai
anadromik . Sto kef�laio autì ja doÔme merik� apì ta apotelèsmata thc diaplok c
twn dÔo rìlwn twn arijm¸n, wc orism�twn apì th mia kai wc kwdÐkwn apì thn �llh.
Sugkerimèna h (17) mac dÐnei th dunatìthta na anaferìmaste sthn f mèsw k�poiou
apì touc k¸dikèc thc e (dec parat rhsh 2.7.2). JumÐzoume ìti o e lègetai deÐkthc thc
f .

Orismìc 4.1.1 SumbolÐzoume me ϕn
e th n-mel  anadromik  sun�rthsh pou èqei deÐk-

th e, dhlad 
ϕn

e (x1, . . . , xn) = U(µy Tn(e, x1, . . . , xn, y)).

(Se orismèna paliìtera biblÐa qrhsimopoieÐtai o sumbolismìc {e}n antÐ gia ϕn
e .)

EpÐshc sumbolÐzoume me Wn
e to pedÐo orismoÔ thc ϕn

e .

Gia n = 1, gr�foume apl¸c ϕe, We. All� kai ìtan o arijmìc twn orism�twn eÐnai
ènac dedomènoc n, suqn� gr�foume ϕe antÐ gia ϕn

e .

Prìtash 4.1.2 'Ena sÔnolo X ⊆ Nn eÐnai a.a. an kai mìnon an up�rqei e ∈ N
tètoio ¸ste X = Wn

e .

Apìdeixh. 'Amesh apì thn prìtash 2.7.3. QED

Prìtash 4.1.3 (Je¸rhma aparÐjmhshc) Gia k�je n up�rqei (merik ) anadromik 
sun�rthsh Φ : Nn+1 → N pou aparijmeÐ ìlec tic anadromikèc n-meleÐc sunart seic,
dhlad  Φ(e, x) = ϕe(x), gia k�je x ∈ Nn.

Apìdeixh. ArkeÐ na jèsoume Φ(e, x) = U(µy Tn(e, x, y)). Apì thn (17) prokÔptei
ìti Φ(e, x) = ϕe(x), kai h Φ eÐnai profan¸c anadromik . QED
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Prìtash 4.1.4 (Je¸rhma Kajolik c Sun�rthshc) Up�rqei (merik ) anadromik 
sun�rthsh Ψ : N2 → N pou par�gei ìlec tic ϕn

e (�ra ìlec tic n-meleÐc anadromikèc,
gia k�je n), me thn ex c ènnoia: Gia k�je e, n, x1, . . . , xn ∈ N,

Ψ(e, 〈x1, . . . , xn〉) = ϕn
e (x1, . . . , xn).

H Ψ lègetai kajolik  anadromik .

Apìdeixh. ArkeÐ na jèsoume

Ψ(x, y) =





z, an o x eÐnai deÐkthc miac n-meloÔc sun�rthshc ϕn
x gia

k�poio n, kai an gia k�poia x1, . . . , xn y = 〈x1, . . . , xn〉
kai ϕn

x(x1, . . . , xn) = z,
den orÐzetai alli¸c.

Profan¸c h Ψ eÐnai algorijmik  kai èqei th zhtoÔmenh idiìthta. QED

Kaj¸c h parap�nw kajolik  sun�rthsh Ψ eÐnai anadromik , eÐnai Turing-
upologÐsimh, kai mÐa mhqan  M pou thn upologÐzei lègetai kajolik  mhqan  Turing)
(universal Turing machine). H Ôparxh tètoiwn mhqan¸n eÐqe apodeiqjeÐ  dh apì ton
Turing. Mi� tètoia mhqan  eÐnai pio kont� sthn shmerin  ènnoia tou upologistoÔ,
kaj¸c den ekteleÐ èna kai monadikì prìgramma, ìpwc oi koinèc MT, all� mporeÐ na
trofodothjeÐ me opoiod pote prìgramma kai na to eketelèsei, dhlad  mporoume na thn
programmatÐsoume.

Se antÐjesh me thn 4.1.4 èqoume to akìloujo:

Prìtash 4.1.5 Den up�rqei anadromik  aparÐjmhsh twn monomel¸n, olik¸n
anadromik¸n sunart sewn, dhlad  to sÔnolo {x : ϕx eÐnai olik } den eÐnai a.a.

Apìdeixh. 'Estw ìti to X = {x : ϕx eÐnai olik } eÐnai a.a. Tìte up�rqei olik 
anadromik  σ tètoia ¸ste X = rng(σ), dhlad  mia f eÐnai olik  an kai mìnon an
f = ϕσ(x) gia k�poio x. Jètoume

g(x) = ϕσ(x)(x) + 1.

Profan¸c h g eÐnai olik  anadromik , �ra gia k�poio e, g = ϕσ(e). Tìte gia k�je x,

ϕσ(e)(x) = g(x) = ϕσ(x)(x) + 1.

H teleutaÐa gia x = e dÐnei ϕσ(e)(e) = ϕσ(e)(e) + 1, antÐfash. QED

Ask seic
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4.1.1 DeÐxte ìti to sÔnolo Y = {x : ϕx olik  kai rng(ϕx) ⊆ {0, 1}} den eÐnai
a.a.

[Upìdeixh. Upojèste ìti Y = rng(σ) kai jèste g(x) = cosign(ϕσ(x)(x)).]

4.1.2 MimoÔmenoi thn apìdeixh thc 4.1.5, jètoume f(x) = ϕx(x)+1. OdhgeÐ autì
se antÐfash ìpwc prohgoumènwc;

'Opwc eÐpame sthn parat rhsh 2.7.2 (2), to sÔnolo Ind twn deikt¸n anadromik¸n
sunart sewn eÐnai anadromikì, �ra tÐjetai to er¸thma: EÐnai to sÔnolo

H = {(x, y) : y ∈ Wx},

dhlad  twn (x, y) ètsi ¸ste ϕx(y) ↓, kaj¸c epÐshc kai to sÔnolo

K = {x : x ∈ Wx},

anadromik�; To er¸thma autì eÐnai gnwstì san Prìblhma TermatismoÔ (Halting Prob-
lem), kaj¸c sthn orologÐa twn MT, ϕx(y) ↓ shmaÐnei ìti h mhqan  pou upologÐzei
thn ϕx, termatÐzei ìtan l�bei eÐsodo y.

Prìtash 4.1.6 (To Prìblhma TermatismoÔ) To prìblhma termatismoÔ èqei arn-
htik  ap�nthsh, dhlad  ta H kai K eÐnai a.a. all� ìqi anadromik�.

Apìdeixh. An ϕ eÐnai h anadromik  sun�rthsh pou aparijmeÐ tic sunart seic ϕ1
x

sÔmfwna me thn 4.1.4, tìte ϕ(x, y) = ϕx(y) kai sunep¸c H = dom(ϕ), �ra to H eÐnai
a.a. wc pedÐo orismoÔ anadromik c sun�rthshc. 'Omoia to K eÐnai a.a wc pedÐo orismoÔ
thc sun�rthshc f(x) = ϕx(x). 'Estw ìti to H eÐnai anadromikì. Tìte profan¸c kai
to K eÐnai anadromikì, �ra to sumplhrwm� tou −K eÐnai a.a., sunep¸c −K = Ws gia
k�poio deÐkth s. Tìte gia k�je x èqoume

x ∈ Ws ⇐⇒ x ∈ −K ⇐⇒ x /∈ K ⇐⇒ x /∈ Wx.

Gia x = s h prohgoÔmenh dÐnei thn antÐfash

s ∈ Ws ⇐⇒ s /∈ Ws.

'Ara ta H, K den eÐnai anadromik�. QED

'Ena �llo klassikì apotèlesma pou anafèretai stouc deÐktec eÐnai to legìmeno
��Je¸rhma s-m-n�� (to perÐergo ìnoma proèrqetai apì th sun�rthsh sm

n pou ja doÔme
parak�tw). H idèa pou pragmateÔetai eÐnai apl . 'Estw p.q. h dimel c sun�rthsh
ϕe(x, y) me deÐkth e. An stajeropoi soume to x, èstw x = c, ja prokÔyei mia
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monomel c anadromik  sun�rthsh ϕe(c, y), �ra gia k�poio deÐkth d, ϕe(c, y) = ϕd(y).
To je¸rhma lèei ìti o deÐkthc d eÐnai basik  anadromik  sun�rthsh twn e kai c,
dhlad  up�rqei b.a. s : N2 → N tètoia ¸ste gia k�je e, x, y, ϕe(x, y) = ϕs(e,x)(y).
Sth genik  tou morf  to je¸rhma èqei wc ex c:

Je¸rhma 4.1.7 (Je¸rhma s-m-n, Kleene 1938) 1) Gia k�je m,n ∈ N, up�rqei
b.a. (�ra olik ) sun�rthsh sm

n : Nm+1 → N, tètoia ¸ste gia k�je e, x1, . . . , xm,
y1, . . . , yn ∈ N,

ϕm+n
e (x1, . . . , xm, y1, . . . , yn) = ϕn

d (y1, . . . , yn),

ìpou d = sm
n (e, x1, . . . , xm).

2) Eidikìtera, gia k�je f : Nm+n → N, up�rqei b.a. anadromik  s : Nm → N,
tètoia ¸ste,

f(x, y1, . . . , yn) = ϕs(x)(y1, . . . , yn).

Apìdeixh. 1) 'Estw f h sun�rthsh pou par�getai apì thn ϕe gia k�poia stajer 
tim  twn x1, . . . , xm, dhlad 

f(y1, . . . , yn) = ϕm+n
e (x1, . . . , xm, y1, . . . , yn).

Gr�fontac y = (y1, . . . , yn) kai qrhsimopoi¸ntac tic stajerèc sunart seic cxi , h para-
p�nw gr�fetai

f(y) = ϕm+n
e (cx1(y), . . . , cxm(y), y).

All� t¸ra, anatrèqontac sthn apìdeixh tou 2.7.1, kai sugkekrimèna ston orismì tou
deÐkth dfe thc f , blèpoume ìti o dfe ja eÐnai b.a. sun�rthsh tou deÐkth e thc ϕe kai
twn x1, . . . , xm. Dhlad  dfe = s(e, x1, . . . , xm). H s eÐnai h zhtoÔmenh.

2) 'Estw e ènac deÐkthc thc f , dhlad  f = ϕe. Apì to 1) pio p�nw up�rqei
t : Nm+1 → N, ètsi ¸ste

ϕt(e,x)(y) = ϕe(x, y) = f(x, y).

AfoÔ o deÐkthc e eÐnai stajerìc arkeÐ na jèsoume s(x) = t(e, x) kai èqoume to zhtoÔ-
meno. QED

Me aform  thn prìtash 4.1.5 kai thn �skhsh 4.1.1, mporoÔme se k�je sÔnolo
anadromik¸n sunart sewn F na antistoiqÐsoume to sÔnolo deikt¸n tou F , Ind(F ),
dhlad  to sÔnolo

Ind(F ) = {x : ϕx ∈ F}.
(EÐnai eÔkolo na doÔme ìti èna sÔnolo I ⊆ N eÐnai sÔnolo deikt¸n an kai mìnon an gia
k�je x, y, x ∈ I kaÐ ϕx = ϕy ⇒ y ∈ I.) TÐ idiìthtec èqoun ta sÔnola deikt¸n; P.q.
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h 4.1.5 kai h �skhsh 6.1 lène ìti an F eÐnai to sÔnolo twn olik¸n   t¸n olik¸n me
timèc sto {0, 1} sunart sewn, tìte to Ind(F ) den eÐnai a.a. Fusik� h pio epijumht 
kat�stash ja  tan to Ind(F ) na eÐnai anadromikì. 'Omwc to parak�tw Je¸rhma tou
Rice lèei ìti autì sumbaÐnei mìno ìtan F = ∅   ìtan F = R.

Je¸rhma 4.1.8 (Je¸rhma tou Rice, 1953) 'Estw F ⊆ R. To Ind(F ) eÐnai
anadromikì an kai mìnon an F = ∅   F = R. (IsodÔnama: An X ⊆ N, X anadromikì
kai X di�foro twn ∅ kai Ind, tìte up�rqoun x, y tètoia ¸ste x ∈ X, y /∈ X kai
ϕx = ϕy.)

Apìdeixh. An F = ∅   F = R, tìte Ind(F ) = ∅   to Ind(F ) eÐnai to sÔnolo
ìlwn twn deikt¸n, to opoÐo, ìpwc parathr same sthn Parat rhsh 2.7.2 (2), eÐnai
anadromikì. AntÐstrofa, èstw ìti F 6= ∅ kai F 6= R. Tìte up�rqei f ∈ F kai
g /∈ F . XwrÐc periorismì thc genikìthtac ac upojèsoume ìti oi f, g eÐnai monomeleÐc.
Ac jumhjoÔme ìti Ω eÐnai h sun�rthsh me pedÐo orismoÔ ∅. Ac upojèsoume ìti Ω /∈ F .
OrÐzoume thn sun�rthsh h : N2 → N wc ex c:

h(x, y) =

{
f(y), an x ∈ K,
den orÐzetai alli¸c.

H h eÐnai algorijmik  (�ra anadromik ) diìti dojèntoc tou zeÔgouc (x, y), efarmì-
zoume sto x ton algìrijmo A tou K. An autìc d¸sei ��nai��, efarmìzoume sto y ton
algìrijmo B thc f . An o A den apant sei, h h den orÐzetai sto (x, y). (To Ðdio kai
e�n o A apant sei all� den apant sei o B.) Apì to je¸rhma s-m-n (2), up�rqei olik 
s tètoia ¸ste h(x, y) = ϕs(x)(y). 'Ara

ϕs(x)(y) =

{
f(y), an x ∈ K,
den orÐzetai alli¸c.

Autì shmaÐnei ìti an x ∈ K, tìte ϕs(x) = f , kai �ra s(x) ∈ Ind(F ), afoÔ f ∈ F .
AntÐstrofa, an x /∈ K, tìte h ϕs(x) den orÐzetai gia kanèna y, dhlad  ϕs(x) = Ω, kai
epeid  Ω /∈ F , s(x) /∈ Ind(F ). M� �lla lìgia èqoume thn isodunamÐa:

x ∈ K ⇐⇒ ϕs(x) ∈ F ⇐⇒ s(x) ∈ Ind(F ).

Autì shmaÐnei ìti K = s−1(Ind(F )), opìte an to Ind(F )  tan anadromikì, kai to K
ja  tan anadromikì, pr�gma pou den sumbaÐnei.

Upojèsame pio prin ìti Ω /∈ F . An Ω ∈ F , tìte douleÔoume ìpwc prin me to
sÔnolo −F kai thn g sth jèsh thc f , kai deÐqnoume ìti to sÔnolo Ind(−F ) den eÐnai
anadromikì. Epeid  Ind(−F ) = −Ind(F ), èpetai ìti to −Ind(F ) kai �ra to Ind(F )
den eÐnai anadromikì. QED

Dedomènou ìti o deÐkthc miac sun�rthshc parist� èna ��prìgramma�� gia ton up-
ologismì thc, to je¸rhma tou Rice mporeÐ na ermhneujeÐ wc ex c: Den mporoÔme na
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sumper�noume tic idiìthtec thc sun�rthshc apì to prìgramma pou thn upologÐzei,  ,
antÐstrofa, to sÔnolo twn programm�twn thc apì th sun�rthsh. P.q. an dojeÐ mÐa f ,
to sÔnolo {x : ϕx = f}, eÐnai to Ind(F ) gia F = {ϕx : ϕx = f}. To teleutaÐo eÐnai
di�foro tou ∅ kai tou R, �ra to {x : ϕx = f} den eÐnai anadromikì. Autì shmaÐnei ìti,
dojeÐshc miac f , den èqoume trìpo (algìrijmo) na elègxoume an èna tuqìn prìgramma,
eÐnai prìgramma gia thn f . Kat� meÐzona lìgo den èqoume algìrijmo pou na apofasÐzei
an dÔo progr�mmata k�noun thn Ðdia akrib¸c doulei� (dhlad  to {(x, y) : ϕx = ϕy}
den eÐnai anadromikì).

4.2 Jewr mata StajeroÔ ShmeÐou

Oi prot�seic 4.1.6 kai 4.1.5 eÐnai tupik� apotelèsmata thc allhlepÐdrashc deikt¸n kai
orism�twn mèsw thc diagwniopoÐhshc (ìpou deÐkthc kai ìrisma sumpÐptoun. SugkrÐnete
thn apìdeixh thc 4.1.6 m� ekeÐnhn tou jewr matoc 6.4.6). To pio entupwsiakì ìmwc
apotèlesma thc diagwniopoÐhshc eÐnai ta Jewr mata StajeroÔ ShmeÐou5 tou Kleene
(Fixed-point theorem). Prìkeitai gia baji� jewr mata pou h apìdeix  touc den eÐ-
nai mia apl  diagwniopoÐhsh ìpwc p.q sto prìblhma termatismoÔ, all� èna xeqwristì
deÐgma eurhmatikìthtac. Me mia lèxh, eÐnai mia apìdeixh pou den ja mporoÔse na
skefteÐ o kajènac. Se orismèna biblÐa ta JSS lègontai Jewr mata Anadrom c (Re-
cursion Theorems). Kai ìqi �dika diìti ekfr�zoun Ðswc thn shmantikìterh ptuq  thc
anadrom c: 'Oti kaje anadromik  (epanalhptik ) diadikasÐa arg�   gr gora odhgeÐtai
se mia kat�stash isorropÐac, dhlad  èna stajerì shmeÐo. ArqÐzoume me to aplì JSS.

Je¸rhma 4.2.1 (Je¸rhma StajeroÔ ShmeÐou, Kleene 1938) Gia k�je n ∈ N kai
k�je olik  anadromik  f : N→ N, up�rqei e tètoio ¸ste ta e kai f(e) na eÐnai deÐktec
thc Ðdiac sun�rthshc, dhlad  ϕn

e = ϕn
f(e), �ra kai Wn

e = Wn
f(e).

Apìdeixh. To basikì tèqnasma eÐnai na ��paÐxei�� kaneÐc me deÐktec thc morf c
ϕi(j). Tètoioi deÐktec upìkeintai sth diagwniopoÐhsh ϕi(i) (pr¸th diagwniopoÐhsh).
'Estw mÐa f : N→ N. An jewr soume th sÔnjesh g(i) = f(ϕi(i)), h g eÐnai profan¸c
anadromik , �ra g = ϕa gia k�poio a. Sunep¸c g(i) = ϕa(i) = f(ϕi(i)) gia k�je
i. Eidik� gia i = a paÐrnoume ϕa(a) = f(ϕa(a)). Jètontac ϕa(a) = e, paÐrnoume
f(e) = e (dhlad  pragmatik� stajerì shmeÐo) kai kat� meÐzona lìgo ϕn

e = ϕn
f(e).

Telei¸same; 'Oqi akrib¸c. Den eÐmaste sÐgouroi ìti h ϕa orÐzetai sto a, dhlad  ìti
to e = ϕa(a) up�rqei. Gi� autì epistrèfoume stouc deÐktec ϕi(i).

5Jewr mata StajeroÔ ShmeÐou up�rqoun poll�, se poikÐlec perioqèc twn majhmatik¸n, kai ìla
isqurÐzontai thn Ôparxh, k�tw apì orismènec sunj kec, gia mia sun�rthsh f enìc shmeÐou x tètoiou
¸ste f(x) = x. H arq  ègine me to klassikì je¸rhma tou Brouwer, ìti k�je suneq c sun�rthsh
f apì to [0, 1] sto [0, 1] èqei èna stajerì shmeÐo. Sthn prokeimènh perÐptwsh den èqoume akrib¸c
stajerì shmeÐo, all� thn Ôparxh gia k�je f enìc e tètoiou ¸ste ϕe = ϕf(e), kai ìqi f(e) = e. Gi�
autì orismènoi ta onom�zoun jewr mata yeudo-stajeroÔ shmeÐou.
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Gia k�je n, i orÐzetai mia anadromik  sun�rthsh hi : Nn → N wc ex c:

hi(x) =

{
ϕn

ϕi(i)
(x), an to ϕi(i) orÐzetai kai eÐnai deÐkthc,

den orÐzetai alli¸c.
Epeid  h hi(x) gr�fetai kai h(i, x), apì to je¸rhma s-m-n up�rqei olik  sun�rthsh s :
N→ N tètoia ¸ste hi = ϕn

s(i). Tìte h sÔnjesh fs eÐnai olik  kai gia k�poio m, fs =
ϕm. H ϕm eÐnai olik , �ra to fs(m) = ϕm(m) orÐzetai (deÔterh diagwniopoÐhsh).
'Estw s(m) = e. To e eÐnai stajerì shmeÐo. Pr�gmati apì ton orismì thc s èqoume:

ϕn
e = ϕn

s(m) = hm = ϕn
ϕm(m) = ϕn

f(s(m)) = ϕn
f(e).

QED

To parap�nw eÐnai to aplì JSS. Sunèpeièc tou eÐnai di�forec kataskeuèc par�x-
enwn (pajologik¸n) sunart sewn kai sunìlwn.

Paradeigmata. 1) P�rte th sun�rthsh f(x) = x + 1. 'Epetai apì to JSS ìti
gia k�poio e, ϕe = ϕe+1. 'Omoia up�rqoun e tètoia ¸ste ϕe = ϕe2 , ϕe = ϕ2e , klp.

2) Up�rqei e tètoio ¸ste h sun�rthsh ϕe eÐnai h stajer  sun�rthsh f(x) = e gia
k�je e, dhlad  ϕe = ce. Pr�gmati, èstw h sun�rthsh f(x, y) = x gia k�je x, y. Apì
to je¸rhma s-m-n up�rqei olik  s tètoia ¸ste ϕs(x)(y) = f(x, y) = x. An e eÐnai
stajerì shmeÐo thc s, tìte ϕe = ϕs(e) kai gia k�je x,

ϕe(x) = ϕs(e)(x) = f(e, x) = e.

3) Up�rqei e, tètoio ¸ste We = {e}. Pr�gmati, h sun�rthsh

f(x, y) =

{
0, an x = y,
den orÐzetai alli¸c,

eÐnai anadromik  kai apì to je¸rhma s-m-n up�rqei olik  s tètoia ¸ste ϕs(x)(y) =
f(x, y). 'Estw e stajerì shmeÐo thc s. EÐnai eÔkolo na doÔme ìti We = {e}. Pr�gmati,
ϕe(e) = ϕs(e)(e) = f(e, e) = 0, sunep¸c e ∈ We. An t¸ra x 6= e, èqoume ϕe(x) =
ϕs(e)(x) = f(e, x), to opoÐo den orÐzetai, �ra x /∈ We. Sunep¸c We = {e}.

'Omwc polÔ pio isqurì eÐnai to JSS me paramètrouc, ìpou to stajerì shmeÐo den
eÐnai ènac arijmìc all� mia sun�rthsh:

Je¸rhma 4.2.2 (Je¸rhma StajeroÔ ShmeÐou me Paramètrouc) Gia k�je olik 
anadromik  f : Nn+1 → N, up�rqei olik  anadromik  h : Nn → N, tètoia ¸ste
gia k�je x = (x1, . . . , xn),

ϕh(x) = ϕf(x,h(x)).
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Apìdeixh. 'Opwc kai sto aplì JSS, up�rqei olik  s : Nn+1 → N tètoia ¸ste

ϕs(i,x)(y) =

{
ϕϕi(i,x)(y), an to ϕi(i, x) orÐzetai kai eÐnai deÐkthc,
den orÐzetai alli¸c.

DojeÐshc thc f , èstw m deÐkthc thc sun�rthshc f(x, s(i, x)), dhlad 

ϕm(i, x) = f(x, s(i, x)).

H ϕm eÐnai olik . En¸ prin to stajerì shmeÐo  tan o arijmìc s(m) = e, t¸ra to
stajerì shmeÐo eÐnai h sun�rthsh s(m, x). Pr�gmati, apì ton pio p�nw orismì èqoume

ϕs(m,x) = ϕϕm(m,x)
= ϕf(x,s(m,x)).

Jètontac h(x) = s(m,x), h h eÐnai olik  anadromik  kai èqoume

ϕh(x) = ϕs(m,x) = ϕf(x,s(m,x)) = ϕf(x,h(x)).

QED

T¸ra mporoÔme na doÔme ìti oi sunart seic pou orÐzontai apì ta sq mata basik c
anadrom c kai elaqistopoÐhshc, eÐnai sthn ousÐa stajer� shmeÐa k�poiac anadromik c
sun�rthshc.

Prìtash 4.2.3 An h f orÐzetai me to sq ma basik c anadrom c   me e-
laqistopoÐhsh, tìte eÐnai stajerì shmeÐo miac anadrom c. Sugkekrimèna:

1) An h f : Nk+1 → N par�getai me basik  anadrom , up�rqei ρ : Nk → N tètoia
¸ste f(x, y) = ϕρ(x)(y) kai φρ(x) = φs(x,ρ(x)) gia k�poia s.

2) An h f : Nk → N par�getai me elaqistopoÐhsh, tìte f(x) = ϕe(0, x), kai to e
eÐnai stajerì shmeÐo miac sun�rthshc s.

Apìdeixh. 1) 'Estw ìti h f : Nk+1 → N orÐzetai apì tic g, h me basik  anadrom ,
dhlad :

f(x, 0) = g(x),
f(x, y + 1) = h(x, y, f(x, y)).

JewroÔme th sun�rthsh F : Nk+2 → N pou orÐzetai wc ex c:

F (x, i, y) =

{
g(x), an y = 0,
h(x, y − 1, F (x, i, y − 1)), alli¸c.

Apì to je¸rhma s-m-n, up�rqei olik  sun�rthsh s : Nk+1 → N tètoia ¸ste

F (x, i, y) = ϕs(x,i)(y).

Apì to JSS me paramètrouc, up�rqei sun�rthsh ρ : Nk → N, pou eÐnai stajerì
shmeÐo thc s, dhlad 

ϕρ(x) = ϕs(x,ρ(x)).
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IsqurÐzomai ìti gia k�je x, y,

ϕρ(x)(y) = f(x, y). (18)

DeÐqnoume thn (18) me epagwg  sto y.
(a) Gia y = 0, èqoume:

ϕρ(x)(0) = ϕs(x,ρ(x))(0) = F (x, ρ(x), 0) = g(x) = f(x, 0).

(b) 'Estw isqÔei gia y, dhlad  h (18) isqÔei. ArkeÐ na deÐxoume ìti

ϕρ(x)(y + 1) = f(x, y + 1).

'Eqoume:

ϕρ(x)(y + 1) = ϕs(x,ρ(x))(y + 1) = F (x, ρ(x), y + 1) = h(x, y, F (x, ρ(x), y)) =

h(x, y, ϕs(x,ρ(x))(y)) = h(x, y, ϕρ(x)(y)).

Apì thn upìjesh thc epagwg c ìmwc ϕρ(x)(y) = f(x, y), �ra to teleutaÐo mèloc twn
parap�nw isot twn isoÔtai me h(x, y, f(x, y)) = f(x, y + 1), dhlad  to zhtoÔmeno.

2) 'Estw t¸ra ìti h f : Nk → N par�getai me elaqistopoÐhsh apì thn g, dhlad 
f(x) = (µy)(g(x, y) = 1).

JewroÔme th sun�rthsh F : Nk+1 → N pou orÐzetai wc ex c:

F (i, y, x) =

{
y, an g(x, y) = 1,
F (i, y + 1, x), alli¸c.

EÐnai eÔkolo na epalhjeÔsei kaneÐc ìti gia k�je i, F (i, 0, x) = f(x). Pr�gmati, h
F , gia dojèn x, gia k�je i, kai xekin¸ntac me y = 0, purodoteÐ mia anaz thsh enìc
y tètoiou ¸ste g(x, y) = 1. An den up�rqei tètoio y gia to dojèn x, to F (i, 0, x)
den orÐzetai, ìpwc sumbaÐnei kai me to f(x). An up�rqei, tìte to F (i, 0, x) ja eÐnai
profan¸c to el�qisto m� aut  thn idiìthta, �ra kai p�li isoÔtai me f(x). T¸ra to
ìrisma i sthn F , mp ke mìno gia na mac bohj sei na p�roume thn F san stajerì
shmeÐo. Pr�gmati apì to s-m-n, up�rqei s tètoia ¸ste

ϕs(i)(y, x) = F (i, y, x).

An e eÐnai stajerì shmeÐo gia thn s (ed¸ qrhsimopoioÔme to aplì JSS), ja èqoume
ϕe(y, x) = F (e, y, x), �ra f(x) = ϕe(0, x). QED

PrÐn kleÐsoume aut  thn par�grafo ja d¸soume mia efarmog  tou s-m-n sto
prìblhma thc sqetik c anadromikìthtac kai twn Turing bajm¸n (Turing degrees).
Pèra apì tic (apolÔtwc) anadromikèc sunart seic kai sÔnola, èqoume tic antÐstoiqec
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sqetikopoihmènec ènnoiec. P.q. an g eÐnai mia opoiad pote sun�rthsh kai f(x) =
g(x) + x2, h f den eÐnai kat� an�gkh anadromik , all� eÐnai anadromik  wc proc thn
g, dhlad  par�getai apì thn g, kai tic anadromikèc sunart seic + kai ·, me sÔnjesh.
Genikìtera èqoume ton ex c

Orismìc 4.2.4 'Estw g mia olik  sun�rthsh. H kl�sh twn anadromik¸n wc proc
g sunart sewn, R(g), eÐnai h el�qisth kl�sh C tètoia ¸ste:

(i) H C perièqei thn g kai tic arqikèc sunart seic.
(ii) H C eÐnai kleist  wc proc basik  anadrom , sÔnjesh kai elaqistopoÐhsh.
Lème ìti h f eÐnai Turing anag ģimh sthn g (Turing reducible in g), kai sumbolÐ-

zoume f ≤T g, an f ∈ R(g).
'Omoia, gia dÔo sÔnola X, Y gr�foume X ≤T Y an CX ≤T CY .

Mi� eÐdik  perÐptwsh Turing anagwgimìthtac eÐnai h ex c:

Orismìc 4.2.5 'Estw X, Y dÔo sÔnola. To X lègetai m-anag ģimo sto Y , kai
gr�foume X ≤m Y , an up�rqei olik  anadromik  f tètoia ¸ste

∀x(x ∈ X ⇐⇒ f(x) ∈ Y ).

EÐnai eÔkolo na doÔme ìti

X ≤m Y ⇒ X ≤T Y. (19)

Pr�gmati, X ≤m Y sunep�getai ìti CX(x) = 1 ⇐⇒ CY (f(x)) = 1, �ra
CX = CY ◦f , kai sunep¸c CX ∈ R(CY ) (afoÔ h f eÐnai anadromik ), dhlad  X ≤T Y .

EpÐshc, an X ≤T Y kai to Y eÐnai a.a., kai to X ja eÐnai a.a.

Orismìc 4.2.6 'Ena sÔnolo X lègetai a.a.-pl rec (r.e.-complete   Turing com-
plete), an eÐnai a.a. kai gia k�je a.a. sÔnolo Y , Y ≤T X.

Je¸rhma 4.2.7 (Post 1944) To sÔnolo K = {x : x ∈ Wx} eÐnai a.a.-pl rec.

Apìdeixh. Lìgw thc (19), arkeÐ na deÐxoume ìti gia k�je a.a. sÔnolo X, X ≤m K,
dhlad  ìti up�rqei f tètoia ¸ste gia k�je x,

x ∈ X ⇐⇒ f(x) ∈ K ⇐⇒ f(x) ∈ Wf(x).

'Estw X èna a.a. sÔnolo. JewroÔme th sun�rthsh

h(x, y) =

{
y, an x ∈ X,
den orÐzetai alli¸c.

Apì to je¸rhma s-m-n up�rqei olik  f tètoia ¸ste ϕf(x)(y) = h(x, y). Apì tìn
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orismì, gia x ∈ X, ϕf(x)(y) = y gia k�je y, dhlad  ϕf(x) = id, �ra Wf(x) = N.
EpÐshc gia x /∈ X, ϕf(x)(y) ↑ gia k�je y, dhlad  ϕf(x) = Ω, �ra Wf(x) = ∅. 'Ara af'
enìc

x ∈ X ⇒ Wf(x) = N ⇒ f(x) ∈ Wf(x) ⇒ f(x) ∈ K,

kai af' etèrou,

x /∈ X ⇒ ∀y ϕf(x)(y) ↑ ⇒ Wf(x) = ∅ ⇒ f(x) /∈ Wf(x) ⇒ f(x) /∈ K.

'Ara x ∈ X ⇐⇒ f(x) ∈ K, kai sunep¸c h f eÐnai h zhtoÔmenh. QED

5 StoiqeÐa apì th Majhmatik  Logik . Logikìc
qarakthrismìc twn anadromik¸n kai a.a. sunìl-
wn

'Opwc eÐnai gnwstì ��Arijmhtik �� eÐnai h jewrÐa twn fusik¸n arijm¸n (  mharnhtik¸n
akeraÐwn), dhlad  to sÔnolo twn prot�sewn pou alhjeÔoun sto N = {0, 1, 2, . . .}
kai aforoÔn tic pr�xeic +, ·, kai tic sqèseic < kai =. Up�rqei kai mÐa akìmh pr�xh,
pou sun jwc thn parablèpoume giatÐ th jewroÔme mèroc thc prìsjeshc, h pr�xh thc
diadoq c S(x) = x + 1, me thn opoÐa par�gontai apì to 0 oi upìloipoi fusikoÐ, kaj¸c
1 = S(0), 2 = S(1) = SS(0), klp. 'Etsi ìlec oi idiìthtec pou aforoÔn ta stoiqeÐa tou
N, ekfr�zontai mèsw twn sumbìlwn +, ·, S, <, =, sun k�poia �lla standard logik�
sÔmbola pou ja eis�goume parak�tw. Sthn kajhmerin  praktik  den noiazìmaste
kai polÔ gia th morf  pou èqoun oi prot�seic mac ìtan grafoÔn me austhrì trìpo
sthn parap�nw gl¸ssa. 'Omwc ja doÔme ìti h logik  morf  miac idiìthtac èqei �meso
antÐqtupo sthn poluplokìthta tou sunìlou pou orÐzetai apì thn idiìthta aut , dhlad 
sthn anadromikìthta   mh tou sunìlou. Skopìc mac sta epìmena eÐnai na d¸soume mia
logik , dhlad  suntaktik , perigraf  twn anadromik¸n kai a.a. uposunìlwn tou N.

5.1 Gl¸ssa thc Arijmhtik c, logismìc kai ermhneÐa twn pro-
t�sewn kai tÔpwn

H gl¸ssa (alf�bhto) thc Arijmhtik c eÐnai to sÔnolo twn sumbìlwn

LA = {+, ·, 0, <, =} ∪ {∧,∨,→,↔,¬,∃, ∀, (, ), x1, x2, . . .}.

To pr¸to sÔnolo sthn parap�nw ènwsh perièqei ta majhmatik� sÔmbola. Ta an-
tikeÐmena aut�, wc sÔmbola, eÐnai diaforetik� apì ta antikeÐmena pou prìkeitai na
sumbolÐsoun, gi� autì kai parist�noume me 0 to sÔmbolo tou mhdenìc, ¸ste na to di-
akrÐnoume apì to Ðdio to 0 pou eÐnai èna stoiqeÐo tou N. To Ðdio ja èprepe na k�noume
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kai me ta upìloipa sÔmbola +, · klp, all� autì ja dhmiourgoÔse tupografikì prìblh-
ma, gi� autì periorizìmaste na epishm�noume aut  th di�krish. 'Etsi �llec forèc to +
ja parist�nei to sÔmbolo thc prìsjeshc kai �llote thn sugkekrimènh pr�xh sto N.

To deÔtero sÔnolo perièqei ta logik� sÔmbola. Ta teleutaÐa eÐnai koin� s� ìlec
tic majhmatikèc gl¸ssec kai to ìnoma kai h shmasÐa touc eÐnai lÐgo polÔ gnwst .
Sugkekrimèna:

1) ∧: Lègetai sÔxeuxh kai shmaÐnei ��kaÐ��.
2) ∨: Lègetai di�zeuxh kai shmaÐnei �� ��.
3) →: Lègetai sunepagwg  kai shmaÐnei ��an tìte��.
4) ↔: Lègetai isodunamÐa kai shmaÐnei ���n kai mìnon an��.
5) ¬: Lègetai �rnhsh kai shmaÐnei ��ìqi��.
6) (, ): Parenjèseic (bohjhtik� all� aparaÐthta sÔmbola).
7) x1, x2, . . .: Lègontai metablhtèc kai to pl joc touc eÐnai �peiro. (Sthn pr�xh

qrhsimopoioÔme gia aplìthta kai ���tupec �� metablhtèc x, y, z klp.)

Me to parap�nw alf�bhto fti�qnoume ìrouc (terms) kai tÔpouc (formulas). Mèroc
twn tÔpwn eÐnai oi prot�seic.

Orismìc 5.1.1 To sÔnolo T (LA) twn ìrwn (terms) thc LA eÐnai to mikrìtero
sÔnolo X me tic idiìthtec:

(a) 0 ∈ X,
(b) xi ∈ X gia k�je metablht  xi,
(g) An t, s ∈ X tìte t + s ∈ X, t · s ∈ X kai S(t) ∈ X.

P.q. ta
S(x) + S(y · S(0)),

x2 + y3,

(ìpou x2 = x · x, x3 = (x · x) · x, klp),

skn(0) · xn + skn−1(0) · xn−1 + · · · sk1(0) · x + sk0(0),

(ìpou Sn(x) = S · · ·S︸ ︷︷ ︸
n forèc

(x)), eÐnai ìroi. 'Oroi qwrÐc metablhtèc lègontai kleistoÐ.

AfoÔ to 0 sumbolÐzei to 0, oi ìroi S(0), S2(0), . . . Sn(0), ja sumbolÐzoun touc
akeraÐouc 1, 2, . . . , n, . . . antÐstoiqa, gi� autì, gia lìgouc omoiomorfÐac me ìti arqÐsame
me to mhdèn, jètoume gia k�je n ∈ N,

Sn(0) := n.
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Orismìc 5.1.2 To sÔnolo F (LA) twn tÔpwn (formulas) thc LA eÐnai to mikrìtero
sÔnolo X me tic idiìthtec:

(a) Gia ìlouc touc ìrouc t, s, oi t = s kai t < s an koun sto X.
(b) An φ, ψ ∈ X, tìte oi φ ∧ ψ, φ ∨ ψ, φ → ψ, φ ↔ ψ, kai ¬φ an koun sto X.
(g) An φ ∈ X kai x metablht , tìte oi (∃x)φ, (∀x)φ an koun sto X.

K�je idiìthta kai isqurismìc pou afor� touc fusikoÔc arijmoÔc ekfr�zettai me
ènan tÔpo thc gl¸ssac.

Paradeigmata.
(1) ��O x diaireÐ ton y�� gr�fetai:

(∃z)(y = x · z).

[Fusik� ja suneqÐsoume na qrhsimopoioÔme tic gnwstèc suntomografÐec, p.q. x|y gia
th diairetìthta, all� xèrontac ìti eÐnai mìno suntomografÐec kai ìqi h pragmatik 
gl¸ssa twn arijm¸n.]

(2) ��O x eÐnai �rtioc �� gr�fetai:

(∃y)(x = 2 · y).

(3) ��O x eÐnai pr¸toc �� gr�fetai:

(∀y)(y|x → y = x ∨ y = 1).

(4) ��Up�rqoun �peiroi pr¸toi�� gr�fetai:

(∀x)(∃y)(x < y ∧ P (y)),

ìpou P (x) eÐnai o tÔpoc ��o x eÐnai pr¸toc �� pou eÐdame prohgoumènwc.

(5) ��x ≡ y(modz)�� gr�fetai:

(∃u)(x = y + u · z ∨ y = x + u · z)

(epeid  x ≡ y(modz) shmaÐnei ìti o z diaireÐ ton |x− y|, kai |x− y| = x− y   y − x).

(6) Akìma kai h sqèsh di�taxhc < mporeÐ na ekfrasjeÐ mèsw twn upoloÐpwn sum-
bìlwn thc gl¸ssac kaj¸c h x < y isodunameÐ me

(∃z)(y = x + S(z)).
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Orismìc 5.1.3 'Estw φ ènac tÔpoc kai x mia metablht  tou φ. H x mporeÐ na
emfanÐzetai se di�forec jèseic mèsa ston φ, gi� autì mil�me gia emfanÐseic thc x
ston φ. MÐa emf�nish thc x lègetai desmeumènh an eÐnai thc morf c (∀x)(· · ·x · · ·)
  (∃x)(· · ·x · · ·). K�je �llh emf�nish lègetai eleÔjerh. H x lègetai eleÔjerh
metablht  tou φ an èqei mÐa toul�qiston eleÔjerh emf�nish ston φ. Alli¸c lègetai
desmeumènh metablht  tou φ. O φ lègetai prìtash (sentence) an den èqei eleÔjerec
metablhtèc.

To sÔnolo twn prot�sewn thc LA to sumbolÐzoume S(LA). O sumbolismìc
φ(x1, . . . , xn),   φ(x), shmaÐnei ìti oi eleÔjerec metablhtèc tou φ eÐnai metaxÔ twn
x1, . . . , xn. O φ(x1, . . . , xn), gia n > 1, ekfr�zei mia n-mel  sqèsh metaxÔ ari-
jm¸n. Gia n = 1, ekfr�zei mia idiìthta. P.q. sta pio p�nw paradeÐgmata, s-
to (1) o tÔpoc φ(x, y) := (∃z)(y = x · z) (me eleÔjerec metablhtèc tic x, y) ek-
fr�zei th dimel  sqèsh x|y, sto (2) kai (3) èqoume tic idiìthtec A(x):=��x �rtios��
kai P (x):=��x pr¸tos�� antÐstoiqa, sto (4) èqoume mia prìtash, sto (5) èqoume mia
trimel  sqèsh ψ(x, y, z) := x ≡ y(modz), kai sto (6) èqoume epÐshc th dimel  sqèsh
x < y := (∃z)(y = x + S(z)).

Suqn� oi tÔpoi (∀x1) . . . (∀xn)φ(x1, . . . , xn) kai (∃x1) . . . (∃xn)φ(x1, . . . , xn) sun-
tomografoÔntai wc (∀x)φ(x) kai (∃x)φ(x) antÐstoiqa.

An φ(x1, . . . , xn) eÐnai ènac tÔpoc kai oi t1, . . . , tn eÐnai ìroi thc LA, tìte me
φ(t1, . . . , tn) parist�noume ton tÔpo pou prokÔptei apì thn antikat�stash k�je eleÔ-
jerhc metablht c xi (ìpou aut  emfanÐzetai) apì ton ìro ti.

Ta parap�nw aforoÔn thn sÔntaxh thc gl¸ssac LA. Erqìmaste sthn ermhneÐa
twn prot�sewn mèsa sth dom 

N = (N,+N, ·N, SN, <N, 0).

Ta +N, ·N, SN, <N eÐnai h prìsjesh, o pol/smìc, h diadoq  kai h di�taxh tou N, ta
opoÐa prèpei na ta diakrÐnoume apì ta apl� sÔmbola +, ·, S, < thc gl¸ssac. 'Omwc
ìpwc eÐdh eip¸jhke, gia aplopoÐhsh tou sumbolismoÔ den ja qrhsimopoioÔme touc �nw
deÐktec kai ja gr�foume apl¸c

N = (N, +, ·, S, <, 0).

To ìti akìmh sumbolÐzoume me to Ðdio sÔmbolo N, tìso to aplì sÔnolo twn fusik¸n
ìso kai thn dom  ep' autoÔ, gÐnetai epÐshc gia lìgouc aplìthtac.

Orismìc 5.1.4 Gia k�je kleistì ìro t ∈ T (LA), h ermhneÐa tou mèsa sto N eÐnai
èna stoiqeÐo tN tou N pou orÐzetai epagwgik� wc ex c:

(a) 0N = 0.
(b) (t + s)N = tN + sN, (t · s)N = tN · sN, (S(t))N = S(tN) = tN + 1.
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EÔkola blèpoume ìti gia k�je n ∈ N, nN = n. En suneqeÐa orÐzoume ti shmaÐnei
mÐa prìtash φ thc LA na eÐnai alhj c sto N (sumbolismìc N |= φ).

Orismìc 5.1.5 Gia k�je φ ∈ S(LA) h sqèsh N |= φ orÐzetai epagwgik� wc ex c
(sta (a), (b) parak�tw oi ìroi t, s eÐnai kat� an�gkh kleistoÐ):

(a) N |= t = s an tN = sN.
(b) N |= t < s an tN < sN.
(g) N |= φ ∧ ψ an N |= φ kai N |= ψ.
(d) N |= φ ∨ ψ an N |= φ   N |= ψ.
(e) N |= φ → ψ an N |= φ ⇒ N |= ψ.
(z) N |= φ ↔ ψ an N |= φ ⇔ N |= ψ.
(h) N |= ¬φ an N 6|= φ.
(j) N |= (∀x)φ(x) an N |= φ(n) gia k�je n ∈ N.
(i) N |= (∃x)φ(x) an N |= φ(n) gia k�poio n ∈ N.

An φ(x1, . . . , xn) eÐnai tÔpoc me eleÔjerec metablhtèc xi, ex orismoÔ

N |= φ(x1, . . . , xn) ⇐⇒ N |= (∀x1) . . . (∀xn)φ(x1, . . . , xn).

'Epetai apì ton pio p�nw orismì ìti gia k�je φ ∈ S(LA), akrib¸c mia apì tic φ
kai ¬φ alhjeÔei sth N. (En¸ den isqÔei autì gia φ me eleÔjuerec metablhtèc.) To
sÔnolo

Th(N) = {φ ∈ S(LA) : N |= φ}
dhlad  to sÔnolo twn alhjei¸n tou N, lègetai Pl rhc Arijmhtik  (Complete Arith-
metic) kai sthn pr�xh eÐnai to antikeÐmeno tou kl�dou pou lègetai JewrÐa Arijm¸n.
Ja doÔme lÐgo argìtera ìti up�rqei kai h Tupik  Arijmhtik  (Formal Arithmetic),
pou eÐnai asjenèsterh jewrÐa. Gia thn ¸ra ja asqolhjoÔme me thn Th(N).

'Opwc eip¸jhke, k�je tÔpoc φ(x1, . . . , xk), me eleÔjerec metablhtèc xi, i ≤ k,
ekfr�zei mÐa k-mel  sqèsh sth gl¸ssa. Autìmata orÐzei mÐa k-mel  sqèsh sto N,
Rφ, wc ex c:

Rφ = {(n1, . . . , nk) ∈ Nk : N |= φ(n1, . . . , nk)}.
Lème tìte ìti to Rφ orÐzetai me ton tÔpo φ. Akribèstera:

Orismìc 5.1.6 'Ena sÔnolo X ⊆ Nk lègetai orÐsimo (definable) an X = Rφ gia
k�poio φ, dhlad  an gia k�je n1, . . . , nk ∈ N,

(n1, . . . , nk) ∈ X ⇐⇒ N |= φ(n1, . . . , nk).

Gia k�je k > 0, èstw

Defk(N) = {X ⊆ Nk : up�rqei φ(x) : X = Rφ}.
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H kl�sh twn orÐsimwn sunìlwn tou N eÐnai to sÔnolo

Def(N) =
⋃

k>0

Defk(N).

H parak�tw eÐnai mia apl  �skhsh:

Prìtash 5.1.7 To Def(N) eÐnai arijm simo sÔnolo. Gia k�je k > 0, to Defk(N)
eÐnai mia �lgebra Boole.

Ta orÐsima sÔnola apoteloÔn th shmantikìterh kl�sh sunìlwn sto N<ω. To
Def(N) eÐnai to sÔmpan twn sunìlwn gia ta opoÐa mporoÔme na ��mil soume�� sth gl¸s-
sa LA. Ta upìloipa, an kai polÔ perissìtera, eÐnai pèran tou belhnekoÔc thc gl¸ssac
mac �ra kai thc gnwstik c mac dunatìthtac. All� kai ta sÔnola tou Def(N), mìnon
��kat� arq n�� (in principle) eÐnai oikeÐa, afoÔ oi orismoÐ touc sth gl¸ssa LA mporeÐ
na eÐnai exairetik� polÔplokoi. Gi� autì kalì eÐnai na ta ierarq soume an�loga me thn
logik  poluplokìthta tou tÔpou pou ta orÐzei. Gia lìgouc pou ja gÐnoun katanohtoÐ
parak�tw, h logik  poluplokìthta enìc tÔpou eÐnai sun�rthsh apokleistik� tou ar-
ijmoÔ kai twn enallag¸n twn posodeikt¸n pou perièqei, dhlad  tou pìso meg�lec
akoloujÐec thc morf c ∃∀∃∀ · · ·   ∀∃∀∃ · · · emfanÐzontai ston tÔpo. Oi sÔndesmoi den
jewroÔme ìti ephre�zoun thn poluplokìthta, kai ènan tÔpo qwrÐc posodeÐktec, ìso
meg�lo arijmì sundèsmwn kai na perièqei, ton katat�ssoume sto kat¸tero skalop�ti
thc poluplokìthtac. All� kai gia touc posodeÐktec, mìnon oi mh fragmènoi jewroÔme
ìti sumb�lloun sthn poluplokìthta. (JumhjeÐte thn fragmènh anaz thsh pou odhgeÐ
apì (basik�) anadromik� se (basik�) anadromik� sÔnola, en¸ h mhfragmènh anaz thsh
odhgeÐ apì anadromik� se a.a. sÔnola. Dèc prìtash 2.6.4 kai § 2.2 par�deigma (14).)
Ta parap�nw odhgoÔn sthn parak�tw ier�rqhsh.

Orismìc 5.1.8 Oi posodeÐktec (∀x)(· · ·), (∃x)(· · ·) lègontai fragmènoi an eÐnai thc
morf c (∀x)(x < y → ψ) kai (∃x)(x < y ∧ψ), antÐstoiqa. Gia suntomÐa oi parap�nw
tÔpoi suntomografoÔntai wc (∀x < y)ψ kai (∃x < y)ψ antÐstoiqa. 'Enac tÔpoc φ
lègetai fragmènoc an ìloi oi posodeÐktec tou (an èqei) eÐnai fragmènoi. OrÐzoume ta
sÔnola tÔpwn Σn, Πn gia n ≥ 0 wc ex c:

Σ0 = Π0 = {φ : φ fragmènoc}.
Σn+1 = {(∃x)φ : φ ∈ Πn}.
Πn+1 = {(∀x)φ : φ ∈ Σn}.

An φ ∈ Σn o φ lègetai Σn tÔpoc kai ìmoia gia to Πn.
'Ena sÔnolo X ∈ Def(N) lègetai Σn- (antÐstoiqa Πn-) orÐsimo   apl¸c Σn

(antÐstoiqa Πn), an orÐzetai apì ènan Σn (antÐstoiqa Πn) tÔpo. Tèloc to X lègetai
∆n an eÐnai sugqrìnwc Σn kai Πn.

78



Profan¸c, ènac Σn tÔpoc eÐnai thc morf c (∃x1)(∀x2) · · · (Qxn)ψ, ìpou o ψ eÐnai
fragmènoc, kai èqoume n enallagèc posodeikt¸n ( Q = ∀ an n �rtioc kai ∃ alli¸c).
'Omoia ènac Πn tÔpoc eÐnai thc morf c (∀x1)(∃x2) · · · (Qxn)ψ (me Q = ∃ an n �rtioc
kai ∀ alli¸c).

O parap�nw qarakthrismìc twn tÔpwn eÐnai kajar� suntaktikìc kai profan¸c den
exantleÐ to sÔnolo twn tÔpwn. P.q. an o φ eÐnai Σ2 kai ψ eÐnai Π3 o tÔpoc φ∧ψ, φ∨ψ
eÐnai fanerì ìti den an kei se kammi� apì tic parap�nw kl�seic Sigman kai Πn. 'Omwc
ja doÔme ìti o teleutaÐoc, ìpwc kai k�je tÔpoc, eÐnai logik� isodÔnamoc me k�poion
pou an kei.

Sth Logik  oi tÔpoi eÐnai antikeÐmena enìc logismoÔ (calculus) pou touc metasqh-
matÐzei diathr¸ntac thn ��al jeia�� touc, ìpwc akrib¸c st n �lgebra o logismìc
metasqhmatÐzei touc tÔpouc diathr¸ntac thn posìthta. Kai ìpwc sthn �lgebra h
basik  sqèsh twn metasqhmatizìmenwn tÔpwn eÐnai h isìthta, sth logik  h antÐstoiqh
sqèsh eÐnai h logik  isodunamÐa. Gi� autì ja qreiasteÐ na mil soume gia th jemeli¸dh
aut  logik  ènnoia.

5.2 TautologÐa, logikì sumpèrasma, logik  isodunamÐa

Par' ìlo pou sthn prohgoÔmenh par�grafo arkest kame na orÐsoume thn al jeia twn
prot�sewn thc LA mìno sth dom  N, den eÐnai mìno aut  gia thn opoÐa èqei nìhma o
sumbolismìc N |= φ. Up�rqoun pollèc �llec an�logec domèc

M = (M, +M , ·M , SM , <M , 0M )

pou ermhneÔoun ta sÔmbola thc LA, kai stic opoÐec sunep¸c mporoÔme na orÐsoume
th sqèsh M |= φ, akrib¸c ìpwc kai thn N |= φ. Tic domèc autèc, akrib¸c epeid 
ermhneÔoun th gl¸ssa LA, ja tic lème LA-domèc. An M eÐnai mÐa LA-dom  kai T
eÐnai èna sÔnolo prot�sewn thc LA, o sumbolismìc M |= T shmaÐnei M |= φ gia k�je
φ ∈ T .

Orismìc 5.2.1 MÐa prìtash φ thc LA lègetai tautologÐa   logik� alhj c (logi-
cally true), an M |= φ gia k�je LA-dom  M , kai antÐfash   logik� yeud c (logically
false), an M 6|= φ gia k�je M . Genikìtera, ènac tÔpoc me eleÔjerec metablhtèc φ(x)
lègetai tautologÐa an h prìtash (∀x)φ(x) eÐnai tautologÐa. O tÔpoc φ(x) lègetai
ikanopoi simoc an up�rqei dom  M tètoia ¸ste M |= (∃x)φ(x). An T eÐnai sÔno-
lo prot�sewn kai φ mÐa prìtash, h φ lègetai logikì sumpèrasma tou T , sumbolik�
T |= φ, an gia k�je dom  M tètoia ¸ste M |= T , M |= φ. Genikìtera, dojèntwn
tÔpwn φ, ψ, o ψ lègetai logikì sumpèrasma tou φ, me sÔmbola φ |= ψ, an o tÔpoc
φ → ψ eÐnai tautologÐa. DÔo tÔpoi φ kai ψ, lègontai logik� isodÔnamoi (logically
equivalent), sumbolik� φ |=| ψ, an φ |= ψ kai ψ |= φ.
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Parat rhsh 5.2.2 1) Gia k�je prìtash φ h φ eÐnai tautologÐa an kai mìnon an h
¬φ eÐnai antÐfash.

2) An h φ(x) eÐnai tÔpoc me eleÔjerec metablhtèc, h φ(x) eÐnai tautologÐa an kai
mìnon an h ¬φ(x) den eÐnai ikanopoi simh.

3) 'Olec oi tautologÐec eÐnai metaxÔ touc logik� isosÔnamec, to Ðdio kai oi an-
tif�seic, gi� autì ja sumbolÐzoume me > kai ⊥ thn tuqaÐa tautologÐa kai antÐfash
antÐstoiqa.

4) Gia k�je φ, ⊥ |= φ kai φ |= >.
5) φ |=| ψ an kai mìnon an o φ ↔ ψ eÐnai tautologÐa.

Duì logik� isodÔnamoi tÔpoi eÐnai shmasiologik� tautìshmoi (qondrik� eÐnai dÔo
fr�seic me to Ðdio akrib¸c nìhma), gi� autì eÐnai shmantikì na anagnwrÐzoume metasqh-
matismoÔc pou diathroÔn thn isodunamÐa. BasikoÔc tètoiouc metasqhmatismoÔc periè-
qei o parak�tw kat�logoc.

Basikèc logikèc isodunamÐec.
(1) φ → ψ |=| ¬φ ∨ ψ.
(2) φ ↔ ψ |=| (φ → ψ) ∧ (ψ → φ).
(3) ¬(φ ∧ ψ) |=| ¬φ ∨ ¬ψ.
(4) ¬(φ ∨ ψ) |=| ¬φ ∧ ¬ψ.
(5) ¬¬φ |=| φ.
(6) φ ∧ ψ |=| ψ ∧ φ.
(7) φ ∨ ψ |=| ψ ∨ φ.
(8) φ ∧ (ψ ∧ σ) |=| (φ ∧ ψ) ∧ σ.
(9) φ ∨ (ψ ∨ σ) |=| (φ ∨ ψ) ∨ σ.
(10) φ ∧ (ψ ∨ σ) |=| (φ ∧ ψ) ∨ (φ ∧ σ).
(11) φ ∨ (ψ ∧ σ) |=| (φ ∨ ψ) ∧ (φ ∨ σ).
(12) φ ∧ ψ |=| φ an kai mìnon an φ |= ψ.
(13) φ ∨ ψ |=| φ an kai mìnon an ψ |= φ.
(14) ¬(∀x)φ |=| (∃x)¬φ.
(15) ¬(∃x)φ |=| (∀x)¬φ.
(16) (∀x)(∀y)φ |=| (∀y)(∀x)φ.
(17) (∃x)(∃y)φ |=| (∃y)(∃x)φ.
(18) (∀x)(φ ∧ ψ) |=| (∀x)φ ∧ (∀x)ψ.
(19) (∃x)(φ ∨ ψ) |=| (∃x)φ ∨ (∃x)ψ.
(20) (Qx)φ(x) |=| (Qy)φ(y), (Q = ∃   ∀) an h y eÐnai mÐa nèa metablht  pou den

up�rqei ston φ(x). (Allag  desmeumènhc metablht c.)
(21) (Qx)φ |= | φ, (Q = ∃   ∀) an h x den eÐnai eleÔjerh metablht  ston φ.

(Eikonik  metablht .)
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(22) (Qx)φ ∧ ψ |=| (Qx)(φ∧ψ), �n h x den eÐnai eleÔjerh metablht  sthn ψ (kai
ìmoia me ∨ sth jèsh tou ∧).

Me th bo jeia twn parap�nw isodunami¸n eÔkola mporeÐ kaneÐc na deÐxei to
parak�tw:

L mma 5.2.3 K�je tÔpoc φ, mporeÐ na p�rei thn ex c logik� isodÔnamh kanonik 
morf :

φ |=| (Q1x1) · · · (Qkxk)ψ, (20)

ìpou Qi posodeÐktec kai h ψ eÐnai tÔpoc qwrÐc posodeÐktec.

O dexiìc tÔpoc thc (20) lègetai kanonik  prenex morf  thc φ. To pleonèkthm�
autoÔ tou tÔpou eÐnai ìti ìloi oi posodeÐktec eÐnai sugkentrwmènoi mprost� kai ètsi
mporoÔme na doÔme ton arijmì kai tic enallagèc twn posodeikt¸n, kai na ektim soume
thn logik  tou poluplokìthta. H akoloujÐa twn posodeikt¸n (Q1x1) · · · (Qkxk) thc
kanonik c morf c lègetai prìjema (prefix) tou tÔpou.

5.3 Anadromikìthta kai orisimìthta

Epistrèfoume sta orÐsima sÔnola kai thn ierarqÐa twn Σn-, Πn-sunìlwn thc § 3.1.
MporoÔme t¸ra na doÔme ìti k�je orÐsimo sÔnolo sto N ja eÐnai Σn   Πn sÔnolo gia
k�poio n. To aplì gegonìc pou qrhsimopoieÐtai stic apodeÐxeic eÐnai ìti dÔo logik�
isodÔnamoi tÔpoi orÐzoun to Ðdio sÔnolo sto N.

L mma 5.3.1 'Estw Σn, Πn oi kl�seic twn Σn-, Πn-sunìlwn antÐstoiqa. Tìte:
(a) Def(N) =

⋃
n(Σn ∪Πn).

(b) X ∈ Σn ⇐⇒ −X ∈ Πn.
(g) Gi� k�je n, Σn ∪Πn ⊆ ∆n+1 = Σn+1 ∩Πn+1.
(d) K�je kl�sh Σn kai Πn eÐnai kleist  wc proc tom  kai ènwsh. Oi kl�seic ∆n

eÐnai epÐ plèon kleistèc wc proc to sumpl rwma.

Apìdeixh. (a) Profan¸c
⋃

n(Σn ∪ Πn) ⊆ Def(N). 'Estw X ∈ Def(N), X ⊆ Nn

kai èstw ìti to X orÐzetai me ton tÔpo φ(x1, . . . , xn). Apì to L mma 5.2.3, èstw
φ∗(x1, . . . , xn) h kanonik  prenex morf  thc φ. Epeid  φ |=| φ∗,

X = {(a1, . . . , an) : N |= φ(a1, . . . , an)} = {(a1, . . . , an) : N |= φ∗(a1, . . . , an)}.

Dhlad  to X orÐzetai apì thn φ∗, kai φ∗ = (Q1x1) · · · (Qkxk)ψ, me ψ qwrÐc posodeÐk-
tec. T¸ra eÐnai profanèc ìti h φ∗ eÐnai Σn   Πn-tÔpoc gia k�poio n, pr�gma pou
kajorÐzetai apì to (Q1x1) · · · (Qkxk) prìjema. P.q. an autì eÐnai ∀∀∃∃∃∀, h φ∗, kai
�ra to X, eÐnai Π3.

81



(b) 'Estw ìti to X orÐzetai me ton Σn tÔpo φ me kanonik  morf :
(∃1x1) · · · (Qnxn)ψ. Tìte to −X orÐzetai apì ton tÔpo:

¬φ = ¬[(∃x1) · · · (Qkxn)ψ]

ìpou o teleutaÐoc isodunameÐ me thn bo jeia twn basik¸n isodunami¸n me
(∀x1) · · · (Q̌nxn)¬ψ ìpou ∃̌ = ∀ kai ∀̌ = ∃. 'Ara o (∀x1) · · · (Q̌nxn)¬ψ eÐnai Πn,
kai sunep¸c −X ∈ Πn.

(g) H kanonik  morf  enìc tÔpou, kai eidik� to prìjem� tou, den eÐnai monadik�.
P.q. lìgw thc basik c isodunamÐac (21) mporeÐ kaneÐc na prosjèsei se èna prìjema
eikonikèc metablhtèc. 'Etsi an φ eÐnai ènac Σn tÔpoc, kai u eÐnai mia metablht  pou
den up�rqei ston φ, o (∀u)φ eÐnai Pn+1 sÔmfwna me ton orismì 5.1.8 kai φ |=| (∀u)φ
sÔmfwna me thn isodunamÐa (21). An loipìn X ∈ Σn kai to X orÐzetai me ton φ, tìte
to X orÐzetai me ton (∀u)φ, �ra X ∈ Πn+1. Sunep¸c Σn ⊆ Πn+1 kai ìmoia deÐqnoume
ìti Πn ⊆ Σn+1.

EpÐshc me (tautìqronh) epagwg  mporoÔme na deÐxoume ìti Σn ⊆ Σn+1 kaÐ Πn ⊆
Πn+1. Pr�gmati, me eikonikèc metablhtèc amèswc èqoume ìti Σ0 ⊆ Σ1 kai Π0 ⊆ Π1.
Ac upojèsoume ìti Σn ⊆ Σn+1 kaÐ Πn ⊆ Πn+1. 'Estw X ∈ Σn+1. Tìte to X
orÐzetai me ènan tÔpo (∃x)φ, ìpou o φ eÐnai Πn. Apì thn upìjesh thc epagwg c o
Πn isodunameÐ me k�poion Πn+1 tÔpo, �ra o (∃x)φ isodunameÐ me k�poion Σn+2 tÔpo,
dhlad  to X ∈ Σn+2. 'Ara Σn+1 ⊆ Σn+2. Telik� blèpoume ìti Σn ⊆ Πn+1 ∩ Σn+1,
kai Πn ⊆ Πn+1 ∩ Σn+1, �ra Σn ∪Πn ⊆ Σn+1 ∩Πn+1 = ∆n+1.

(d) Me tautìqronh epagwg  sto n deÐqnoume ìti oi Σn kai Πn eÐnai kleistèc wc
proc ∩ kai ∪. Gia tic Σ0 = Π0 autì eÐnai profanèc. 'Estw ìti isqÔei gia n kai èstw
X,Y ∈ Σn+1. Aut� orÐzontai apì tÔpouc thc morf c (∃x)φ kai (∃x)ψ antÐstoiqa,
ìpou oi φ, ψ eÐnai Πn. To X ∪ Y orÐzetai apì ton tÔpo (∃x)φ ∨ (∃x)ψ o opoÐoc
apì thn isodunamÐa (19) gr�fetai (∃x)(φ ∨ ψ). Apì thn upìjesh thc epagwg c
o φ ∨ ψ isodunameÐ me Πn tÔpo, �ra o (∃x)(φ ∨ ψ) isodunameÐ me Σn+1. 'Ara
X∪Y ∈ Σn+1. To X∩Y orÐzetai apì ton tÔpo (∃x)φ ∧ (∃x)ψ. Ed¸ k�noume allag 
metablht c sthn ψ (isodunamÐa (20) ), antikajist¸ntac thn x me mÐa nèa metablht 
y kai h teleutaÐa gr�fetai (∃x)φ ∧ (∃y)ψ. Apì thn isodunamÐa (22), h teleutaÐa
isodunameÐ me (∃x)(∃y)(φ ∧ ψ). Apì thn upìjesh thc epagwg c kai p�li, h teletaÐa
eÐnai Σn+1 kai �ra X ∩ Y ∈ Σn+1. Autì deÐqnei thn kleistìthta tou Σn+1. 'Omoia
deÐqnetai h kleistìthta tou Πn+1 wc proc ∩,∪, pr�gma pou oloklhr¸nei thn epagwg .

T¸ra gia thn kl�sh ∆n, an X ∈ ∆n, tìte X ∈ Σn kai X ∈ Πn, �ra, apì to (b),
−X ∈ Πn kai −X ∈ Σn, �ra −X ∈ ∆n. QED

Ta apotelèsmata thc prohgoÔmenhc Prìtashc ofeÐlontai stic kajar� logikèc
idiìthtec twn tÔpwn (logikèc isodunamÐec) kai den èqoun na k�noun me to majhmatikì
touc perieqìmeno, dhlad  tic majhmatikèc idiìthtec tou N. Parak�tw ja doÔme èna
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apotèlesma pou eÐnai majhmatikoÔ kai ìqi (mìno) logikoÔ perieqomènou, dhlad  isqÔei
mìno sth dom  N (kai Ðswc kai �llec ��parìmoies��) all� ìqi se k�je LA-dom . 'Enac
tÔpoc φ mporeÐ na isodunameÐ me èna �llo ψ mèsa sthn N mìno, lìgw twn sugkekr-
mènwn idiot twn tou N, dhlad  na èqoume N |= φ ↔ ψ, kai �ra oi φ, ψ na orÐzoun to
Ðdio sÔnolo tou Def(N) qwrÐc oi φ, ψ na eÐnai logik� isodÔnamec.

L mma 5.3.2 K�je kl�sh Σn, Πn eÐnai kleist  wc proc fragmènouc posodeÐktec.
Dhlad  an φ ∈ Σn (Πn), tìte kai oi (∀x < y)φ, (∃x < y)φ an koun sthn Σn (Πn).

Apìdeixh. Me tautìqronh epagwg  sto n. Gia n = 0 o isqurismìc eÐnai profan c
apì ton orismì thc Σ0. 'Estw isqÔei gia n, dhlad  oi kl�seic Σn kai Πn eÐnai kleistèc
wc proc fragmènouc posodeÐktec, kai èstw φ ènac Σn+1 tÔpoc. Tìte φ |=| (∃u)ψ,
ìpou h ψ eÐnai Πn. 'Ara (∃x < y)φ |=| (∃x < y)(∃u)ψ. Apì thn isodunamÐa (17), h
teleutaÐa isodunameÐ me (∃u)(∃x < y)ψ. Apì th upìjesh thc epagwg c h (∃x < y)ψ
eÐnai Πn, �ra h (∃u)(∃x < y)ψ eÐnai Σn+1. (Mèqric ed¸ kai p�li qrhsimopoi same
mìno logik .)

'Estw t¸ra o tÔpoc (∀x < y)φ |=| (∀x < y)(∃u)ψ. Ja deÐxoume ìti up�rqei Σn+1

tÔpoc σ tètoioc ¸ste
N |= (∀x < y)(∃u)ψ ↔ σ.

'Estw N |= (∀x < y)(∃u)ψ. To nìhma tou tÔpou eÐnai ìti gia k�je x < y up�rqei
èna u tètoio ¸ste na alhjeÔei o ψ. Gia k�je x ∈ N èstw f(x) ∈ N to el�qisto
tètoio u. 'Otan ìmwc ta x aut� fr�ssontai apì èna y ∈ N, eÐnai profanèc ìti ta
antÐstoiqa f(x) ja fr�ssontai apì k�poio w ∈ N . Dhlad  ja isqÔei sto N h prìtash
(∃w)(∀x < y)(∃u < w)ψ. Kai epeid  h teleutaÐa sunep�getai thn pr¸th, oi duì
isqurismoÐ eÐnai isodÔnamoi mèsa sto N, dhlad 

N |= (∀x < y)(∃u)ψ ↔ (∃w)(∀x < y)(∃u < w)ψ.

Apì thn upìjesh thc epagwg c, o tÔpoc (∀x < y)(∃u < w)ψ eÐnai Πn, �ra o
(∃w)(∀x < y)(∃u < w)ψ eÐnai Σn+1 kai eÐnai o zhtoÔmenoc σ.

H apìdeixh thc kleistìthtac tou Πn na gÐnei san �skhsh. QED

Ex orismoÔ ènac Σn tÔpoc eÐnai thc morf c (∃x1)(∀x2)(∃x3) · · · (Qxn)ψ, ìpou
ψ ∈ Σ0 kai k�je Qxi eÐnai èna mplìk omoeid¸n posodeikt¸n. Sthn parak�tw prìtash
deÐqnoume ìti mèsa sto N mporoÔme na p�roume ton ψ ètsi ¸ste k�je tètoio mplìk na
apoteleÐtai apì ènan mìno posodeÐkth.

L mma 5.3.3 An o φ eÐnai Σn, tìte up�rqei ψ ∈ Σ0 tètoioc ¸ste

N |= φ ↔ (∃x1)(∀x2)(∃x3) · · · (Qxn)ψ.

Kai an�loga an o φ eÐnai Πn.
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Apìdeixh. ArkeÐ na deÐxoume ìti gia k�je tÔpo thc morf c (∃x1) · · · (∃xm)σ me
σ ∈ Σn (  σ ∈ Πn) , up�rqei σ′ ∈ Σn (  σ′ ∈ Πn antÐstoiqa) tètoioc ¸ste

N |= (∃x1) · · · (∃xm)σ ↔ (∃x)σ′,

kai ìmoia gia k�je tÔpo (∀x1) · · · (∀xm)σ. 'Omwc autì prokÔptei ap� touc ex c tetrim-
mènouc metasqhmatismoÔc:

N |= (∃x1) · · · (∃xm)σ ↔ (∃x)(∃x1 < x) · · · (∃xm < x)σ,

kai
N |= (∀x1) · · · (∀xm)σ ↔ (∀x)(∀x1 < x) · · · (∀xm < x)σ.

Jètontac σ′ = (∃x1 < x) · · · (∃xm < x)σ kai σ′ = (∀x1 < x) · · · (∀xm < x)σ, apì to
L mma 5.3.2, oi σ′ kai σ an koun sthn Ðdia kl�sh Σn   Πn, kai �ra èqoume autì pou
jèloume.

['Enac �lloc trìpoc eÐnai na kwdikopoi soume thn n-�da twn metablht¸n x1, . . . , xn

me mÐa, opìte èqoume

N |= (∃x1) · · · (∃xm)σ(x1, . . . , xn) ↔ (∃x)σ((x)1, . . . , (x)n).

Tìte σ′ = σ((x)1, . . . , (x)n), kai eÐnai eÔkolo na deÐxei kaneÐc ìti autèc an koun sthn
Ðdia kl�sh thc ierarqÐac Σn, Πn.] QED

Prìtash 5.3.4 (a) K�je Σ0 sÔnolo eÐnai basikì anadromikì.
(b) K�je Σ1 sÔnolo eÐnai a.a.
(g) K�je ∆1 sÔnolo eÐnai anadromikì.

Apìdeixh. (a) Oi tÔpoi Σ0 par�gontai apì atomikoÔc tÔpouc t = s, t < s me
sundèsmouc kai fragmènouc posodeÐktec. Ta sÔnola pou orÐzontai me tÔpouc t = s
kai t < s (kai tic arn seic touc) eÐnai b.a. ìpwc prokÔptei apì thn Prìtash 2.3.2. Oi
sÔndesmoi ∧, ∨ antistoiqoÔn stic pr�xeic ∩ kai ∪ twn sunìlwn. All� h kl�sh twn
b.a. sunìlwn eÐnai kleist  wc proc tom , ènwsh kai fragmènouc posodeÐktec ìpwc
deÐxame sth Prìtash 2.3.3.

(b) 'Estw X èna Σ1 sÔnolo. Apì to L mma 5.3.3, to X orÐzetai apì ènan tÔpo
(∃x)φ(x, y), ìpou o φ(x, y) eÐnai Σ0. Apì to (a), h sqèsh φ(x, y) eÐnai anadromik , kai
�ra to X eÐnai a.a. apì thn prìtash 2.6.4.

(g) 'Estw X ∈ ∆1. AfoÔ X ∈ Σ1, apì to (b), to X eÐnai a.a. EpÐshc to X ∈ Π1,
�ra −X ∈ Σ1, opìte kai to −X eÐnai a.a. Apì thn Prìtash 2.6.2 (b), to X eÐnai
anadromikì. QED

To kentrikì je¸rhma aut c thc paragr�fou eÐnai ousiastik� to antÐstrofo tou
(g) tou prohgoumènou. Mia sun�rthsh f : Nk → N ja lème ìti eÐnai Σn, an to
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gr�fhm� thc eÐnai Σn, dhlad  an up�rqei Σn tÔpoc φ(x1, . . . , xk, y), tètoioc ¸ste gia
k�je a1, . . . , ak, b ∈ N,

f(a1, . . . , ak) = b ⇐⇒ N |= φ(a1, . . . ak, b).

Je¸rhma 5.3.5 (Gödel) K�je olik  anadromik  sun�rthsh eÐnai Σ1.

Apìdeixh. H apìdeixh gÐnetai me epagwg  sta b mata orismoÔ twn anadromik¸n
sunart sewn.

(a) Oi arqikèc sunart seic orÐzontai apì polÔ aploÔc tÔpouc qwrÐc posodeÐktec,
�ra eÐnai Σ0 orÐsimec. Sugkekrimèna, h sun�rthsh S orÐzetai apì ton tÔpo φ(x, y) :=
(y = S(x)). H stajer� sun�rthsh c0(x) = 0 orÐzetai apì ton tÔpo φ(x, y) := (y = 0).
H probol  πnm orÐzetai apì ton tÔpo φ(x1, . . . , xn, y) := (y = xm).

(b) 'Estw ìti h f par�getai me sÔnjesh apì tic h kai g1, . . . , gm, dhlad 

f(x1, . . . , xk) = h(g1(x1, . . . , xk), . . . , gm(x1, . . . , xk)),

kai èstw ìti oi h kai g1, . . . , gm orÐzontai me Σ1 tÔpouc ψ kai σ1, . . . , σm antÐstoiqa.
Tìte h prohgoÔmenh gr�fetai:

f(a1, . . . , ak) = b ⇔ (∃x1) · · · (∃xm)[
m∧

i=1

g(a1, . . . , ak) = xi & h(x1, . . . , xm) = b].

'Omwc
g(a1, . . . , ak) = xi ⇐⇒ N |= σi(a1, . . . ak, xi)

kai
h(x1, . . . , xm) = b ⇐⇒ N |= ψ(x1, . . . , xm, b).

B�sei twn dÔo teleutaÐwn h pio p�nw gr�fetai:

f(a1, . . . , ak) = b ⇔ N |= (∃x1) · · · (∃xm)[
m∧

i=1

σi(a1, . . . ak, xi) ∧ ψ(x1, . . . , xm, b)].

All� afoÔ oi tÔpoi σi kai ψ eÐnai Σ1, to Ðdio eÐnai ìloc o tÔpoc tou dexioÔ mèrouc pou
orÐzei thn f , b�sei twn lhmm�twn 5.3.1 kai 5.3.2.

(g) 'Estw ìti h f par�getai me elaqistopoÐhsh apì thn g, dhlad 

f((x1, . . . , xk) = (µy)(g(x1, . . . , xk, y) = 1),

kai èstw ìti h g orÐzetai me ton Σ1 tÔpo ψ(x1, . . . , xk, y, z). Tìte

f(a1, . . . , ak) = b ⇔ [g(a1, . . . , ak, b) = 1 & (∀x < b)(g(a1, . . . , ak, x) 6= 1)].
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Aut  me th bo jeia thc ψ gr�fetai

f(a1, . . . , ak) = b ⇔ N |= ψ(a1, . . . , ak, b, 1) ∧ (∀x < b)¬ψ(a1, . . . , ak, x, 1)).

O tÔpoc dexi� pou orÐzei thn f eÐnai profan¸c Σ1 ìtan o ψ eÐnai Σ1, b�sei twn lhmm�twn
5.3.1 kai 5.3.2.

(d) 'Estw, tèloc, ìti h f par�getai apì tic h kai g me to sq ma basik c anadrom c,
dhlad 

f(x, 0) = g(x),
f(x, y + 1) = h(x, y, f(x, y)),

kai oi h, g orÐzontai me touc Σ1 tÔpouc ψ kai σ antÐstoiqa. Tìte h èkfrash

f(x,m) = y

isodunameÐ me ton isqurismì:
��Up�rqei akoloujÐa z0, z1, . . . , zm tètoia ¸ste

z0 = g(x)
z1 = h(x, 0, z0)
· · · · · · · · · · · · · · ·
zm−1 = h(x,m− 2, zm−2)
zm = y.“

Qrhsimopoi¸ntac kwdikopoÐhsh, h èkfrash aut  gr�fetai:

(∃z)[(z)0 = g(x) ∧ (z)m = y ∧ (∀i < m)((z)i = h(x, i− 1, (z)i−1)].

Dedomènou ìti oi g kai h eÐnai Σ1, h de sun�rthsh (x)y = z eÐnai Σ0 (b.a.), amèswc
prokÔptei ìti h f eÐnai Σ1. Autì oloklhr¸nei ta b mata thc epagwg c kai thn apìdeix-
h. QED

Je¸rhma 5.3.6 (a) 'Ena sÔnolo eÐnai anadromikì an kai mìnon an eÐnai ∆1.
(b) 'Ena sÔnolo eÐnai a.a. an kai mìnon an eÐnai Σ1.

Apìdeixh. (a) H mÐa kateÔjunsh eÐnai h Prìtash 5.3.4 (g). Gia to antÐstrofo èstw
X anadromikì. Tìte h qarakthristik  tou sun�rthsh CX eÐnai olik  anadromik , �ra
Σ1 apì to Je¸rhma 5.3.5. Dedomènou ìti x ∈ X ⇐⇒ CX(x) = 1, amèswc èpetai ìti
to X eÐnai Σ1. EpÐshc to −X eÐnai anadromikì kai sunep¸c ìmoia Σ1. Opìte to X
eÐnai sugqrìnwc Σ1 kai Π1.

(b) EpÐshc h mÐa kateÔjunsh eÐnai h 5.3.4 (b). Gia to antÐstrofo èstw X a.a. Apì
thn prìtash 2.6.4, to X orÐzetai me mÐa sqèsh thc morf c (∃x)((x, y) ∈ Y ), ìpou Y
anadromikì. Apì to (a), to Y eÐnai Σ1, �ra profan¸c kai to X eÐnai Σ1. QED
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6 Tupik  Arijmhtik . Apodeiximìthta, mh plhrìth-
ta

6.1 Peano arijmhtik 

Sta tèlh tou 19ou (1889) o Giuseppe Peano  tan o pr¸toc pou skèfthke na jemeli¸-
sei th jewrÐa twn fusik¸n arijm¸n p�nw se èna mikrì sqetik� sÔnolo jemeliwd¸n
prot�sewn (axiwm�twn) pou aforoÔn tic basikèc pr�xeic +, ·, S, 0, me thn elpÐda ìti
apì aut� ja apèrrean me logikì trìpo ìlec oi �llec. To sÔsthma tou den  tan akrib¸c
autì pou s mera onom�zoume ��prwtob�jmia Peano arijmhtik ��   apl¸c ��Peano ar-
ijmhtik �� (dec [5] gia to aujentikì sÔsthma tou Peano). H kÔria diafor� brÐsketai
sto axÐwma epagwg c. O Peano qrhsimopoÐhse to deuterob�jmio axÐwma epagwg c:

(I2) (∀X)[0 ∈ X ∧ (∀x)(x ∈ X → x+1 ∈ X) → (∀y)(y ∈ X)].

Apì ta sqolik� majhmatik� mac èqoun m�jei na jewroÔme wc axÐwma epagwg c thn
parap�nw prìtash. 'Omwc gia na eÐmaste akribeÐc to axÐwma autì den anafèretai
mìno se arijmoÔc, ìpwc ja apaitoÔse mia kajarìaimh jewrÐa arijm¸n, all� kai se
sÔnola arijm¸n (sthn parap�nw prìtash h metablht  X diatrèqei sÔnola, en¸ oi
x, y arijmoÔc, ex oÔ kai deuterob�jmio), pr�gma pou to k�nei polÔ isqurì all� logik�
mh apodektì. 'Otan mil�me gia arijmoÔc kai th sumperifor� touc se sqèsh me thn
prìsjesh, ton poll/smì klp, den mporoÔme sugqrìnwc na mil�me gia sumperifor�
sunìlwn arijm¸n. Autì paÔei na eÐnai arijmhtik  me thn trèqousa ènnoia (dhlad 
pr¸tou bajmoÔ) kai gÐnetai arijmhtik  deutèrou bajmoÔ. ApodeiknÔetai ìti h mình
LA-dom  pou ikanopoieÐ to I2 eÐnai to N (h k�je sÔnolo isìmorfo m� autì), dhlad  to
I2 qarakthrÐzei to N.

S mera, sth jèsh tou I2 qrhsimopoioÔme thn prwtob�jmia ekdoq  tou, ìti dhlad 
mìnon ta orÐsima sÔnola èqoun thn idiìthta pou isqurÐzetai to I2. Ta orÐsima sÔnola
antiproswpeÔontai apì idiìthtec φ(x) thc LA, (ìpou h φ(x) mporeÐ na perièqei ki �llec
eleÔjerec metablhtèc ektìc apì th x). Gia k�je tètoia idiìthta, èqoume to antÐstoiqo
axÐwma Iφ:

(Iφ) [φ(0) ∧ (∀x)(φ(x) → φ(x+1))] → (∀y)φ(y).

Sunep¸c sth jèsh tou I2 èqoume èna �peiro sÔnolo prwtob�jmiwn axiwm�twn

I = {Iφ : φ ∈ F (LA)},
me thn Ðdia suntaktik  morf . To I lègetai (prwtob�jmio) axiwmatikì sq ma epag-
wg c.

Ektìc apì to I, qreiazìmaste merik� axi¸mata, pou perièqoun tic idiìthtec thc
sun�rthshc S kai touc anadromikoÔc orismoÔc twn + kai ·. Aut� eÐnai ta ex c (par-
aleÐpoume touc kajolikoÔc posodeÐktec, dhlad  gr�foume φ(x) antÐ gia (∀x)φ(x)):
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(P1) s(x) 6= 0.
(P2) s(x) = s(y) → x = y.
(P3) x + 0 = x.
(P4) x + S(y) = S(x + y).
(P5) x · 0 = 0.
(P6) x · S(y) = x · y + x.

'Estw
PA− = {P1, . . . , P6} kai PA = PA− ∪ I.

To sÔsthma twn axiwm�twn PA lègetai prwtob�jmia Peano arijmhtik ,   tupik 
arijmhtik  (formal aritmetic) se antidiastol  proc th jewrÐa thc dom c N, Th(N),
pou eÐdame sto prohgoÔmeno kef�laio, kai onom�same ��pl rh arijmhtik ��. Fusik�
oi jewrÐec autèc den eÐnai asÔmbatec,  dh eÐnai profanèc ìti ìla ta axi¸mata tou
PA alhjeÔoun sto N, �ra PA ⊆ Th(N). IsqÔei ìmwc to antÐstrofo; MporeÐ k�je
φ ∈ Th(N) na paraqjeÐ me logik� mèsa apì ta axi¸mata tou PA; O Gödel èdeixe ìti h
ap�nthsh eÐnai ìqi, kai sto kef�laio autì ja d¸soume mia apìdeixh autoÔ tou shman-
tikoÔ jewr matoc. Prohgoumènwc ìmwc prèpei na orÐsoume me austhrì ti shmaÐnei
��par�getai me logik� mèsa apì to PA��. Aut  eÐnai h ènnoia thc tupik c apìdeixh-
c, dhlad  thc apìdeixhc ìpwc orÐzetai sth logik . Ja k�noume loipìn kai p�li mia
sÔntomh parèkbash sto pedÐo thc stoiqei¸douc logik c.

6.2 Logik� axi¸mata, tupik  apìdeixh

Stic § 3.1 kai 3.2 k�name mia eisagwg  stic shmasiologikèc ènnoiec thc logik c, autèc
dhlad  pou emperièqoun ton ìro ��al jeia��, ìpwc alhj c prìtash, logikì sumpèras-
ma, tautologÐa klp. Sumplhrwmatik  thc al jeiac eÐnai h suntaktik  ènnoia thc
��apìdeixhs��. H (tupik ) apìdeixh proôpojètei thn Ôparxh miac tupik c logik c,
dhlad  enìc sust matoc pou apoteleÐtai apì mia tupik  gl¸ssa, logik� axi¸ma-
ta kai kanìnec paragwg c. H pio sunhjismènh tupopoÐhsh gia tic an�gkec thc ari-
jmhtik c eÐnai h tupopoÐhsh kat� Hilbert, ìpou h èmfash dÐnetai sta logik� axi¸mata
par� stouc kanìnec paragwg c. H tupik  gl¸ssa ja eÐnai aut  pou  dh xèroume,
h LA = {+, ·, S, 0} mazÐ me ta upìloipa standard logik� sÔmbola. Ta axi¸mata eÐ-
nai orismèna motÐba tautologi¸n pou ta jewroÔme jemel¸dh, en¸ èqoume dÔo mìnon
kanìnec paragwg c. To tupikì sÔsthma ja to on�zoume Kathgorhmatikì Logismì
(Predicate Calculus), kai ja to sumbolÐzoume PC. Ta axi¸mata tou PC eÐnai sthn
pragmatikìthta sq mata axiwm�twn kai ìqi memonwmènoi tÔpoi. P.q. k�je tÔpoc thc
morf c φ → (ψ → φ) eÐnai axÐwma, ìti kai na eÐnai oi φ, ψ. M' �lla lìgia qrhsi-
mopoioÔme thn �peirh oikogèneia

Π1 = {φ → (ψ → φ) : φ, ψ ∈ F (LA)}.
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EpÐshc ta �xi¸mata pou dÐnoume parak�tw qrhsimopoioÔn mìnon touc sundèsmouc →
kai ¬, kai ton posodeÐkth ∀. Oi upìloipoi sÔndesmoi kai o ∃ mporoÔn na jewrhjoÔn
suntomografÐec, b�sei twn gnwst¸n logik¸n isodunami¸n:

φ ∨ ψ := ¬φ → ψ, φ ∧ ψ := ¬(φ → ¬ψ), (∀x)φ := ¬(∃x)¬φ.

Axi¸mata tou PC.
Π1 = {φ → (ψ → φ) : φ, ψ ∈ F (LA)}.
Π2 = {(φ → (ψ → σ)) → ((φ → ψ) → (φ → σ)) : φ, ψ, σ ∈ F (LA)}.
Π3 = {(¬φ → ¬ψ) → ((¬φ → ψ) → φ) : φ, ψ ∈ F (LA)}.
K1 = {(∀x)φ(x) → φ(t) : φ ∈ LA, t ∈ T (LA)}.
K2 = {(∀x)(φ → ψ) → (φ → (∀x)ψ) : φ, ψ ∈

F (LA), h x den eÐnai eleÔjerh ston φ}.
(Eq) Axi¸mata isìthtac. (M� aut� ennooÔme ìlec tic tetrimmènec idiìthtec thc

sqèshc x = y, dhlad  anaklastikìthta, summetrikìthta, metabatikìthta kai an-
tikatastasimìthta: An x = y, tìte t(x) = t(y) kai φ(x) ↔ φ(y), gia k�je ìro t
kai tÔpo φ.)

Kanìnec Paragwg c tou PC.
1) Modus Ponens (MP): Apì touc tÔpouc φ kai φ → ψ par�getai o ψ.
2) Kanìnac GenÐkeushc (KG): Apì ton tÔpo φ par�getai o (∀x)φ.

Suqn� gia lìgouc eukolÐac tautÐzoume to PC me to sÔnolo twn axiwm�twn, dhlad 

PC = Π1 ∪Π2 ∪Π3 ∪K1 ∪K2 ∪ Eq.

Erqìmaste t¸ra sthn ènnoia thc apìdeixhc mèsa sto sto tupikì sÔsthma PC.

Orismìc 6.2.1 'Estw Σ ⊆ F (LA) kai φ ∈ F (LA). Apìdeixh tou φ apì to Σ
lègetai k�je peperasmènh akoloujÐa tÔpwn φ, . . . , φn tètoia ¸ste φn = φ kai gia
k�je i = 1, . . . , n,

(a) eÐte φi ∈ Σ,
(b) eÐte φi ∈ PC,
(g) eÐte o φi par�getai me ton MP apì dÔo prohgoÔmenouc, dhlad  up�rqoun

j, k < i ètsi ¸ste φk = φj → φi,
(d) eÐte par�getai me ton KG apì ènan prohgoÔmeno, dhlad  φi = (∀x)φj gia k�poio

j < i, me thn proôpìjesh ìti h metablht  x den emfanÐzetai eleÔjerh sto Σ.
Lème ìti o φ apodeiknÔetai   par�getai apì to Σ,   ìti eÐnai je¸rhma tou Σ, kai

sumbolÐzoume Σ ` φ, an up�rqei mia apìdeixh tou φ apì to Σ. H φ lègetai logikì
je¸rhma kai sumbolÐzoume ` φ, an ∅ ` φ, dhlad  an h φ par�getai mìno apì ta logik�
axi¸mata.
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Orismìc 6.2.2 To Σ lègetai asunepèc (inconsistent)   antifatikì an Σ ` ⊥
(dhlad  Σ ` φ ∧ ¬φ gia k�poio φ). Alli¸c lègetai sunepèc.

ApodeiknÔetai (dec ask seic) ìti gia k�je φ, ⊥ ` φ, dhlad  apì mia antÐfash ta
p�nta apodeiknÔontai kai to Ðdio sumbaÐnei me k�je asunepèc sÔnolo. Sunep¸c èna
antifatikì sÔnolo eÐnai logik� kai majhmatik� tetrimmèno.

H sqèsh Σ ` φ eÐnai to suntaktikì an�logo thc shmasiologik c sqèshc Σ |=
φ (tou logikoÔ sumper�smatoc). M�lista, ta jemeli¸dh jewr mata Orjìthtac kai
Plhrìthtac thc basik c logik c apodeiknÔoun thn isosunamÐa touc.

Je¸rhma 6.2.3 (Je¸rhma Orjìthtac) Gia k�je Σ ⊆ F (LA) kai φ ∈ F (LA),

Σ ` φ ⇒ Σ |= φ.

IsodÔnama: An to Σ eÐnai ikanopoi simo (dhlad  oi tÔpoi tou Σ kajÐstantai sugqrìnwc
alhjeÐc se k�poia LA-dom  M), tìte to Σ eÐnai sunepèc.

Apo to prohgoÔmeno èpetai ìti ta Th(N) kai PA eÐnai sunep  sÔnola prot�sewn
afoÔ ikanopoioÔntai sth dom  N. Pio shmantikì eÐnai to epìmeno.

Je¸rhma 6.2.4 (Je¸rhma Plhrìthtac) Gia k�je Σ ⊆ F (LA) kai φ ∈ F (LA),

Σ |= φ ⇒ Σ ` φ.

IsodÔnama: An to Σ eÐnai sunepèc, tìte eÐnai ikanopoi simo.

Gia apodeÐxeic twn jewrhm�twn aut¸n kai �llec leptomèreiec p�nw sth basik 
logik , pou ja ton bohj soun na doulèyei tic ask seic pou dÐnontai parak�tw, anag-
n¸sthc mporeÐ na sumbouleujeÐ to [10].

Ask seic

6.2.1 DeÐxte ìti h sqèsh ` eÐnai anaklastik , metabatik  kai monìtonh (dhlad ,
Σ ` φ kai Σ ⊆ Σ′ ⇒ Σ′ ` φ.

6.2.2 DeÐxte ìti an Σ ` φ, tìte up�rqei peperasmèno Σ0 ⊆ Σ tètoio ¸ste Σ0 ` φ.

6.2.3 DeÐxte ìti an Con(Σ) = {φ : Σ ` φ}, tìte Con(Con(Σ)) = Con(Σ).

6.2.4 DeÐxte ìti ` φ an kai mìnon an h φ eÐnai tautologÐa.

6.2.5 K�nte suntaktik� (dhlad  qwrÐc th bo jeia tou jewr matoc plhrìthtac)
tic parak�tw apodeÐxeic:
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(a) ` φ → φ, (b) {φ → ψ, ψ → σ} ` φ → σ, (g) {φ → (ψ → σ), ψ} ` φ → σ, (d)
¬¬φ → φ.

6.2.6 DeÐxte (an eÐnai dunatìn qwrÐc th bo jeia tou jewr matoc plhrìthtac) to
Je¸rhma Paragwg c (Deduction Theorem): Gia k�je Σ ⊆ F (LA) kai φ, ψ ∈

F (LA),
Σ ` φ → ψ ⇔ Σ ∪ {φ} ` ψ.

6.2.7 DeÐxte suntaktika ìti: (a) ` φ → ¬¬φ, (b) ` (φ → ψ) → (¬ψ → ¬φ), (g)
` (¬φ → ¬ψ) → (ψ → φ), (d) ` φ ∧ ψ → ψ ∧ φ, (e) ` φ ∧ ψ → φ, (z) ` φ ∧ ψ → ψ,
(h) φ → (ψ → (φ ∧ ψ), (j) ` φ(¬φ → ψ), (i) ⊥ → φ gia k�je φ.

6.2.8 DeÐxte ta suntaktik� isodÔnama ìlwn twn basik¸n logik¸n isodunami¸n
thc § 3.2.

6.2.9 DeÐxte gia k�je Σ kai φ, ìti Σ 6` φ an kai mìnon an to Σ ∪ {¬φ} eÐnai
sunepèc.

6.2.10 DeÐxte me th bo jeia tou jewr matoc plhrìthtac to
Je¸rhma Sump�geiac: 'Estw Σ sÔnolo tÔpwn. An k�je peperasmèno uposÔnolo

tou Σ eÐnai ikanopoi simo, tìte to Σ eÐnai ikanopoi simo.

6.3 H JewrÐa PA apì pio kont�

��JewrÐa�� sth logik  lègetai k�je sÔnolo prot�sewn T miac tupik c gl¸ssac, k-
leistì wc proc `. Suqn� to sÔnolo autì par�getai apì èna sÔnolo axiwm�twn Σ,
dhlad  to T eÐnai to sÔnolo twn sunepei¸n   jewrhm�twn tou Σ kai auto to sumbolÐ-
zoume T = Con(Σ) = {φ : Σ ` φ}. Suqn� anaferìmaste kai sta dÔo qrhsimopoi¸ntac
to ìnoma tou sunìlou twn axiwm�twn, dhlad  ��jewrÐa Σ��, parìlo pou, wc sÔnola, ta
Σ kai T mporeÐ na diafèroun shmantik�.

Ac epanèrjoume t¸ra sth jewrÐa thc Peano arijmhtik c PA pou orÐsame sthn §
4.1. Se antidiastol  proc thn pl rh arijmhtik , ìpou endiaferìmaste gia prot�seic
φ gia tic opoÐec N |= φ, ed¸ endiaferìmaste gia prot�seic φ tètoiec ¸ste PA ` φ.
'Opwc eÐpame pio p�nw me ton ìro Peano arijmhtik  ennooÔme suqn� kai to sÔnolo
Con(PA) twn jewrhm�twn tou PA. Kai afoÔ N |= PA, apì to Je¸rhma Orjìthtac
amèswc prokÔptei ìti

PA ` φ ⇒ N |= φ. (21)

dhlad  Con(PA) ⊆ Th(N). TÐ prèpei na sumbaÐnei gia na isqÔei to antÐstrofo thc
(21); EÐnai eÔkolo na doÔme ìti to antÐstrofo thc (21) isodunameÐ me to na eÐnai h PA
pl rhc6.

6Oi ìroi ��pl rhc �� kai ��plhrìthta�� sth logik  sunant¸ntai upì dÔo ènnoiec parapl siec all�
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Orismìc 6.3.1 'Ena sÔnolo prot�sewn Σ miac tupik c gl¸ssac L lègetai pl rec
(complete) an gia k�je φ ∈ S(L), Σ ` φ   Σ ` ¬φ.

Profan¸c h pl rhc arijmhtik  Th(N) eÐnai pl rhc jewrÐa. Opìte amèswc
prokÔptei to epìmeno.

L mma 6.3.2 N |= φ ⇒ PA ` φ (dhlad  Con(PA) = Th(N)) an kai mìnon an h
PA eÐnai pl rhc.

H plhrìthta miac jewrÐac eÐnai mia polÔ epijumht  idiìthta - h deÔterh pio epi-
jumht  met� thn sunèpeia. Pl rhc jewrÐa shmaÐnei jewrÐa pou den af nei ��anap�n-
thta�� erwt mata: Gia k�je er¸thma φ, èqei mia ap�nthsh eÐte gia to φ eÐte gia to
¬φ (kai fusik� mìno gia to èna, an eÐnai sunep c). Ja deÐxoume parak�tw ìti h PA
den eÐnai pl rhc m� ènan k�pwc èmmeso all� isqurìtero trìpo (dhlad  deÐqnontac
k�ti perissìtero apì thn mh plhrìthta), pou eÐnai sugqrìnwc mia kal  efarmog  twn
anadromik¸n kai a.a. sunìlwn. Sugkekrimèna mèsa apì thn apìdeixh ja doÔme kai to
pr¸to par�deigma sunìlou pou eÐnai a.a. qwrÐc na eÐnai anadromikì. Sthn ousÐa, h
diafor� an�mesa se mia pl rh kai se mia mhpl rh axiwmatik  jewrÐa, eÐnai h diafor�
an�mesa se èna anadromikì kai se èna a.a. sÔnolo.

Epeid  anaferìmaste se axiwmatikèc jewrÐec, ac xekin soume apì autì to er¸thma
pou faÐnetai tetrimmèno en¸ den eÐnai: TÐ akrib¸c shmaÐnei ��axiwmatik �� jewrÐa;. H
ap�nthsh moi�zei profan c: 'Otan up�rqei èna sÔnolo axiwm�twn. All� h er¸thsh
autì akrib¸c prospajeÐ na dieukrinÐsei: TÐ eÐnai autì pou k�nei èna sÔnolo prot�sewn
sÔnolo axiwm�twn;. O kajènac katalabaÐnei ìti oi prot�seic tou PA sunistoÔn èna
sÔnolo axiwm�twn, all� giatÐ kai to sÔnolo Th(N) den eÐnai epÐshc èna sÔnolo axi-
wm�twn, kai genik� k�je sÔnolo Σ. An k�je sÔnolo prot�sewn mporeÐ na jewrhjeÐ
��sÔnolo axiwm�twn��, tìte k�je jewrÐa eÐnai axiwmatik  jewrÐa kai   ènnoia q�nei to
nìhm� thc.

An skeftoÔme lÐgo ja katal xoume ìti h mình idiìthta pou ofeÐlei na èqei èna
sÔnolo axiwm�twn eÐnai h anagnwrisimìthta. Dhlad  gia na eÐnai to Σ, sÔnolo axi-
wm�twn miac jewrÐac T ⊇ Σ, prèpei, pèran tou na isqÔei T = Con(Σ), na mporeÐ
kaneÐc na anagnwrÐzei me ènan susthmatikì trìpo an mia opoiad pote prìtash thc
gl¸ssac an kei   den an kei s� autì. 'Omwc an embajÔnoume lÐgo akìmh ja katal x-
oume ìti aut  h idiìthta den eÐnai �llh apì thn algorijmikìthta. Prèpei apl¸c na

diaforetikèc pou mporeÐ na prokalèsoun sÔgqish ston neof¸tisto. H mÐa anafèretai se tupik�
sust mata, ìpwc to PC. Pl rec tupikì sÔsthma eÐnai ekeÐno sto opoÐo ta suntaktik� mèsa tou
sust matoc eparkoÔn gia na par�goun ìlec tic ��al jeies�� tou sust matoc. Aut  eÐnai   shmasÐa
me thn opoÐa o ìroc ��plhrìthta�� qrhsimopoieÐtai sto Je¸rhma Plhrìthtac (tou tupikoÔ sust matoc
PC). H deÔterh ènnoia eÐnai aut  pou anafèretai se èna sÔnolo prot�sewn (orismìc 6.3.1) Σ. Aut 
eÐnai   shmasÐa me thn opoÐa o ìroc ��plhrìthta�� qrhsimopoieÐtai sta Jewr mata M  Plhrìthtac
(thc jewrÐac PA).
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èqoume k�poion olikì algìrijmo me ton opoÐo na apofasÐzoume an φ ∈ Σ   φ /∈ Σ.
Sunep¸c èna sÔnolo Σ mporeÐ na jewrhjeÐ sÔnolo axiwm�twn an kai mìnon an eÐnai
algorijmikì. Bèbaia to Σ den eÐnai akrib¸c uposÔnolo tou N (  k�poiou Nk), all�
mporeÐ na gÐnei me kwdikopoÐhsh.

Qrhsimopoi¸ntac ìsa eip¸jhkan sthn § 1.3 all� kai sthn § 2.7 gia alf�bhta kai
kwdikopoi seic, kai jumÐzontac ìti k�je ìroc kai k�je tÔpoc thc LA, eÐnai mia lèxh apì
to alf�bhto LA, se k�je ìro t kai k�je tÔpo φ thc LA antistoiqeÐ monos manta ènac
k¸dikac   arijmìc Gödel twn t kai φ, pou ton sumbolÐzoume dte kai dφe antÐstoiqa.
'Etsi ta sÔnola twn T (LA), F (LA), S(LA) twn ìrwn, tÔpwn kai prot�sewn thc
LA, ��metafr�zontai�� se uposÔnola tou N, ta opoÐa ac parast soume me dT (LA)e,
dF (LA)e, dS(LA)e. Dhlad 

dT (LA)e = {dte : t ∈ T (LA)}, dF (LA)e = {dφe : φ ∈ F (LA)},

dS(LA)e = {dφe : t ∈ S(LA)}.
Genikìtera, an Σ ⊆ F (LA), jètoume

dΣe = {dφe : φ ∈ Σ}.

L mma 6.3.3 Ta sÔnola dT (LA)e, dF (LA)e, dS(LA)e eÐnai anadromik� uposÔnola
tou N.

Apìdeixh. O orismìc twn sunìlwn T (LA), F (LA), S(LA), gÐnetai me anadrom ,
kai h anadrom  aut  profan¸c metabib�zetai stouc k¸dikec. QED

Orismìc 6.3.4 'Estw T mia jewrÐa. H T lègetai axiwmatik    axiwmatikopoi simh
(axiomatizable), an up�rqei Σ tètoio ¸ste T = Con(Σ) kai to dΣe eÐnai anadromikì.
An to Σ autì eÐnai peperasmèno, h T lègetai peperasmèna axiwmatikopìi simh.

H T lègetai algorijmik  (decidable ) an to dT e eÐnai anadromikì.

Prìtash 6.3.5 Ta sÔnola dPAe kai dPCe eÐnai anadromik�, �ra oi jewrÐec
Con(PA) kai Con(PC) eÐnai axiwmatikèc.

Apìdeixh. To PA apoteleÐtai apì to PA−, pou eÐnai peperasmèno, �ra algo-
rijmikì, kai to sq ma epagwg c I = {Iφ : φ ∈ F (LA)}. T¸ra k�je axiwmatikì
sq ma apoteleÐ algorijmikì sÔnolo prot�sewn epeid  ìlec oi prot�seic tou sq matoc
akoloujoÔn to Ðdio suntaktikì motÐbo to opoÐo eÐnai profan¸c algorijmik� elègxi-
mo. EpikaloÔmenoi en an�gkh th Jèsh tou Church, prokÔptei ìti oi k¸dikec tètoiwn
algorijmik¸n sunìlwn apoteloÔn anadromik� sÔnola.

'Omoia to PC apoteleÐtai apì peperasmèno arijmì axiwmatik¸n sqhm�twn. QED
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En suneqeÐa jewroÔme tic tupikèc apodeÐxeic pou kataskeu�zontai me upojèseic apì
to èna sÔnolo Σ. JumÐzoume ìti mia tètoia apìdeixh eÐnai mia peperasmènh akoloujÐa
tÔpwn p = (φ1, . . . , φn) pou plhreÐ tic sunj kec tou orismoÔ 6.2.1. H p apokt� amèswc
ènan arijmì Gödel dpe jètontac

dpe = 〈dφ1e, . . . , dφne〉.

Gia k�je Σ jewr ste to sÔnolo

Prf(Σ) = {(φ, p) : h p eÐnai apìdeixh thc φ apì to Σ}.

Jètoume
dPrf(Σ)e = {(dφe, dpe) : (φ, p) ∈ Prf(Σ)}.

L mma 6.3.6 An to dΣe eÐnai anadromikì, to sÔnolo dPrf(Σ)e eÐnai epÐshc
anadromikì. Sunep¸c to dPrf(PA)e eÐnai anadromikì.

Apìdeixh. ArkeÐ na parathr soume ìti gia k�je algorijmikì Σ, to Prf(Σ) eÐnai
algorijmikì, ìpou o algìrijmoc emperièqetai ston orismì 6.2.1, kai epeid  epÐ plèon
to PC eÐnai algorijmikì, ìpwc exhg same sthn prìtash 6.3.5. H algorijmikìthta
twn Σ kai PC eÐnai aparaÐthth, kaj¸c gia na doÔme an h akoloujÐa p = (φ1, . . . , φn)
eÐnai apìdeixh, prèpei na elègxoume gia kaje φi, an φi ∈ Σ,   φ ∈ PC klp. Gia na
odhgeÐ o èlegqoc autìc p�nta se ap�nthsh, prèpei ta Σ kai PC na eÐnai algorijmik�.

Apo th Jèsh tou Church h algorijmikìthta tou Prf(Σ) metafr�zetai se
anadromikìthta tou dPrf(Σ)e. O �lloc isqurismìc prokÔptei amèswc ap� ton pr¸to
afoÔ to dPAe eÐnai anadromikì, ìpwc eÐdame sthn 6.3.5. QED

L mma 6.3.7 An to dΣe eÐnai anadromikì, to sÔnolo dCon(Σ)e eÐnai a.a. Sunep¸c
to dCon(PA)e eÐnai a.a.

Apìdeixh. ArkeÐ na parathr soume ìti φ ∈ Con(Σ) an kai mìnon an up�rqei
apìdeixh thc φ sto Σ. Se epÐpedo kwdÐkwn autì gr�fetai

n ∈ dCon(Σ)e ⇐⇒ (∃x)((n, x) ∈ dPrf(Σ)e).

AfoÔ to dPrf(Σ)e eÐnai anadromikì, apì thn parap�nw isounamÐa kai thn prìtash
2.6.4 paÐrnoume ìti to dCon(Σ)e eÐnai a.a. QED

Prìtash 6.3.8 An mia jewrÐa T eÐnai axiwmatikopoi simh kai pl rhc, tìte eÐnai
algorijmik .
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Apìdeixh. 'Estw ìti h T eÐnai axiwmatikopoi simh, dhlad  T = Con(Σ), ìpou Σ
algorijmikì, kai èstw h T (  to Σ) eÐnai pl rhc, dhlad  Σ ` φ   Σ ` ¬φ gia k�je φ.
All� tìte, afoÔ T = {φ : Σ ` φ}, ja eÐnai

−T = {φ : Σ 6` φ} = {φ : Σ ` ¬φ}.

Epeid  Σ algorijmikì, apì to 6.3.7 èpetai ìti kai to T kai to −T eÐnai a.a., �ra T
algorijmikì. QED

Apì thn prohgoÔmenh prìtash prokÔptei ìti an mia jewrÐa eÐnai axiwmatikopoi simh
all� ìqi algorijmik , tìte den eÐnai pl rhc. Ja deÐxoume sthn epìmenh par�grafo ìti
autì akrib¸c sumbaÐnei me thn PA. To Con(PA) den eÐnai algorijmikì, kai �ra h PA
den eÐnai pl rhc.

6.4 Perigr�yima sÔnola. Pr¸to je¸rhma mh plhrìthtac

Up�rqei k�ti an�logo twn orÐsimwn sunìlwn sth jewrÐa PA; Ta orÐsima sÔnola
orÐzontai sto N me th bo jeia thc sqèshc |=. 'Ara arkeÐ na antikatast soume to N
me PA kai th sqèsh |= me `, kai na l�boume up' ìyh ìti h PA den eÐnai kat� an�gkh
pl rhc. O parak�tw orismìc eÐnai to an�logo tou orismoÔ 5.1.6.

Orismìc 6.4.1 'Ena sÔnolo X ⊆ Nk lègetai asjen¸c perigr�yimo (weakly repre-
sentable) an up�rqei tÔpoc φ(x1, . . . , xk) tètoioc ¸ste gia k�je n1, . . . , nk ∈ N,

(n1, . . . , nk) ∈ X ⇔ PA ` φ(n1, . . . , nk).

To X lègetai perigr�yimo (representable) an epÐ plèon kai to −X eÐnai asjen¸c
perigr�yimo, dhlad  up�rqei ψ(x1, . . . , xk) tètoioc ¸ste

(n1, . . . , nk) /∈ X ⇔ PA ` ψ(n1, . . . , nk).

[ApodeiknÔetai ìti ston parap�nw orismì tou perigr�yimou sunìlou, an oi tÔpoi
φ ψ eÐnai Σ1, tìte mporoÔme na p�roume ψ = ¬φ.]

Paradeigmata
(1) To sÔnolo {(x, y) : x = y} eÐnai perigr�yimo.

Apìdeixh. ArkeÐ na deÐxoume ìti

m = n ⇒ PA ` m = n,

m 6= n ⇒ PA ` m 6= n.

  isodÔnama,
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m = n ⇒ PA ` Sm(0) = Sn(0),

m 6= n ⇒ PA ` Sm(0) 6= Sn(0).

Gia thn pr¸th sunepagwg  autì pou èqoume na deÐxoume eÐnai ìti PA ` Sm(0) =
Sm(0). All� autì prokÔptei ap� to ìti to x = x eÐnai logikì axÐwma (tou PC) �ra
PA ` t = t gia k�je ìro t. Gia th deÔterh, arkeÐ na deÐxoume ìti

m > n ⇒ PA ` Sm(0) 6= Sn(0).

Me epagwg  sto n (epagwg  ìqi mèsa sto sÔsthma PA all� ston ��pragmatikì kìs-
mo��).

Gi� n = 0, arkeÐ na deÐxoume ìti gia k�je m > 0, PA ` Sm(0) 6= 0. All� autì
prokÔptei pr�gmati ap� to axÐwma Π1 tou PA, pou lèei (∀x)(S(x) 6= 0). B�zontac
sth jèsh tou x ton ìro Sm−1(0), èqoume to zhtoÔmeno.

'Estw ìti isqÔei gia m > n dhlad  PA ` Sm(0) 6= Sn(0), kai apodeiknÔoume gia
m > n + 1. Dhlad  ìti an m > n + 1, tìte PA ` Sm(0) 6= Sn+1(0). T¸ra �pì ta
axi¸mata thc isìthtac èqoume ìti PA ` x = y → S(x) = S(y). Apì d¸ èpetai ìti
an PA ` t = r, tìte PA ` S(t) = S(r),   isodÔnama, an PA 6` S(t) = S(r), tìte
PA 6` t = r. 'Estw ìti PA 6` Sm(0) 6= Sn+1(0). Tìte PA 6` Sm−1(0) 6= Sn(0).
'Omwc afoÔ m > n + 1, eÐnai m − 1 > n, kai apì thn upìjesh thc epagwg c, PA `
Sm−1(0) 6= Sn(0), antÐfash. Sunep¸c PA ` Sm(0) 6= Sn+1(0), kai �ra h epagwg 
douleÔei gia k�je n.

(2) H pr�xh +, dhlad  to sÔnolo {(x, y, z) : x + y = z}, eÐnai perigr�yimh.
Apìdeixh.
ArkeÐ na deÐxoume ìti:
(a) m + n = k ⇒ PA ` m + n = k,
(b) m + n 6= k ⇒ PA ` m + n 6= k,

  isodÔnama
(a) m + n = k ⇒ PA ` Sm(0) + Sn(0) = Sk(0),
(b) m + n 6= k ⇒ PA ` Sm(0) + Sn(0) 6= Sk(0).
(a): ArkeÐ na deÐxw ìti gia k�je m, n,

PA ` Sm(0) + Sn(0) = Sm+n(0).

Me epagwg  sto n. Gia n = 0, èqoume PA ` Sm(0) + 0 = Sm(0) to opoÐo isqÔei
lìgw tou axi¸matoc Π3 tou PA. 'Estw ìti isqÔei gia n, dhlad 

PA ` Sm(0) + Sn(0) = Sm+n(0).
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Tìte
Sm(0) + Sn+1(0) = Sm(0) + S(Sn(0)),

kai apì to axÐwma Π4, to PA apodeiknÔei

Sm(0) + S(Sn(0)) = S(Sm(0) + Sn(0)),

�ra, lìgw thc upìjeshc thc epagwg c, to teleutaÐo isoÔtai me S(Sm+n(0)) =
Sm+n+1(0), dhlad 

PA ` Sm(0) + Sn+1(0) = Sm+n+1(0).

(b): AfoÔ, ìpwc deÐxame sto (a) to PA apodeiknÔei ìti Sm(0)+Sn(0) = Sm+n(0),
jètontac m + n = l, arkeÐ na deÐxoume ìti l 6= k ⇒ PA ` Sl(0) 6= Sk(0). Autì ìmwc
to deÐxame  dh sto par�deigma (1).

Ask seic

6.4.1. DeÐxte ìti k�je perigr�yimo sÔnolo eÐnai orÐsimo.

6.4.2. DeÐxte ìti an X perigr�yimo, kai to −X eÐnai perigr�yimo.

6.4.3. DeÐxte ìti o poll/smìc, h di�taxh, h diairetìthta eÐnai perigr�yimec pr�x-
eic/sqèseic.

To krÐsimo er¸thma eÐnai: Poi� akrib¸c apì ta orÐsima sÔnola eÐnai perigr�yima,
kai poi� asjen¸c perigr�yima; To er¸thma autì sqetÐzetai sten� me to er¸thma: Poièc
apì tic prot�seic pou alhjeÔoun sto N apodeiknÔontai sto PA; EÐdame sta pio p�nw
paradeÐgmata kai tic ask seic ìti oi basikèc pr�xeic, h di�taxh klp, eÐnai perigr�yima.
Autì mporeÐ na genikeuteÐ sqetik� eÔkola sto ex c:

Prìtash 6.4.2 (a) Gia k�je Σ1 prìtash φ, N |= φ ⇒ PA ` φ. Dhlad  oi Σ1

prot�seic eÐnai alhjeÐc an kai mìnon an apodeiknÔontai.
(b) K�je Σ1 sÔnolo eÐnai asjen¸c perigr�yimo.
(g) K�je ∆1 sÔnolo eÐnai perigr�yimo.

Apìdeixh. (a) Me epagwg  sto m koc twn Σ1 prot�sewn. DeÐqnoume pr¸ta ton
isqurismì gia tic Σ0 prot�seic. Ousiastik�, ta pio p�nw paradeÐgmata kai oi ask seic
deÐqnoun ìti gia opoiousd pote ìrouc t, s, N |= t = s ⇒ PA ` t = s, kai N |=
t 6= s ⇒ PA ` t 6= s, dhlad  o isqurismìc isqÔei gia atomikèc prot�seic kai tic
arn seic touc. 'Estw ìti isqÔei gia φ, ψ kai tic arn seic touc. Tìte eÔkola blèpoume
ìti ja isqÔei gia φ ∧ ψ, φ ∨ ψ kai tic arn seic touc. Pr�gmati, èstw N |= φ ∧ ψ.
Tìte N |= φ kai N |= φ. Apì thn upìjesh thc epagwg c, PA ` φ kai PA ` ψ,
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�ra PA ` φ ∧ ψ. An t¸ra N |= ¬(φ ∧ ψ), dhlad  N |= ¬φ ∨ ¬ψ, tìte N |= ¬φ
  N |= ¬ψ, �ra apì thn upìjesh thc epagwg c PA ` ¬φ   PA ` ¬ψ, kai �ra
PA ` ¬(φ ∧ ψ) (apì tic stoiqei¸deic idiìthtec tou `). 'Estw t¸ra ìti isqÔei o
isqurismìc gia th φ, kai deÐqnoume ìti isqÔei gia (∀x < n)φ(x) kai (∃x < n)φ(x).
'Estw N |= (∀x < n)φ(x). Autì isodunameÐ me N |= ∧

k<n φ(k). Apì thn upìjesh
thc epagwg c PA ` ∧

k<n φ(k), ap� ìpou me epagwg  PA ` (∀x < n)φ(x). 'Omoia
gia thn �rnhsh aut c kai gia ton fragmèno posodeÐkth ∃x < n. Autì apodeiknÔei
ton isqurismì gia k�je Σ0 prìtash. T¸ra èstw φ mia Σ1 prìtash. Aut  eÐnai thc
morf c (∃x)φ(x), ìpou h φ eÐnai Σ0. 'Estw N |= (∃x)φ(x). Tìte N |= φ(n1, . . . , nk),
gia k�poia n1, . . . , nn ∈ N. AfoÔ o φ(n1, . . . , nk) eÐnai Σ0, PA ` φ(n1, . . . , nk).
Opìte apì tic idiìthtec thc `, PA ` (∃x)φ(x). Autì oloklhr¸nei thn apìdeixh tou
isqurismoÔ.

(b) 'Estw X èna Σ1 uposÔnolo tou Nk, kai èstw φ(x) o Σ1 tÔpoc pou to orÐzei.
Tìte apì to (a) ja èqoume, gia k�je n1, . . . , nk ∈ N,

(n1, . . . , nk) ∈ X ⇔ N |= φ(n1, . . . , nk) ⇔ PA ` φ(n1, . . . , nk).

Autì deÐqnei ìti to X eÐnai asjen¸c perigr�yimo.
(g) 'Estw X èna ∆1 uposÔnolo tou Nk. Tìte ta X kai −X orÐzontai me Σ1

tÔpouc φ, ψ, antÐstoiqa sto N. 'Ara apì to (b) eÐnai perigr�yima kai sunep¸c to X
eÐnai perigr�yimo. QED

Prìtash 6.4.3 (a) K�je a.a sÔnolo eÐnai asjen¸c perigr�yimo.
(b) K�je anadromikì sÔnolo eÐnai perigr�yimo.

Apìdeixh. Apì to je¸rhma 5.3.6, ta a.a. kai ta Σ1 sÔnola tautÐzontai, ìpwc
epÐshc kai ta anadromik� me ta ∆1. 'Ara to pìrisma prokÔptei amèswc apì thn 6.4.2
(b). QED

To antÐstrofo tou prohgoumènou isqÔei epÐshc.

Prìtash 6.4.4 (a) K�je asjen¸c perigr�yimo sÔnolo eÐnai a.a.
(b) K�je perigr�yimo sÔnolo eÐnai anadromikì.

Apìdeixh. 'Estw ìti to X eÐnai asjen¸c perigr�yimo. Tìte gia k�poion tÔpo φ(x),

(n1, . . . , nk) ∈ X ⇐⇒ PA ` φ(n1, . . . , nk).

'Omwc èqoume dei sthn prohgoÔmenh par�grafo 4.3 ìti gia k�je tÔpo φ,

PA ` φ ⇐⇒ (∃x)((dφe, x) ∈ dPrf(PA)e),
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kai ìti to dPrf(PA)e eÐnai anadromikì sÔnolo. Sundu�zontac tic dÔo prohgoÔmenec
paÐrnoume ìti

(n1, . . . , nk) ∈ X ⇐⇒ (∃x)((dφ(n1, . . . , nk)e, x) ∈ dPrf(PA)e).

All� h dexi� sqèsh profan¸c orÐzei èna a.a. sÔnolo.
(b) 'Estw X eÐnai perigr�yimo. Tìte ta X, −X eÐnai asjen¸c perigr�yima, �ra

a.a. apì to (a), kai sunep¸c to X eÐnai anadromikì. QED

Apì tic prot�seic 6.4.3 kai 6.4.4 paÐrnoume ìti

Je¸rhma 6.4.5 (a) 'Ena sÔnolo eÐnai asjen¸c perigr�yimo an kai mìnon an eÐnai
a.a.

(b) 'Ena sÔnolo eÐnai perigr�yimo an kai mìnon an eÐnai anadromikì.

SunoyÐzontac touc qarakthrismoÔc twn anadromik¸n kai a.a. sunìlwn pou dÐnei
to teleutaÐo kai to je¸rhma 5.3.6, èqoume:

anadromik� sÔnola = ∆1 = perigr�yima,

anadromik� aparijm sima = Σ1 = asjen¸c perigr�yima.

'Eqoume dei (ìti l mma 6.3.7) ìti to Con(PA) eÐnai a.a. sÔnolo. 'Omwc to epìmeno
eÐnai polÔ shmantikìtero.

Je¸rhma 6.4.6 (A. Church) To sÔnolo Con(PA) den eÐnai algorijmikì.

Apìdeixh. H apìdeixh eÐnai èna klassikì diag¸nio epiqeÐrhma. Gia k�je tÔpo φ(x),
ac gr�youme φ = φn an dφe = n. (Dhlad  arijmoÔme touc tÔpouc me touc arijmoÔc
Gödel.) Ac upojèsoume ìti to Con(PA) eÐnai algorijmikì, dhlad  ìti to dCon(PA)e
eÐnai anadromikì. 'Estw

M = {(m,n) : dφm(n))e /∈ dCon(PA)e},

kai èstw
K = {m : (m, m) ∈ M}.

AfoÔ to dCon(PA)e eÐnai anadromikì, to Ðdio ja eÐnai kai ta sÔnola M kai K. 'Ara
to K eÐnai perigr�yimo sÔmfwna me touc pio p�nw qarakthrismoÔc. 'Estw θ(x) tÔpoc
pou perigr�fei (asjen¸c) to K sto PA, dhlad 

n ∈ K ⇐⇒ PA ` θ(n).
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'Estw dθ(x)e = c. Autì shmaÐnei θ(x) = φc(x), kai h prohgoÔmenh gr�fetai

n ∈ K ⇐⇒ PA ` φc(n).

Edik� gia n = c ja p�roume

c ∈ K ⇐⇒ PA ` φc(c). (22)

Apì thn �llh meri�, apì ton orismì tou K,

c ∈ K ⇔ (c, c) ∈ M ⇔ dφc(c))e /∈ dCon(PA)e ⇔ PA 6` φc(c). (23)

Apì tic (22) kai (23) paÐrnoume antÐfash pou apodeiknÔei to je¸rhma. QED

Je¸rhma 6.4.7 (Pr¸to Je¸rhma mhPlhrìthtac) H jewrÐa PA den eÐnai pl rhc,
dhlad  up�rqei φ ∈ S(LA) tètoia ¸ste PA 6` φ kai PA 6` ¬φ.

Apìdeixh. H jewrÐa Con(PA) eÐnai axiwmatik . An  tan pl rhc ja  tan algori-
jmik , lìgw thc 6.3.8. 'Omwc den eÐnai lìgw tou prohgoumènou jewr matoc. QED

Pìrisma 6.4.8 Up�rqei sÔnolo a.a. all� ìqi anadromikì.

Apìdeixh. To Con(PA) eÐnai tètoio. QED

To je¸rhma mh plhrìthtac prok�lese èkplhxh ìtan emfanÐsthke, all� kai ex-
akoloujeÐ na ekpl ssei: An to PA af nei anap�nthta erwt mata, autì shmaÐnei ìti
k�ti leÐpei apì ta axi¸mat� tou. 'Omwc ti ja mporoÔse na eÐnai aut  h idiìthta twn
pr�xewn +, ·, S pou xeq�same na sumperil�boume; KaneÐc den èqei mia ap�nthsh s�
autì. All� ac upojèsoume ìti k�poioc brÐskei pr�gmati èna nèo axÐwma pou eÐnai
eÔlogo kai den prokÔptei apì ta up�rqonta. MporeÐ na elpÐzei pwc an to prosjèsei
sta axi¸mata tou PA, to nèo sÔsthma ja gÐnei pl rec; H ap�nthsh eÐnai ìqi! Diìti
to je¸rhma mh plhrìthtac den eÐnai èna memonwmèno fainìmeno pou afor� apl¸c to
sÔsthma PA, all� isqÔei gia k�je jewrÐa pou epekteÐnei thn PA. Pr�gmati, isqÔei to
ex c genikìtero:

Je¸rhma 6.4.9 'Estw T mia axiwmatikoi simh jewrÐa se mia gl¸ssa L ⊇ LA,
me sÔnolo axiwm�twn Σ ⊇ PA (  genikìtera Con(Σ) ⊇ Con(PA)). Tìte up�rqei
φ ∈ S(L) tètoia ¸ste T 6` φ kai T 6` ¬φ.

Apìdeixh. H apìdeixh eÐnai akrib¸c Ðdia m� ekeÐnh tou jewr matoc 6.4.7, antika-
jist¸ntac apl¸c to PA me to Σ. Epeid  Con(Σ) ⊇ Con(PA), mèsa sthn T diajètoume
ìlo to mhqanismì kwdikopoÐhshc pou odhgeÐ sta sÔnola dΣe, dPrf(Σ)e klp, ta opoÐa
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eÐnai anadromik� uposÔnola tou N. Sth jèsh twn perigr�yimwn sunìlwn èqoume t¸ra
ta Σ-perigr�yima, kai h apìdeixh tou 6.4.7 metafr�zetai sto ìti to sÔnolo Con(Σ)
den eÐnai algorijmikì. 'Ara apì to 6.3.8, h T den eÐnai pl rhc. QED

Apì to prohgoÔmeno prokÔptei ìti ìsa nèa axi¸mata h axiwmatik� sq mata kai na
prosjèsoume sto PA, h mh plhrìthta ja eÐnai paroÔsa, san mia èmfuth eswterik 
atèleia ìlwn twn axiwmatik¸n susthm�twn pou perièqoun wc tm ma touc th basik 
jewrÐa arijm¸n. 'Oso gia thn aitÐa aut c thc atèleiac, mporeÐ kaneÐc na thn anazht sei
ìqi se metafusikoÔc lìgouc, all� apl¸c sthn mh anamenìmenh (mèqri thn apìdeixh tou
jewr matoc) ikanìthta twn fusik¸n arijm¸n na kwdikopoioÔn, dhlad  na anaparistoÔn
me akrÐbeia glwssik� fainìmena, kai �ra na ��miloÔn gia ton eautì tous��.

6.5 H al jeia (sto N) den orÐzetai

EÐdame sthn prohgoÔmenh par�grafo ìti h jewrÐa thc Peano arijmhtik c Con(PA)
eÐnai èna Σ1-orÐsimo sÔnolo, dhlad  ìqi apl¸c orÐsimo all� kai me ènan tÔpo sqetik�
polÔ aplì (Σ1). EÐnai fusikì na rwt soume ti sumbaÐnei me thn jewrÐa thc pl rouc
arijmhtik c Th(N). EÐnai to sÔnolo Th(N) orÐsimo; O A. Tarski èdeixe to 1931 ìti
to Th(N) den eÐnai orÐsimo. AfoÔ to Th(N) perièqei akrib¸c tic alhjeÐc prot�seic
thc gl¸ssac, LA, to gegonìc autì to ekfr�zoume lègontac ìti ��h al jeia sto N den
eÐnai orÐsimh��.

Je¸rhma 6.5.1 (Tarski 1931) To sÔnolo Th(N) den eÐnai orÐsimo.

Apìdeixh. Prìkeitai gia èna akìma klassikì diaq¸nio epiqeÐrhma. 'Ac sum-
bolÐsoume p�li me φn ènan tÔpo φ thc gl¸ssac LA, an dφe = n. Kai ac jèsoume
ψn = φn(n). An to Th(N) eÐnai orÐsimo, tìte kai to uposÔnolì tou X = {ψn : N |=
ψn} eÐnai orÐsimo, èstw me ton tÔpo σ(x). Dhlad  gia k�je n,

N |= σ(n) ⇐⇒ n ∈ X ⇐⇒ N |= ψn. (24)

'Estw m = d¬σ(x)e. Apo thn (24),

N |= ψm ⇐⇒ N |= σ(m).

'Omwc apì ton orismì tou m, ψm = ¬σ(m) kai sunep¸c

N |= ψm ⇐⇒ N |= ¬σ(m).

Oi dÔo teleutaÐec dÐnoun antÐfash, pou apodeiknÔei to je¸rhma. QED
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