
Kef�laio 1

Sust mata Ulik¸n ShmeÐwn

Sta probl mata autoÔ tou kefalaÐou, skopìc eÐnai h eÔresh twn exis¸sewn
kÐnhshc, o èlegqoc Ôparxhc   mh twn gnwst¸n oloklhrwm�twn thc kÐnhshc
(Jacobi kai orm¸n) kai h melèth twn shmeÐwn isorropÐac tou sust matoc.

'Askhsh 1.1: H m�za m1 kineÐtai upoqretik� ston �xona Ox kai h m2 sto
katakìrufo epÐpedo Oxz. Oi m�zec sundèontai me abarèc mh ektatì n ma
m kouc l kai h m1 en¸netai me thn arq  twn axìnwn mèsw idanikoÔ elathrÐou
stajer�c k kai fusikoÔ m kouc l0.

VVVVVVVVVVVVVV

m
1

m
2

φ

Ο x

z

g

k

l

Up�rqoun dÔo desmoÐ thc kÐnhshc, z1 = 0 kai l =staj. 'Ara to sÔsthma èqei 2
b.e. Dialègoume wc genikeumènec suntetagmènec tic x1 kai φ. Oi kartesianèc
suntetagmènec thc m2 dÐnontai tìte apì to metasqhmatismì

x2 = x1 + l sinφ , z2 = l cosφ (1.1)
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2 KEF�ALAIO 1. SUST�HMATA ULIK�WN SHME�IWN

ParagwgÐzontac wc proc to qrìno, paÐrnoume

ẋ2 = ẋ1 + lφ̇ cosφ , ż2 = − lφ̇ sinφ (1.2)

H kinhtik  enèrgeia tou sust matoc eÐnai

T =
1
2
m1ẋ

2
1 +

1
2
m2(ẋ2

2 + ż2
2) =

1
2
m1ẋ

2
1 +

1
2
m2(ẋ2

1 + l2φ̇2 + 2lẋ1φ̇ cosφ) (1.3)

kai h dunamik  enèrgeia isoÔtai me thn enèrgeia lìgw barÔthtac (gia thn m2)
kai thn enèrgeia t�shc tou elathrÐou

V = −m2gz2 +
1
2
k(∆l)2 = −m2gl cosφ+

1
2
k(x1 − l0)2 (1.4)

H sun�rthsh Lagrange L = T − V èqei th morf 

L =
1
2
m1ẋ

2
1 +

1
2
m2(ẋ2

1 + l2φ̇2 +2lẋ1φ̇ cosφ)+m2gl cosφ− 1
2
k(x1− l0)2 (1.5)

AfoÔ èqoume dÔo bajmoÔc eleujerÐac, ja up�rqoun dÔo exis¸seic Lagran-
ge, thc morf c

d

dt

(
∂L

∂ẋ1

)
− ∂L

∂x1
= 0 ,

d

dt

(
∂L

∂φ̇

)
− ∂L

∂φ
= 0 (1.6)

Ektel¸ntac tic paragwgÐseic, oi exis¸seic kÐnhshc paÐrnoun thn telik  touc
morf 

(m1 +m2)ẍ1 +m2lφ̈ cosφ−m2lφ̇
2 sinφ+ k(x1 − l0) = 0

lφ̈+ ẍ1 cosφ+ g sinφ = 0 (1.7)

H sun�rthsh Lagrange den perièqei rht� to qrìno, t. 'Ara up�rqei to
olokl rwma tou Jacobi. Epeid  oi desmoÐ eÐnai sklhrìnomoi kai o qrìnoc
den emfanÐzetai stic exis¸seic metasqhmatismoÔ, to olokl rwma autì tautÐ-
zetai me th mhqanik  enèrgeia tou sust matoc J = T + V . KamÐa apì tic
suntetagmènec den eÐnai agno simh ki epomènwc oi ormèc

px1 =
∂L

∂ẋ1
= (m1 +m2)ẋ1 +m2lφ̇ cosφ , pφ

∂L

∂φ̇
= m2l

2φ̇+m2lẋ1 cosφ

(1.8)
den paramènoun stajerèc kat� th di�rkeia thc kÐnhshc. Jètontac mhdèn tic
genikeumènec taqÔthtec kai epitaqÔnseic stic exis¸seic kÐnhshc kai lÔnontac
to sÔsthma wc proc x1 kai φ, ta shmeÐa isorropÐac tou sust matoc eÐnai

k(x1 − l0) = 0⇒ x1 = l0 , g sinφ = 0⇒ φ = 0, π (1.9)
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H jèsh isorropÐac φ = 0 eÐnai eustaj c en¸ h jèsh φ = π eÐnai astaj c.
Autì faÐnetai an k�noume grammikopoÐhsh twn exis¸sewn kÐnhshc gÔrw ap' to
shmeÐo (x1, φ) = (l0, 0), ìpou sÔmfwna me to je¸rhma tou Taylor prèpei na
jewr soume

cosφ = 1− φ2/2 + ... , sinφ = φ+ ... (1.10)

en¸ gÔrw apì to φ = π isqÔei

cosφ = −1 + φ2/2 + ... , sinφ = −φ+ ... (1.11)

Parathr ste ìti gia x1 = l0 to elat rio den èqei t�sh opìte, gia φ = 0, h du-
namik  enèrgeia tou sust matoc eÐnai el�qisth (�ra, apousÐa �llwn dun�mewn,
antistoiqeÐ se jèsh eustajoÔc isorropÐac)

'Askhsh 1.2: To shmeÐo ex�rthshc tou ekkremoÔc (l =staj.) ekteleÐ omal 
kuklik  kÐnhsh me suqnìthta ω p�nw se perifèreia pou brÐsketai sto kata-
kìrufo epÐpedo Oxz. H m�za m kineÐtai upoqretik� sto katakìrufo epÐpedo,
upì thn epÐdrash tou omogenoÔc pedÐou barÔthtac.
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Up�rqei o desmìc thc kÐnhshc, l =staj. kai �ra to sÔsthma èqei 1 b.e.
Dialègoume wc genikeumènh suntetagmènh th gwnÐa φ pou sqhmatÐzei to n ma
me ton (stajerì) katakìrufo �xona. Oi kartesianèc suntetagmènec thc m
dÐnontai apì to metasqhmatismì

x = α sinωt+ l sinφ , z = α cosωt+ l cosφ (1.12)

ìpou α h aktÐna thc perifèreiac. ParagwgÐzontac wc proc to qrìno, paÐrnoume
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ẋ = αω cosωt+ lφ̇ cosφ , ż = −αω sinωt− lφ̇ sinφ (1.13)

H kinhtik  enèrgeia tou sust matoc eÐnai

T =
1
2
m[α2ω2 + l2φ̇2 + 2αωlφ̇ cos(ωt− φ)] (1.14)

kai h dunamik  enèrgeia lìgw barÔthtac eÐnai Ðsh proc

V = −mgz = −mg(α cosωt+ l cosφ) (1.15)

H sun�rthsh Lagrange L = T − V èqei th morf 

L =
1
2
m[α2ω2 + l2φ̇2 + 2αωlφ̇ cos(ωt− φ)] +mg(α cosωt+ l cosφ) (1.16)

AfoÔ èqoume èna bajmì eleujerÐac, up�rqei mÐa exÐswsh Lagrange, thc
morf c

d

dt

(
∂L

∂φ̇

)
− ∂L

∂φ
= 0 (1.17)

Ektel¸ntac tic paragwgÐseic, h exÐswsh kÐnhshc paÐrnei th morf 

φ̈+
g

l
sinφ− αω2

l
sin(ωt− φ) = 0 (1.18)

H sun�rthsh Lagrange perièqei rht� to qrìno, t, se trigwnometrikì ìro.
'Ara den up�rqei to olokl rwma tou Jacobi. Epiplèon h φ den eÐnai agno simh
ki epomènwc h orm 

pφ =
∂L

∂φ̇
= ml2φ̇+mαωl cos(ωt− φ) (1.19)

den eÐnai olokl rwma thc kÐnhshc. To sÔsthma den èqei shmeÐa isorropÐac,
lìgw thc diarkoÔc kÔklikhc kÐnhshc tou shmeÐou ex�rthshc.

'Askhsh 1.3: H m�za m kineÐtai upoqrewtik� p�nw sthn perifèreia, h opoÐa
peristrèfetai gÔrw apì thn katakìrufo me stajer  gwniak  taqÔthta, ω, upì
thn epÐdrash tou omogenoÔc pedÐou barÔthtac.

H probol  tou dianÔsmatoc jèshc sto epÐpedoOxy shmatÐzei gwnÐa φ = ωt
me ton �xona Ox. Aut  h sqèsh apoteleÐ reìnomo desmì, afoÔ h φ apoteleÐ
th mÐa apì tic 3 sfairikèc suntetagmènec thc m. EpÐshc, r = a =staj ki
epomènwc h m èqei 1 b.e. kai h gwnÐa θ eÐnai h katallhlìterh genikeumènh
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suntetagmènh. Oi kartesianèc suntetagmènec thc m dÐnontai apì to metasqh-
matismì

x = a sin θ cosωt , y = a sin θ sinωt , z = a cos θ (1.20)

ìpou α h aktÐna thc perifèreiac. ParagwgÐzontac wc proc to qrìno, paÐrnoume

ẋ = aθ̇ cos θ cosωt− aω sin θ sinωt
ẏ = aθ̇ cos θ sinωt+ aω sin θ cosωt
ẋ = −aθ̇ sin θ (1.21)

H kinhtik  enèrgeia tou sust matoc eÐnai

T =
1
2
m(ẋ2 + ẏ2 + ż2) =

1
2
m(a2θ̇2 + a2ω2 sin2 θ) (1.22)

kai h dunamik  enèrgeia lìgw barÔthtac eÐnai Ðsh proc

V = mgz = mga cos θ (1.23)

'Ara, h sun�rthsh Lagrange L = T − V èqei th morf 

L =
1
2
m(a2θ̇2 + a2ω2 sin2 θ)−mga cos θ (1.24)

AfoÔ èqoume èna bajmì eleujerÐac, up�rqei mÐa exÐswsh Lagrange, thc
morf c

d

dt

(
∂L

∂θ̇

)
− ∂L

∂θ
= 0 (1.25)

Ektel¸ntac tic paragwgÐseic, h exÐswsh kÐnhshc paÐrnei th morf 
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θ̈ − ω2 sin θ cos θ − g

a
sin θ = 0 (1.26)

H sun�rthsh Lagrange den perièqei rht� to qrìno, t kai �ra up�rqei to
olokl rwma tou Jacobi. 'Omwc, up�rqei reìnomoc desmìc ki ètsi to olokl -
rwma tou Jacobi den tautÐzetai me th mhqanik  enèrgeia, all� eÐnai

J =
∂L

∂θ̇
θ̇ − L =

1
2
m(a2θ̇2 − a2ω2 sin2 θ) +mga cos θ (1.27)

H �diafor�� ofeÐletai ston ìro −(m/2)a2ω2 sin2 θ pou antistoiqeÐ sto èrgo
thc fugìkentrhc dÔnamhc.

To sÔsthma den èqei shmeÐa isorropÐac, lìgw thc diarkoÔc peristrof c
gÔrw apì ton �xona Oz. 'Omwc, h m eÐnai pijanì na isorrop sei se k�-
poia stajer  tim  thc θ, akolouj¸ntac ètsi kuklik  troqi�. H troqi� aut 
(an up�rqei) antistoiqeÐ se shmeÐo isorropÐac tou isodÔnamou monodi�statou
probl matoc pou prokÔptei an melet soume thn kÐnhsh wc proc èna omal�
peristrefìmeno sÔsthma, me suqnìthta ω. O orismìc tou sust matoc anafo-
r�c emperièqetai sth lÔsh pou  dh br kame afoÔ, qrhsimopoi¸ntac to desmì
φ = ωt, proèkuye diaforik  exÐswsh gia to θ, anex�rthth tou t. 'Etsi, mhde-
nÐzontac th θ̈ sthn Ex. (1.26) kai lÔnontac wc proc θ paÐrnoume

sin θ(cos θ +
g

aω2
) = 0 (1.28)

me lÔseic θ1,2 = 0, π kai cos θ3 = −g/(aω2). Profan¸c h jèsh θ1 = 0 eÐnai
astaj c en¸ h jèsh θ2 = π eustaj c. H lÔsh θ3 up�rqei efìson g/(aω2) < 1
kai antistoiqeÐ se gwnÐa megalÔterh thc π/2, dhlad  kuklik  troqi� se z < 0.

'Askhsh 1.4: H m�za m kineÐtai upoqrewtik� sthn par�pleurh epif�neia
orjoÔ kuklikoÔ kulÐndrou upì thn epÐdrash thc kentrik c dÔnamhc F =
−kr (k > 0). Den up�rqei barÔthta.

O desmìc thc kÐnhshc ekfr�zetai apì th sqèsh ρ = a =staj., ìpou ρ h
probol  tou dianÔsmatoc jèshc sto epÐpedo Oxy kai a h aktÐna tou kulÐndrou.
To sÔsthma epomènwc èqei 2 b.e. EÐnai profanèc ìti h kalÔterh epilog 
suntetagmènwn eÐnai oi kulindrikèc (ρ, φ, z), ìpou ρ = a. Oi kartesianèc
suntetagmènec thc m dÐnontai apì to metasqhmatismì

x = a cosφ , y = a sinφ , z (1.29)

ParagwgÐzontac wc proc to qrìno, paÐrnoume

ẋ = −aφ̇ sinφ
ẏ = aφ̇ cosφ (1.30)
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H kinhtik  enèrgeia tou sust matoc eÐnai

T =
1
2
m(ẋ2 + ẏ2 + ż2) =

1
2
m(a2φ̇2 + ż2) (1.31)

kai h dunamik  enèrgeia lìgw thc dÔnamhc F eÐnai Ðsh proc

V = −
∫

F · dr =
1
2
kr2 =

1
2
k(a2 + z2) (1.32)

(Prosoq ! To di�nusma jèshc èqei mètro r kai ìqi ρ). H sun�rthsh Lagrange
L = T − V èqei th morf 

L =
1
2
m(a2φ̇2 + ż2)− 1

2
k(a2 + z2) (1.33)

'Eqoume dÔo bajmoÔc eleujerÐac kai �ra dÔo exis¸seic Lagrange, thc morf c

d

dt

(
∂L

∂φ̇

)
− ∂L

∂φ
= 0 ,

d

dt

(
∂L

∂ż

)
− ∂L

∂z
= 0 (1.34)

Ektel¸ntac tic paragwgÐseic, oi exis¸seic kÐnhshc paÐrnoun th morf 

ma2φ̈ = 0

z̈ +
k

m
z = 0 (1.35)

H pr¸th exÐswsh dÐnei φ̇ =staj. Autì prokÔptei apì to gegonìc ìti h φ eÐnai
agno simh kai �ra h orm 

pφ =
∂L

∂φ̇
= ma2φ̇ = C
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eÐnai olokl rwma thc kÐnhshc. EpÐshc, h sun�rthsh Lagrange den perièqei
rht� to qrìno kai �ra up�rqei to olokl rwma tou Jacobi, to opoÐo tautÐzetai
me th mhqanik  enèrgeia.

MhdenÐzontac thn z̈ sthn Ex.(35b), prokÔptei z = 0. An pφ = C = 0,
tìte h lÔsh z = 0 (∀φ) apoteleÐ shmeÐo isorropÐac. An pφ = C 6= 0 tìte h
lÔsh z = 0 antistoiqeÐ se omal  kuklik  troqi�, me stajer  suqnìthta φ̇ =
C/(ma2). H kuklik  troqi� eÐnai eustaj c, afoÔ h ( dh grammik ) exÐswsh
kÐnhshc èqei suntelest  k/m > 0 kai h suqnìthta mikr¸n talant¸sewn gÔrw
apì thn kuklik  troqi� (kat� th dieÔjunsh z) eÐnai Ωz =

√
k/m.

'Askhsh 1.5: H m�za m kineÐtai upoqrewtik� sthn par�pleurh epif�neia
tou katakìrufou k¸nou upì thn epÐdrash thc barÔthtac.

m

Ο

x

z

Y

φ

r=aθ

O desmìc thc kÐnhshc ekfr�zetai apì th sqèsh θ = a =staj., ìpou a to
gwni¸dec hmi�noigma tou k¸nou. H m èqei epomènwc 2 b.e. EÐnai profanèc
ìti h kalÔterh epilog  suntetagmènwn eÐnai oi sfairikèc (r, φ, θ), ìpou θ = a.
Oi kartesianèc suntetagmènec dÐnontai apì to metasqhmatismì

x = r sin a cosφ , y = r sin a sinφ , z = r cos a (1.36)

ParagwgÐzontac wc proc to qrìno, paÐrnoume

ẋ = ṙ sin a cosφ− rφ̇ sin a sinφ
ẏ = ṙ sin a sinφ+ rφ̇ sin a cosφ
ż = ṙ cos a (1.37)

H kinhtik  enèrgeia thc m eÐnai
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T =
1
2
m(ṙ2 + r2 sin2 a φ̇2) (1.38)

kai h dunamik  enèrgeia lìgw barÔthtac eÐnai

V = mgz = mgr cos a (1.39)

H sun�rthsh Lagrange L = T − V èqei th morf 

L =
1
2
m(ṙ2 + r2 sin2 a φ̇2)−mgr cos a (1.40)

Oi dÔo exis¸seic kÐnhshc (gia tic r kai φ) paÐrnoun th morf 

r̈ − r sin2 a φ̇2 + g cos a = 0
d (mr2φ̇)

dt
= 0 (1.41)

H deÔterh exÐswsh dÐnei pφ = mr2φ̇ =staj. Autì prokÔptei apì to gegonìc
ìti h φ eÐnai agno simh kai �ra h pφ eÐnai olokl rwma thc kÐnhshc. EpÐ-
shc, h sun�rthsh Lagrange den perièqei rht� to qrìno kai �ra up�rqei to
olokl rwma tou Jacobi, to opoÐo tautÐzetai me th mhqanik  enèrgeia. Pa-
rathr ste ìti h genikeumènh orm  pφ eÐnai h stroform  thc m wc proc O.
Gia pφ = C 6= 0 ⇒ φ̇ = C/(mr2), h m ekteleÐ omal  kuklik  kÐnhsh, efì-
son ṙ = r̈ = 0. Apì thn antÐstoiqh exÐswsh kÐnhshc prokÔptei h jèsh thc
kuklik c troqi�c, r∗

sin2 aC2

m2r3∗
+ g cos a = 0

'Askhsh 1.6: H m kineÐtai upoqrewtik� (qwrÐc trib ) p�nw sthn kampÔlh
z = bx2, h opoÐa kineÐtai wc proc to O me stajer  epit�qunsh γ.

O desmìc thc kÐnhshc ekfr�zetai apì th sqèsh z = bx2, h opoÐa sundèei
tic suntetagmènec sto epitaqunìmeno sÔsthma anafor�c. H m èqei epomènwc
1 b.e. Dialègoume wc suntetagmènh thn apìstash x apì to O'. Oi kartesianèc
suntetagmènec thc m wc proc to adraneiakì sÔsthma anafor�c eÐnai

X =
1
2
γt2 + x , Z = z = bx2 (1.42)

ParagwgÐzontac wc proc to qrìno, paÐrnoume

Ẋ = γt+ ẋ

Ż = 2bxẋ (1.43)



10 KEF�ALAIO 1. SUST�HMATA ULIK�WN SHME�IWN

m

Ο x

z
γ

'Ο

g

H kinhtik  enèrgeia thc m eÐnai

T =
1
2
m(γ2t2 + ẋ2 + 2γẋt+ 4b2x2ẋ2) (1.44)

kai h dunamik  enèrgeia lìgw barÔthtac eÐnai

V = mgZ = mgz = mgbx2 (1.45)

H sun�rthsh Lagrange L = T − V èqei th morf 

L =
1
2
m(γ2t2 + ẋ2 + 2γẋt+ 4b2x2ẋ2)−mgbx2 (1.46)

Parathr ste ìti h L perièqei to qrìno se dÔo ìrouc. O prosjetikìc ìroc
mγ2t2/2 mporeÐ na paraleifjeÐ �mesa, afoÔ den suneisfèrei stic exis¸seic
kÐnhshc. O ìroc mγẋt mporeÐ na antikatastajeÐ apì ènan ìro anex�rthto tou
t, afoÔ

d[mγxt]
dt

= mγẋt+mγx (1.47)

opìte mγẋt = d[mγxt]
dt −mγx kai

L =
1
2
m(ẋ2 − 2γx+ 4b2x2ẋ2)−mgbx2 +

d[mγxt]
dt

= L∗ +
d[mγxt]
dt

(1.48)

SÔmfwna me thn arq  tou Hamilton oi sunart seic L kai L∗ eÐnai isodÔnamec,
dhlad  par�goun tic Ðdiec exis¸eic Lagrange. 'Omwc h L∗ den exart�tai �mesa
apì to qrìno ki epomènwc up�rqei to olokl rwma tou Jacobi.

H exÐswsh kÐnhshc gia thn x paÐrnei th morf 
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(1 + 4b2x2)ẍ− 4b2xẋ2 + 2bgx+ γ = 0 (1.49)

To sÔsthma den èqei shmeÐa isorropÐac (sto OXZ), all� h m mporeÐ na
isorrop sei ep�nw sthn kampÔlh, diathr¸ntac stajer  thn apìstash O′x
(kai to z). H jèsh �isorropÐac � prokÔptei jètontac ẋ = ẍ = 0 sthn exÐswsh
kÐnhshc kai lÔnontac wc proc x, ap' ìpou prokÔptei

x0 = −γ/(2bg) (1.50)

'Askhsh 1.7 H m�za m kineÐtai upoqrewtik� p�nw sto abarèc stereì
rabdÐ OA = b pou peristrèfetai me stajer  gwniak  taqÔthta ω gÔrw apì
ton �xona Oz, sqhmatÐzontac me autìn stajer  gwnÐa θ = a. To �kro A tou
elathrÐou (stajer�c k) eÐnai aklìnhta sundedemèno me th r�bdo.

m

Ο

x

z

Y

= tφ ω

=aθ

A

B
ΛΛ
ΛΛ
ΛΛ
Λ

ω

g

Up�rqoun 2 desmoÐ thc kÐnhshc, oi φ = ωt kai θ = a. 'Ara h m èqei 1 b.e.
kai epilègoume wc suntetagmènh to mètro tou dianÔsmatoc jèshc r = OA. Oi
kartesianèc suntetagmènec thc m dÐnontai apì to metasqhmatismì

x = r sin a cosωt , y = r sin a sinωt , z = r cos a (1.51)

ParagwgÐzontac wc proc to qrìno, paÐrnoume

ẋ = ṙ sin a cosωt− rω sin a sinωt
ẏ = ṙ sin a sinωt+ rω sin a cosωt
ż = ṙ cos a (1.52)

H kinhtik  enèrgeia thc m eÐnai
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T =
1
2
m(ẋ2 + ẏ2 + ż2) =

1
2
m(ṙ2 + r2 sin2 aω2) (1.53)

h dunamik  enèrgeia eÐnai

V = mgz + Vελ = mgr cos a+
1
2

(∆l)2 (1.54)

ìpou l0 + ∆l = OA − r ⇒ ∆l = b − r − l0. 'Ara, h sun�rthsh Lagrange
L = T − V èqei th morf 

L =
1
2
m(ṙ2 + r2 sin2 aω2)−mgr cos a− 1

2
k(b− l0 − r)2 (1.55)

H exÐswsh kÐnhshc thc r èqei th morf 

r̈ +
(
k

m
− ω2 sin2 a

)
r + g cos a− k

m
(b− l0) = 0 (1.56)

H exÐswsh eÐnai grammik  kai h lÔsh thc anaparist� apl  armonik  tal�ntwsh
gÔrw apì th jèsh isorropÐac (brÐsketai jètontac r̈ = 0 sthn ex. kÐnhshc) me
suqnìthta Ω, ìpou

A =
k

m
− ω2 sin2 a = Ω2 (1.57)

Autì isqÔei bèbaia efìson A > 0 ⇒ ω2 < k/(m sin2 a). Dedomènou ìti h
r�bdoc peristrèfetai diark¸c, h lÔsh isorropÐac thc (1.56) den antistoiqeÐ
se shmeÐo isorropÐac all� se kuklik  troqi�. H troqi� aut  eÐnai eustaj c
an A > 0. Tèloc, h sun�rthsh Lagrange den perièqei rht� to qrìno kai
�ra up�rqei to olokl rwma tou Jacobi, to opoÐo ìmwc den tautÐzetai me th
mhqanik  enèrgeia, afoÔ up�rqei reìnomoc desmìc.

H genikeumènh orm  pr eÐnai Ðsh me thn aktinik  sunist¸sa thc grammik c
orm c

pr =
∂L

∂ṙ
= mṙ

H sun�rthsh Hamilton mporeÐ na brejeÐ me b�sh ton orismì

H = pr ṙ(pr)− L(r, ṙ(pr))

k�nontac dhlad  thn antikat�stash ṙ = pr/m. 'Etsi, paÐrnoume

H =
p2
r

2m
− mω2 sin2 a

2
r2 +mgr cos a+

k

2
(b− l0 − r)2 (1.58)

Oi kanonikèc exis¸seic tou Hamilton dÐnontai apì tic sqèseic
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ṙ = ∂H
∂pr

= pr/m

ṗr = −∂H
∂r = mrω2 sin2 a−mg cos a+ k(b− l0 − r) (1.59)

To sÔsthma twn parap�nw dÔo diaforik¸n exis¸sewn 1hc t�xhc eÐnai pl rwc
isodÔnamo me thn exÐswsh 2hc t�xhc tou Lagrange.
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Kef�laio 2

Mikrèc Talant¸seic

Se autì to kef�laio ja exet�soume dÔo peript¸seic susthm�twn me 2 b.e.
pou parousi�zoun eustajeÐc talant¸seic gÔrw apì k�poia kat�stash isorro-
pÐac. 'Etsi, ektìc twn exis¸sewn kÐnhshc, ja upologÐsoume tic suqnìthtec
tal�ntwshc, k�nontac qr sh thc jewrÐac twn mikr¸n talant¸sewn.

'Askhsh 2.1: Oi dÔo m�zec eÐnai Ðsec kai sundèontai metaxÔ touc me abarèc
elat rio stajer�c k kai fusikoÔ m kouc l0. H kÐnhsh gÐnetai kat� m koc tou
�xona Ox kai gia t = 0 to elat rio den èqei t�sh.

Ο

x

X

m

ΛΛΛΛΛΛΛ

m

x1 x2

To sÔsthma èqei 2 b.e. (to elat rio den eis�gei desmì). AfoÔ gia t = 0 to
elat rio èqei to fusikì tou m koc, epilègw wc suntetagmènec tic metatopÐseic
x1 kai x2 twn dÔo maz¸n apì tic arqikèc touc jèseic. Tìte, to m koc tou
elathrÐou k�je qronik  stigm  eÐnai Ðso me l = l0 + x2 − x1 kai h epim kuns 
tou Ðsh me

15
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∆l = x2 − x1

'Etsi h sun�rthsh Lagrange èqei th morf 

L = T − V =
m

2
(ẋ2

1 + ẋ2
2)− k

2
(x2 − x1)2 (2.1)

kai oi exis¸seic kÐnhshc eÐnai

mẍ1 − k(x2 − x1) = 0
mẍ2 + k(x2 − x1) = 0

(2.2)

H sun�rthsh Lagrange den exart�tai apì to qrìno kai to olokl rwma tou
Jacobi tautÐzetai me th mhqanik  enèrgeia tou sust matoc. Parathr ste ìti
an prosjèsoume kat� mèlh tic exiswseic kÐnhshc, prokÔptei

m
d2

dt2
(x1 + x2) = 0⇒ mẋ1 +mẋ2 = C (2.3)

dhlad  h olik  orm  tou sust matoc diathreÐtai stajer  (olokl rwma thc
orm c). Autì eÐnai sunèpeia tou gegonìtoc ìti sto sÔsthma askoÔntai mìno
oi eswterikèc dun�meic epanafor�c tou elathrÐou.
Oi exis¸seic kÐnhshc eÐnai  dh grammikèc kai mporoÔn na grafoÔn upì morf 
pin�kwn

M Ẍ +BX = 0 (2.4)

ìpou M kai B oi pÐnakec twn suntelest¸n, X = (x1, x2) kai Ẍ = (ẍ1, ẍ2) =
−ω2X, ìpou ω h suqnìthta thc tal�ntwshc pou jèloume na upologÐsoume
(jewroÔme X = Deiωt). Prèpei

|B − ω2M | = 0⇒ (k −mω2)2 − k2 = 0

ap' ìpou prokÔptei

ω2(m2ω2 − 2k) = 0

kai oi dÔo lÔseic eÐnai

ω1 = 0 , ω2 = ±

√
2k
m

(2.5)

H lÔsh ω1 = 0 antistoiqeÐ se metatìpish tou sust matoc wc stereì s¸ma,
me to elat rio na diathreÐ stajerì to m koc tou kai Ðso me l0 (emfanÐzetai an
ẋ1(0) = ẋ2(0)).
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'Askhsh 2.2: H m�za m kineÐtai upoqrewtik� sthn epif�neia tou el-
leiptikoÔ paraboloeidoÔc, me exÐswsh z = x2 + a2y2, upì thn epÐdrash tou
omogenoÔc pedÐou barÔthtac.

m

Ο x

z

g

To sÔsthma èqei dÔo bajmoÔc eleujerÐac, afoÔ up�rqei ènac sklhrìnomoc
desmìc. Epilègw tic (x, y) wc suntetagmènec. IsqÔei

z = x2 + a2y2 ⇒ ż = 2xẋ+ 2a2yẏ (2.6)

H kinhtik  enèrgeia eÐnai

T =
m

2
(ẋ2 + ẏ2 + ż2) =

m

2
(ẋ2 + ẏ2 + 4x2ẋ2 + 4a4y2ẏ2 + 8a2xyẋẏ) (2.7)

kai h dunamik  enèrgeia lìgw barÔthtac eÐnai

V = mgz = mg(x2 + a2y2) (2.8)

Epomènwc,

L =
m

2
[ (1 + 4x2)ẋ2 + (1 + 4a4y2)ẏ2 + 8a2xyẋẏ ]−mg(x2 + a2y2) (2.9)

Oi exis¸seic Lagrange eÐnai

d

dt
[m(1 + 4x2)ẋ+ 4ma2xyẏ ]− 4mxẋ2 − 4ma2yẋẏ + 2mgx = 0

d

dt
[m(1 + 4a4y2)ẏ + 4ma2xyẋ ]− 4ma4yẏ2 − 4ma2xẋẏ + 2mga2y = 0
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kai de qrei�zetai na proqwr soume tic pr�xeic an jèloume mìno na melet sou-
me tic mikrèc talant¸seic. H jèsh isorropÐac (jètoume ẋ = ẏ = ẍ = ÿ = 0)
eÐnai h profan c, x = y = 0. H mình dedomènh dÔnamh eÐnai to b�roc tou
s¸matoc kai h dunamik  enèrgeia eÐnai p�ntote V (x, y) ≥ 0. Gia x = y = 0,
paÐrnoume thn el�qisth tim  thc, V (x = 0, y = 0) = 0 ki epomènwc èqoume
eustaj  isorropÐa. 'Ara, h lÔsh sth geitoni� thc jèshc isorropÐac eÐnai gram-
mikìc sunduasmìc apl¸n armonik¸n talant¸sewn.

Oi suqnìthtec twn talant¸sewn brÐskontai me b�sh th gnwst  jewrÐa,
efìson pr¸ta grammikopoi soume tic exis¸seic kÐnhshc. Autì epitugq�netai
pio eÔkola an jèsoume

ξ = x− 0 , η = y − 0 (2.10)

opìte ξ̇ = ẋ, ξ̈ = ẍ, η̇ = ẏ kai η̈ = ÿ, kai anaptÔxoume th sun�rthsh Lagran-
ge sÔmfwna me to je¸rhma tou Taylor, krat¸ntac ìrouc mèqri 2hc t�xhc wc
proc tic mikrèc posìthtec. SÔmfwna me th jewrÐa, oi sunart seic pou pol-
laplasi�zontai me tic genikeumènec taqÔthtec sthn T (pou eÐnai tetragwnik 
morf  wc proc ta ẋ kai ẏ) antikajÐstantai apl� apì tic stajerèc timèc touc
gia (x, y) = (0, 0). 'Etsi, h L eÐnai proseggistik� Ðsh me

L∗ =
m

2
(ξ̇2 + η̇2)−mg(ξ2 + a2η2) (2.11)

afoÔ oi upìloipoi ìroi eÐnai toul�qiston 3ou bajmoÔ wc proc ta (ξ, η) kai
(ξ̇, η̇). Oi nèec (grammikopoihmènec) exis¸seic kÐnhshc eÐnai

ξ̈ + 2gξ = 0
η̈ + 2ga2η = 0

(2.12)

Sto sugkekrimèno prìblhma oi grammikopoihmènec exis¸seic mporoÔn na lu-
joÔn anex�rthta h mÐa apì thn �llh kai oi suqnìthtec twn mikr¸n talant¸-
sewn eÐnai oi rÐzec twn suntelest¸n tou ξ kai tou η, dhlad 

Ωξ =
√

2g , Ωη = a
√

2g (2.13)



Kef�laio 3

Sust mata Stere¸n
Swm�twn

Sto kef�laio autì ja melet soume thn kÐnhsh stere¸n swm�twn kai sÔnje-
twn susthm�twn (ulik� shmeÐa kai stere� s¸mata). H melèth ja estiasteÐ sta
Ðdia shmeÐa me aut� twn problhm�twn tou 1ou kefalaÐou (exis¸seic Lagrange,
oloklhr¸mata thc kÐnhshc, shmeÐa isorropÐac kai eust�jeia).

'Askhsh 3.1: To kèntro m�zac K thc omogenoÔc r�bdou m�zac m kai m -
kouc 2l sundèetai me thn arq  twn axìnwn mèsw abaroÔc, mh ektatoÔ, n matoc
m kouc l0. H kÐnhsh gÐnetai sto katakìrufo epÐpedo, upì thn epÐdrash tou
omogenoÔc pedÐou barÔthtac.

m

φ

Ο x

z

g

l 0
θ

Κ

Up�rqei ènac desmìc (OK = r = l0) ki epomènwc h r�bdoc èqei 2 b.e. Dedo-
mènou ìti kanèna shmeÐo thc r�bdou den eÐnaai aklìnhto, epilègw wc shmeÐo

19
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anafor�c gia th melèth tou stereoÔ to kèntro m�zac K.

An epilèxw polikèc suntetagmènec gia na perigr�yw thn kÐnhsh tou K,
tìte eÐnai r = a = staj. kai θ h �gnwsth suntetagmènh. Gia na ekfr�sw
thn peristof  thc r�bdou qrei�zomai mÐa epiplèon gwnÐa, pou na sqhmatÐzetai
apì mia stajer  eujeÐa tou stereoÔ (èstw, ton meg�lo �xona thc r�bdou) kai
k�poia stajer  dieÔjunsh ston adraneiakì q¸ro (èstw, thn Oz). H gwnÐa φ
eÐnai kat�llhlh epilog , afoÔ φ̇ = |~ω|. 'Etsi h kinhtik  enèrgeia paÐrnei th
morf 

T =
1
2
m(ẋ2 + ż2) +

1
2
IK φ̇

2 (3.1)

ìpou IK h rop  adraneÐac thc r�bdou gia �xona pou dièqetai apì to K kai
eÐnai k�jetoc sto epÐpedo tou sq matoc (dhlad  ω̂ = ±j). Gia omogen  r�bdo
m kouc 2l, h rop  wc proc to �kro (p.q. A) eÐnai IA = m(2l)2/3 kai to
je¸rhma tou Steiner dÐnei

IK = IA −ml2 ⇒ IK =
ml2

3

oi kartesianèc suntetagmènec tou K dÐnontai apì tic sqèseic

xK = l0 sin θ , yK = l0 cos θ (3.2)

opìte h T gÐnetai

T =
1
2
ml20θ̇

2 +
ml2

6
φ̇2

en¸ h dunamik  enèrgeia eÐnai V = −mgzK = −mgl0 cos θ. 'Etsi, ÐsqÔei

L = T − V =
1
2
ml20θ̇

2 +
ml2

6
φ̇2 +mgl0 cos θ (3.3)

Parathr ste ìti, afoÔ h L den perièqei rht� to qrìno kai o desmìc eÐnai
sklhrìnomoc, up�rqei to olokl rwma thc mhqanik c enèrgeiac. EpÐshc, h φ
eÐnai agno simh suntetagmènh kai �ra h genikeumènh orm 

pφ =
∂L

∂φ̇
=
ml2

3
φ̇

apoteleÐ epÐshc olokl rwma thc kÐnhshc pφ = C, pou antistoiqeÐ sthn stro-
form  thc idioperistrof c thc r�bdou. Apì ton orismì thc pφ prokÔptei ìti
h peristrofik  kÐnhsh thc r�bdou gÐnetai me stajer  gwniak  taqÔthta

φ̇ =
3C
ml2

H exÐswsh kÐnhshc gia th θ èqei thn parak�tw morf 
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θ̈ +
g

l0
sin θ = 0 (3.4)

kai eÐnai ìmoia me aut  tou aploÔ ekkremoÔc. To sÔsthma mporeÐ na èqei
shmeÐa isorropÐac mìno an C = 0 ⇒ φ̇ = 0. Gia C 6= 0 oi pijanèc lÔseic
isorropÐac thc θ antistoiqoÔn se st�sh tou K all� omal  kuklik  kÐnhsh
twn �krwn thc r�bdou. Oi jèseic st�shc tou K brÐskontai an jèsoume θ̈ = 0
sthn exÐswsh kÐnhshc kai lÔsoume wc proc θ

sin θ = 0⇒ θ1,2 = 0 , π

EÐnai profanèc ìti h θ1 apoteleÐ eustaj  lÔsh isorropÐac, en¸ h θ2 astaj .
Autì apodeiknÔetai an grammikopoi soume thn exÐswsh kÐnhshc (jètontac θ =
ξ − θ1,2 kai �ra θ̈ = ξ̈), paÐrnontac to an�ptugma Taylor tou sin θ gÔrw apì
thn antÐstoiqh jèsh isorropÐac. H grammikopoihmènh exÐswsh eÐnai

ξ̈ ± g

l0
ξ = 0

me to (+), pou sunep�getai apl  armonik  tal�ntwsh me suqnìthta Ωξ =√
g/l0 gia thn ξ(t), na antistoiqeÐ sth jèsh θ1 = 0.

H orm  pθ dÐnetai apì th sqèsh

pθ =
∂L

∂θ̇
= ml20θ̇

'Etsi, h sun�rthsh Hamilton tou sust matoc eÐnai

H = φ̇ pφ + θ̇ pθ − L =
3p2
φ

2ml2
+

p2
θ

2ml20
−mgl0 cos θ (3.5)

kai isoÔtai (arijmhtik�) me to olokl rwma tou Jacobi, to opoÐo sthn perÐptw-
s  mac tautÐzetai me th mhqanik  enèrgeia, H = J = T + V . Oi kanonikèc
exis¸seic eÐnai

θ̇ = ∂H
∂pθ

= pθ/(ml20)

ṗθ = −∂H
∂θ = −mgl0 sin θ (3.6)

kai

φ̇ = ∂H
∂pφ

= 3pφ/(ml2)

ṗφ = −∂H
∂φ = 0 (3.7)

Oi tèsseric kanonikèc exis¸seic (1hc t�xhc) eÐnai pl rwc isodÔnamec me tic
dÔo exis¸seic Lagrange (2hc t�xhc). 'Etsi, an jèsoume Ðsa me mhdèn ta dexi�
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mèlh kai twn tess�rwn exis¸sewn tou Hamilton kai lÔsoume wc proc ta θ
kai φ, ja prokÔyoun ta shmeÐa isorropÐac pou br kame kai prohgoumènwc.

'Askhsh 3.2: H omogen c r�bdoc m�zac m kai m kouc 2l kineÐtai sto ka-
takìrufo epÐpedo upì thn epÐdrash thc barÔthtac, ètsi ¸ste ta �kra thc na
glustroÔn ep�nw sthn perifèreia, aktÐnac R.

Ο x

z

g

R
φ

Κ

Α

Β

Up�rqoun dÔo anex�rthtoi sklhìnomoi desmoÐ, OA = R kai OB = R. Epo-
mènwc h r�bdoc èqei 1 b.e. kai h gwnÐa φ pou sqhmatÐzei o �xonac OK tou
stereoÔ me thn katakìrufo Oz eÐnai mia kat�llhlh genikeumènh suntetagmènh.
Oi kartesianèc suntetagmènec tou K dÐnontai apì tic sqèseic

xK = OK sinφ = b sinφ , zK = OK cosφ = b cosφ (3.8)

ìpou b = OK =
√
R2 − l2 to stajerì m koc thc mesok�jethc. H kinhtik 

enèrgeia eÐnai

T =
1
2
m(ẋ2

K + ż2
K) +

1
2
IK φ̇

2 =

(
mb2

2
+
ml2

6

)
φ̇2 (3.9)

kai h dunamik  enèrgeia eÐnai V = −mgzK = −mgb cosφ. 'Ara

L =

(
mb2

2
+
ml2

6

)
φ̇2 +mgb cosφ (3.10)

kai h exÐswsh kÐnhshc eÐnai

φ̈+
(

3gb
3b2 + l2

)
sinφ = 0 (3.11)
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Oi lÔseic isorropÐac (φ̇ = φ̈ = 0) antistoiqoÔn se sinφ = 0⇒ φ1,2 = 0, π, me
profan  eustaj  lÔsh thn φ1 = 0 kai suqnìthta mikr¸n talant¸sewn Ðsh me
Ω =

√
3gb/(3b2 + l2). Parathr ste, tèloc, ìti up�rqei to olokl rwma thc

mhqanik c enèrgeiac, afoÔ ∂L
∂t = 0 kai oi desmoÐ eÐnai sklhrìnomoi.

'Askhsh 3.3: H omogen c r�bdoc m�zac m kai m kouc 2l kineÐtai sto ka-
takìrufo epÐpedo upì thn epÐdrash thc barÔthtac. To �kro A epitaqÔnetai
wc proc to O me stajer  epit�qunsh γ kai eÐnai upoqrewmèno na brÐsketai
p�ntote ston �xona OX.

m

Ο x

z
γ

A

g
B

K

φ

Oi desmoÐ X(A) = 0 kai Z(A) = 0 mei¸noun touc bajmoÔc eleujerÐac se ènan.
'Estw φ h genikeumènh suntetagmènh. Oi kartesianèc suntetagmènec tou K
sto adraneiakì sÔsthma anafor�c OXZ eÐnai

X = 1
2γt

2 + l cosφ ⇒ Ẋ = γt− lφ̇ sinφ

Z = l sinφ ⇒ Ż = lφ̇ cosφ (3.12)

H kinhtik  enèrgeia paÐrnei th morf 

T =
mγ2t2

2
+
ml2φ̇2

2
−mγltφ̇ sinφ+

1
2

(
ml2

3

)
φ̇2 (3.13)

kai h dunamik  enèrgeia eÐnai V = mgz = mgl sinφ. 'Ara

L =
mγ2t2

2
+

4ml2φ̇2

6
−mγltφ̇ sinφ−mgl sinφ (3.14)

O pr¸toc ìroc thc T mporeÐ na paraleifjeÐ, afoÔ den suneisfèrei stic exi-
s¸seic kÐnhshc. EpÐshc, o ìroc −mγltφ̇ sinφ mporeÐ na grafeÐ wc
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−mγltφ̇ sinφ =
d

dt
[mγlt cosφ]−mγl cosφ (3.15)

ParaleÐpontac thn olik  par�gwgo tou qronoexarthmènou ìrou, h nèa sun�r-
thsh Lagrange paÐrnei th morf 

L∗ =
4ml2φ̇2

6
−mγl cosφ−mgl sinφ (3.16)

SÔmfwna me thn arq  tou Hamilton, oi L kai L∗ eÐnai apolÔtwc isodÔnamec.
Parathr ste ìti ∂L

∗

∂t = 0 ki epomènwc up�rqei to olokl rwma tou Jacobi, to
opoÐo bèbaia den eÐnai Ðso me th mhqanik  enèrgeia tou sust matoc, afoÔ o
qrìnoc emfanÐzetai rht� sto metasqhmatismì twn suntetagmènwn.

H exÐswsh kÐnhshc eÐnai

4l
3
φ̈− γ sinφ+ g cosφ = 0 (3.17)

To sÔsthma den èqei shmeÐa isorropÐac ston adraneiakì q¸ro (lìgw thc ~γ).
H r�bdoc ìmwc mporeÐ na isorrop sei se stajer  gwnÐa φ, ¸ste to K (kai
k�je shmeÐo thc r�bdou) na ekteleÐ eujÔgrammh, omal� epitaqunìmenh, kÐnhsh.
Jètontac φ̈ = 0 sthn exÐswsh kÐnhshc, prokÔptei h lÔsh isorropÐac

tanφ =
g

γ

Prosoq : H r�bdoc dèqetai (ektìc tou b�rouc thc) kai th dÔnamh adraneÐac
pou antistoiqeÐ sthn epit�qunsh γ. Epomènwc, an prospajoÔsame na broÔme
ta shmeÐa isorropÐac wc ta el�qista thc V ja  tan l�joc! H swst  lÔsh
mporeÐ na brejeÐ apì ta el�qista tou genikeumènou dunamikoÔ V ′ = V −mγx,
tou opoÐou h par�gwgoc dÐnei th sunistamènh dÔnamh (me antÐjeto prìshmo).

'Askhsh 3.4: H omogen c troqalÐa, m�zac M kai aktÐnac R, peristrèfetai
gÔrw apì to aklìnhto shmeÐo O, en¸ h m kineÐtai kat� thn katakìrufo upì
thn epÐdrash thc barÔthtac kai eÐnai sundedemènh me thn troqalÐa mèsw aba-
roÔc, mh ektatoÔ, n matoc, to opoÐo mporeÐ na tulÐgetai omal� sthn troqalÐa.
To st rigma K jewreÐtai idanikì.

H m�za m èqei 1 b.e. kai h troqalÐa epÐshc 1 b.e. (mìno peristrèfetai). 'Omwc
oi kin seic twn dÔo swm�twn den eÐnai anex�rthtec metaxÔ touc. An to n ma
eÐnai mh ektatì, tìte k�je shmeÐo tou èqei thn Ðdia (kat� mètro) taqÔthta
me thn m, dhlad  ż. An t¸ra to n ma tulÐgetai omal� sthn troqalÐa (den
olisjaÐnei kai den up�rqoun tribèc), tìte k�je shmeÐo thc perifèreiac thc
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m
φ

Ο

K

z

g

R
xxxxx

M

troqalÐac prèpei na èqei epÐshc thn Ðdia grammik  taqÔthta (p�li, kat� mètro).
Epomènwc, h sunj kh omal c kÔlhshc tou n matoc epÐ thc troqalÐac epib�lei
ton desmì

ż = Rφ̇⇒ z = Rφ+ z0 (3.18)

ìpou Rφ̇ h grammik  taqÔthta tuqaÐou shmeÐou thc troqalÐac. An gia t = 0
isqÔei (φ0, z0) = (0, 0) tìte h sunj kh kÔlhshc shmaÐnei ìti h apom�krunsh
thc m apì thn arqik  thc jèsh eÐnai Ðsh me to tìxo pou baÐnei sth gwnÐa φ
(bl. sq ma).

H kinhtik  enèrgeia tou sust matoc eÐnai

T = TM + Tm =
1
2
Ioφ̇

2 +
1
2
mż2 =

1
2

(
M

2
+m

)
R2φ̇2 (3.19)

kai V = −mgz = −mgRφ. 'Ara

L =
1
2

(
M

2
+m

)
R2φ̇2 +mgRφ (3.20)

H exÐswsh kÐnhshc èqei th morf 

φ̈ =
m

M/2 +m
g (3.21)

dhlad  h m ekteleÐ pt¸sh me stajer  epit�qunsh. H pt¸sh den eÐnai �eleÔ-
jerh� (φ̈ < g), afoÔ mèroc thc olik c enèrgeiac (pou diathreÐtai stajer )
qrhsimeÔei sthn peristrof  thc troqalÐac, h opoÐa èqei mh mhdenik  adr�neia.
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'Askhsh 3.5: Omogenèc kuklikì kal¸dio, m�zac M kai aktÐnac R, peri-
strèfetai gÔrw apì �xona katakìrufo sto epÐpedì tou, pou pern�ei apì to
O. H m kineÐtai qwrÐc trib  ep�nw sthn perifèreia tou kalwdÐou.

Ο x

z

g

R
θ

Κ
φ

m

M

To kal¸dio èqei 1 b.e. kai h θ perigr�fei thn kÐnhs  tou (peristrof )
gÔrw apì to aklìnhto shmeÐo O. H m èqei epÐshc 1 b.e. afoÔ h apìstas 
thc apì to K eÐnai stajer  kai Ðsh me R. Epilègoume wc deÔterh genikeumènh
suntetagmènh th gwnÐa pou sqhmatÐzei h aktÐna Km me thn katakìrufo Oz.
H rop  adraneÐac tou kuklikoÔ kalwdÐou wc proc to O eÐnai Io = 2MR2. Oi
kartesianèc suntetagmènec thc m eÐnai

x = R sin θ +R sinφ , z = R cos θ +R cosφ (3.22)

opìte h kinhtik  enèrgeia eÐnai

T = TM +Tm =
m

2
(ẋ2+ ẏ2)+

Io
2
θ̇2 =

mR2

2
[θ̇2+φ̇2+2θ̇φ̇ cos(θ−φ)]+MR2θ̇2

(3.23)
kai h dunamik  enèrgeia eÐnai

V = VM +Vm = −mgz−MgzK = −mgR(cos θ+cosφ)−MgR cos θ (3.24)

Epomènwc, h sun�rthsh Lagrange èqei th morf 

L =
mR2

2
[θ̇2+φ̇2+2θ̇φ̇ cos(θ−φ)]+MR2θ̇2+mgR(cos θ+cosφ)+MgR cos θ

(3.25)
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kai oi dÔo exis¸seic kÐnhshc eÐnai

(m+ 2M)2θ̈ +mR2φ̈ cos(θ − φ) +mR2φ̇2 sin(θ − φ) + (m+M)gR sin θ = 0
φ̈+ θ̈ cos(θ − φ)− θ̇2 sin(θ − φ) + (g/R) sinφ = 0 (3.26)

Profan¸c, h mhqanik  enèrgeia tou sust matoc diathreÐtai (olokl rwma thc
enèrgeiac). Apì tic exis¸seic kÐnhseic prokÔptoun ta shmeÐa isorropÐac (gia
φ̇ = φ̈ = θ̇ = θ̈ = 0), wc lÔseic tou sust matoc

sin θ = 0 , sinφ = 0

To sÔsthma èqei tèsseric lÔseic, ta shmeÐa (φ1 = 0, θ1 = 0), (φ2 = 0, θ2 = π),
(φ3 = π, θ3 = 0) kai (φ4 = π, θ4 = π). Apì aut� mìno to (φ1, θ1) antistoiqeÐ
se eustaj  isorropÐa (apodeÐxte to!).

'Askhsh 3.6: O omogen c kuklikìc dÐskoc, m�zac m kai aktÐnac R, kulÐetai
omal� p�nw ston �xona Ox, en¸ to kèntro m�zac tou sundèetai me ton �xona
Oz (se Ôyoc R) me idanikì elat rio (stajer�c k kai fusikoÔ m kouc l0). Gia
t = 0 to elat rio den èqei t�sh.

Ο

x

X

mΛΛΛΛΛΛΛΛΛΛΛ

x

Υ

φ

O dÐskoc èqei 1 b.e., afoÔ zK = R =staj. kai ẋ = Rφ̇ (sunj kh omal c
kÔlhshc), ìpou x h apom�krunsh apì thn arqik  jèsh isorropÐac. Epomènwc

T =
m

2
ẋ2 +

1
2
IK φ̇

2 =
m

2
ẋ2 +

mR2

4

(
ẋ

R

)2

=
3m
4
ẋ2 (3.27)
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kai h dunamik  enèrgeia tou elathrÐou eÐnai apl� V = k
2x

2. 'Ara

L =
3m
4
ẋ2 − k

2
x2 (3.28)

H exÐswsh kÐnhshc paÐrnei th morf 

ẍ+
2k
3m

x = 0 (3.29)

me 2k/(3m) > 0. H exÐswsh eÐnai grammik  kai h lÔsh thc anaparist� apl 
armonik  tal�ntwsh gÔrw apì th jèsh isorropÐac (x0 = 0), me suqnìthta

Ω =

√
2k
3m

'Askhsh 3.7: H omogen c troqalÐa, m�zac M kai aktÐnac R, peristrèfetai
gÔrw apì to kèntro m�zac thc K, to opoÐo kineÐtai kat� thn katakìrufo kai
sundèetai me to aklìnhto shmeÐo O me idanikì elat rio (stajer�c k kai fusi-
koÔ m kouc l0). H m kineÐtai kat� thn katakìrufo kai eÐnai sundedemènh me
thn troqalÐa mèsw abaroÔc, mh ektatoÔ, n matoc (m kouc lν), to opoÐo mpo-
reÐ na kineÐtai omal� ep�nw sthn troqalÐa. To n ma sthrÐzetai sto aklìnhto
shmeÐo E.

m

φ

Ο

z

g R

xxxxx

M

Λ
Λ
Λ
Λ
Λ
Λ
Λ
Λ

/////////

Β ΓΚ

EΣ

H troqalÐa peristrèfetai gÔrw apì to kèntro m�zac thc, to opoÐo kineÐtai
katakìrufa (�ra 2 b.e., èstw zK kai φ). H m kineÐtai kat� ton �xona Oz
(1 b.e., èstw z). Up�rqoun dÔo desmoÐ thc kÐnhshc: (a) to stajerì m koc
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tou n matoc kai (b) h omal  kÔlhsh tou n matoc p�nw sthn troqalÐa. 'Ara,
telik�, to sÔsthma èqei 1 b.e. kai epilègoume thn z thc m wc genikeumènh
suntetagmènh.

H omal  kÔlhsh tou n matoc sunep�getai ìti h taqÔthta k�je shmeÐou tou
n matoc ja eÐnai Ðsh (kat� mètro) me th grammik  taqÔthta tuqìntoc shmeÐou
sthn perifèreia thc troqalÐac (p�nta wc proc toK). Me �lla lìgia, o rujmìc
metabol c tou m kouc BS

d(BΣ)
dt

= ż − żK

(dhlad , h sqetik  taqÔthta thc m wc proc to K) prèpei na eÐnai Ðsoc me to
rujmì metabol c tou tìxou pou baÐnei sth gwnÐa φ

ż − żK = Rφ̇ (3.30)

O deÔteroc desmìc thc kÐnhshc eÐnai ìti to m koc tou n matoc, lν , eÐnai sta-
jerì. An h eÐnai to sunolikì Ôyoc OE, tìte

lν = z + πR+ h− zK ⇒ zK =
z − b

2
(3.31)

ìpou b = lν − h− πR. Qrhsimopoi¸ntac tic sqèseic pou ekfr�zoun touc dÔo
desmoÔc, h kinhtik  enèrgeia gr�fetai

T = Tm + TM =
m

2
ż2 +

M

2
ż2
K +

IK
2
φ̇2 =

1
2

(
m+

3M
8

)
ż2 (3.32)

ìpou IK = MR2/2. H dunamik  enèrgeia tou sust matoc eÐnai

V = Vm + VM + Vελ = −mgz −MgzK + k
2 (zK − l0)2

= −
(
m+ M

2

)
gz + k

2

(
z−b
2 − l0

)2
(3.33)

'Ara

L =
1
2

(
m+

3M
8

)
ż2 +

(
m+

M

2

)
gz − k

2

(
z − b

2
− l0

)2

(3.34)

kai h exÐswsh kÐnhshc eÐnai(
m+

3M
8

)
z̈ −

(
m+

M

2

)
g +

k

2

(
z

2
− b

2
− l0

)
= 0 (3.35)

Jètontac z̈ = 0, prokÔptei h lÔsh isorropÐac

z∗ = b+ 2l0 + 2(2m+M)g/k
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kai an orÐsoume thn apom�krunsh apì th jèsh isorropÐac wc x = z − z∗, h
exÐswsh exèlixhc tou x eÐnai(

m
3M
8

)
ẍ+

k

4
x = 0 (3.36)

kai h lÔsh thc eÐnai apl  armonik  tal�ntwsh me suqnìthta

Ω =

√
k

4(m+ 3M/8)

'Askhsh 3.8: H omogen c troqalÐa, m�zac M kai aktÐnac R, peristrèfe-
tai gÔrw apì to kèntro m�zac thc K, to opoÐo kineÐtai kat� thn katakìrufo
kai sundèetai me to aklìnhto shmeÐo O me idanikì elat rio (stajer�c k kai
fusikoÔ m kouc l0). Oi m1 kai m2 kinoÔntai kat� thn katakìrufo kai eÐnai
sundedemènec metaxÔ touc me abarèc, mh ektatì, n ma (m kouc lν), to opoÐo
mporeÐ kineÐtai omal� sthn troqalÐa.

m1

φ

Ο

z
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Β ΓΚ

m2

To sÔsthma èqei epiplèon èna b.e., pou antistoiqeÐ sthn katakìrufh kÐnhsh
thc m2 (dhlad , thn z2). 'Opwc kai sthn prohgoÔmenh �skhsh, up�rqoun
oi desmoÐ tou stajeroÔ m kouc tou n matoc, lν kai thc omal c kÔlhshc tou
n matoc, pou ekfr�zontai apì tic exis¸seic

lν = (z1 − zK) + πR+ (z2 − zK) (3.37)

kai
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ż1 − żK = Rφ̇ (3.38)

Sundu�zontac tic dÔo exis¸seic prokÔptei ìti, gia thn m2, isqÔei ż2 − żK =
−Rφ̇. To apotèlesma eÐnai logikì, afoÔ oi m1 kai m2 ofeÐloun na kinoÔntai
se antÐjetec kateujÔnseic.
Me b�sh ta parap�nw, epilègoume wc genikeumènec suntetagmènec tic z1 kai
zK . H kinhtik  enèrgeia tou sust matoc eÐnai

T =
m1

2
ż2
1 +

m2

2
ż2
2 +

M

2
ż2
K +

IK
2
φ̇2

=
m1

2
ż2
1 +

m2

2
(2żK − ż1)2 +

M

2
ż2
K +

IK
2R2

(ż1 − żK)2 (3.39)

H dunamik  enèrgeia èqei th morf 

V = −m1gz1 −m2gz2 −MgzK +
k

2
(zK − l0)2

= −m1gz1 −m2g(2zK − z1) +MgzK −
1
2
k(zK − l0)2 (3.40)

kai L = T − V . Profan¸c, h mhqanik  enèrgeia apoteleÐ oloklhr¸ma thc
kÐnhshc. Lamb�nontac upìyh ìti IK = MR2/2, oi exis¸seic kÐnhshc paÐrnoun
th morf 

m1z̈1 −m2(2z̈K − z̈1) +M(z̈1 − z̈K)/2− (m1 −m2)g = 0
2m2(2z̈K − z̈1) +Mz̈K −M(z̈1 − z̈K)/2− (2m2 +M)g + k(zK − l0) = 0

MhdenÐzontac tic epitaqÔnseic, prokÔptei ìti shmeÐo isorropÐac up�rqei mìno
an m1 = m2 = m. Se aut  thn perÐptwsh, h jèsh isorropÐac dÐnetai apì th
sqèsh

zK = l0 + (2m+M)
g

k

'Askhsh 3.9: H omogen c sfaÐra, m�zac m kai aktÐnac r, kulÐetai omal�,
upì thn epÐdrash tou b�rouc thc, sto eswterikì thc kuklik c perifèreiac
(aktÐnac R). H kÐnhsh gÐnetai sto katakìrufo epÐpedo pou pern�ei apì ta O
kai K.

Omal  kÔlhsh thc m shmaÐnei ìti to tìxo AB pou diagr�fei to shmeÐo epaf c
ja eÐnai Ðso me to tìxo BA' pou diagr�fei h stajer  aktÐna KA. 'Etsi, en¸
AB= Rφ, h aktÐna KA dianÔei tìxo r(φ+ θ). Epomènwc,
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R

Ο

g

r K

φ

Α

'Α
Βφ

K

θ

m

θ̇ =
(
R− r
r

)
φ̇

H sfaÐra èqei epomènwc èna bajmì eleujerÐac (èstw th φ). H rop  adraneÐac
thc sfaÐrac eÐnai IK = 2mr2/5. H kinhtik  enèrgeia eÐnai

T =
m

2
(R− r)2φ̇2 +

2mr2

10

(
R− r
r

)2

φ̇2 =
7m(R− r)2

10
φ̇2 (3.41)

kai h dunamik  enèrgeia lìgw barÔthtac eÐnai

V = −mgzK = −mg(R− r) cosφ (3.42)

'Ara

L =
7m(R− r)2

10
φ̇2 +mg(R− r) cosφ (3.43)

kai h exÐswsh kÐnhshc eÐnai

φ̈+
5g

7(R− r)
sinφ = 0 (3.44)

Parathr ste ìti h parap�nw exÐswsh eÐnai ìmoia me aut  tou aploÔ ekkremoÔc.
To shmeÐo eustajoÔc isorropÐac antistoiqeÐ se φ = 0. Sth geitoni� tou
shmeÐou isorropÐac isqÔei sinφ ≈ φ kai h grammikopoihmènh exÐswsh kÐnhshc
èqei th morf 

ẍ+
5g

7(R− r)
x = 0

pou anaparist� apl  armonik  tal�ntwsh, me suqnìthta Ω =
√

5g
7(R−r) .


