
LOGISMOS I, - Ask seic 9, Luseic

1. (a) Jewroume to grafhma thc φ(t) = 1
t
gia t > 0 kai ta shmeia

A = (n, 0), B = (n + 1, 0), G = (n + 1,
1

n + 1
),

D = (n,
1

n + 1
), E = (n,

1

n
), Z = (n + 1,

1

n
).

Sqhmatizontai ta orjogwnia ABGD, ABZE kai to qwrio ABGE tou opoiou h
mia pleura einai tmhma tou grafhmatoc thc φ.
Parathroume:

log(n + 1)− log(n) =

∫ n+1

1

1

t
dt−

∫ n

1

1

t
dt =

∫ n+1

n

1

t
dt = Embad(ABGE)

Epishc
Embad(ABGD) < Embad(ABGE) < Embad(ABZE)

kai

Embad(ABGD) =
1

n + 1
, Embad(ABZE) =

1

n
,

dhladh,
1

n + 1
< log(n + 1)− log(n) <

1

n
.

(b) Gia thn an,

an+1 − an =(1 +
1

2
+ · · ·+ 1

n + 1
)− log(n + 1)− ((1 +

1

2
+ · · ·+ 1

n
)− log(n))

=
1

n + 1
− log(n + 1) + log(n) < 0,

ara an+1 < an. Omoia gia thn bn,

bn+1 − bn =(1 +
1

2
+ · · ·+ 1

n
)− log(n + 1)− ((1 +

1

2
+ · · ·+ 1

n− 1
)− log(n))

=
1

n
− log(n + 1) + log(n) > 0,

ara bn < bn+1.
Parathroume twra oti bn < an gia kaje n (fanero) kai oti gia kaje duo

deiktec m, k isquei bm < ak. Pragmati an l > max(m, k) ja einai bm < bl <
al < ak. Auto shmainei oti kaje oroc thc {bn} einai mikroteroc kaje orou thc
{an}.
Epi pleon an− bn = 1

n
→ 0 ap' opou epetai oti oi duo akloujiec eqoun koino

orio.

2. (a) Gnwrizome oti limn→∞
log(n)

nb = 0 gia kaje jetiko b. An k ∈ N ja eqome

(log(n))k

n
β
2

=

(
log(n)

n
β
2k

)k

→ 0,

1



2

ara (log(n))k

n
β
2

≤ M < ∞ gia kapoio M . Sunepwc

(log(n))k

n1+β
=

(log(n))k

n
β
2

1

n1+β
2

≤ M

n1+β
2

dhl.
∞∑

n=2

(log(n))k

n1+β
≤

∞∑
n=2

M

n1+β
2

kai apo to krithrio sugkrishc h seira
∑∞

n=2
(log(n))k

n1+β sugklinei.
(b)

lim
x→0

ex − 1

x
= lim

x→0

ex

1
= 1

lim
x→0

ex − 1− x

x2
= lim

x→0

ex − 1

2x
= lim

x→0

ex

2
=

1

2

lim
x→0

ex − 1− x− 1
2
x2

x3
= lim

x→0

ex − 1− x

3x2
= lim

x→0

ex − 1

6x
= lim

x→0

ex

6
=

1

6

lim
x→0

log(1 + x)− x

x2
= lim

x→0

1
1+x

− 1

2x
= lim

x→0

−1
(1+x)2

2
=
−1

2

lim
x→0

log(1 + x)− x + 1
2
x2

x3
= lim

x→0

1
1+x

− 1 + x

3x2
= lim

x→0

−1
(1+x)2

+ 1

6x
= lim

x→0

2
(1+x)3

6
=

2

6
=

1

3
.

3. (a) Jetome f(x) = ex−1−x. Parathroume oti f(0) = 0 kai f ′(x) = ex−1 > 0
gia x > 0, dhl. h f einai auxousa sto (0,∞). Ara f(x) > f(0) = 0, dhl.
ex ≥ 1 + x gia x > 0.
Omoia jewroume thn f1(x) = ex − 1− x− x2

2
. Eqome f ′(x) = ex − 1− x > 0

(apo to prohgoumeno bhma) ara h f1 einai auxousa. Epeidh f1(x) = 0 ja einai
f1(x) > 0 dhl. ex > 1 + x + x2

2
gia x ∈ (0,∞). Me thn idia diadikasia sta

epomena bhmata pairnome

ex > 1 + x +
x2

2
+

x3

3!

ex > 1 + x +
x2

2
+

x3

3!
+

x4

4!
..............................................

ex > 1 + x +
x2

2
+

x3

3!
+ · · ·+ xn

n!
gia x > 0.
(b) Apo to (a), an x > 0 kai n ∈ N isquei

(?) 1 + x +
x2

2
+

x3

3!
+ · · ·+ xn

n!
< ex

H seira
∑∞

n=0
xn

n!
eqei merika ajroismata

Sn = 1 + x +
x2

2
+

x3

3!
+ · · ·+ xn

n!



3

Gia kaje x > 0, h akoloujia twn merikwn ajroismatwn {Sn} einai auxousa
(profanwc) kai anw fragmenh (apo thn (?)). Ara h seira sugklinei. Epetai
oti limn→∞

xn

n!
= 0.

4. (a) Apo thn askhsh 1, to orio γ = limn→∞(an) uparqei. Diairoume me log(n)
opote

lim
n→∞

an

log(n)
= lim

n→∞

γ

log(n)
= 0

Alla

an

log(n)
=

1

log(n)

(
(1 +

1

2
+ · · ·+ 1

n
)− log(n)

)
=

1

log(n)

(
1 +

1

2
+ · · ·+ 1

n

)
− 1

Ara

lim
n→∞

(
1

log(n)

(
1 +

1

2
+ · · ·+ 1

n

)
− 1

)
= 0

dhl.

lim
n→∞

(
1

log(n)

(
1 +

1

2
+ · · ·+ 1

n

))
= 1.

Sunepwc

lim
n→∞

1

n

(
1 +

1

2
+ · · ·+ 1

n

)
= lim

n→∞

log(n)

n

1

log(n)

(
1 +

1

2
+ · · ·+ 1

n

)
= lim

n→∞

log(n)

n
lim

n→∞

1

log(n)

(
1 +

1

2
+ · · ·+ 1

n

)
=0 · 1 = 0.

(b) Gia x = y = 0 ja einai f(0) = f(0)2 dhl. f(0)(1 − f(0)) = 0. Ara eite
f(0) = 0 eite f(0) = 1.
Periptwsh 1: f(0) = 0. tote gia to tuqon x ∈ R ja einai

f(x) = f(x + 0) = f(x)f(0) = f(x) · 0 = 0

dhl. f ≡ 0.
Periptwsh 2. f(0) = 1. Parathroume

1 = f(0) = f(1− 1) = f(1)f(−1) = af(−1)

ara f(1) 6= 0. jetome a = f(1) kai eqome,

f(2) = f(1 + 1) = f(1)f(1) = f(1)2 = a2

f(3) = f(2 + 1) = f(2)f(1) = a2a = a3

kai genika
f(n) = f(n− 1)f(1) = an−1a = an

gia kaje jetiko akeraio n. Epishc

1 = f(0) = f(−n)f(n) = f(−n)an
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dhl.

f(−n) =
1

an
= a−n

ara
f(m) = am, gia kaje akeraio m.

Epishc gia n jetiko akeraio

a = f(1) = f(
n

n
) = f(

1

n
+

1

n
+ · · ·+ 1

n
) = f(

1

n
)n

apo opou epetai

f(
1

n
) = n

√
a = a

1
n

Akomh gia kaje klasma jetikwn akeraiwn m
n
,

f(
m

n
) = f(

1

n
+ · · ·+ 1

n
m forec

) = f(
1

n
)m = (a

1
n )m = a

m
n

kai
1 = f(0) = f(

m

n
− m

n
) = f(

m

n
)f(−m

n
)

dhl.

f(−m

n
) =

1

f(m
n
)

=
1

a
m
n

= a−
m
n

Ara gia kaje rhto arijmo r ∈ Q isquei

f(r) = ar

Estw twra x ∈ R. Uparqei akoloujia {qn} rhtwn wste qn → x. Epeidh h f
einai suneqhc ja isquei

f(x) = lim
n→∞

f(qn) = lim
n→∞

aqn ,

kai epeidh hn ekjetikh sunarthsh ax einai suneqhc,

lim
n→∞

aqn = alimn→∞ qn = ax.

Sumperasma: f(x) = ax gia kaje x ∈ R.


