
LOGISMOS I, - Ask seic 8, Luseic

1. (a)

0 =
d

dx
(4) =

d

dx

(
y5 + y3x2 − y + 3x

)
=5y4y′ + 3y2y′x2 + 2y3x− y′ + 3

=(5y4 + 3y2x2 − 1)y′ + 2y3x + 3.

Epomenwc (5y4 + 3y2x2 − 1)y′ = −2y3x− 3 kai y′ = −2y3x−3
5y4+3y2x2−1

.
(b)

1 =
d

dx
(x) =

d

dx
(xy + sin(

1

y
))

=y + xy′ + cos(
1

y
)

d

dx
(
1

y
)

=y + xy′ + cos(
1

y
)
−1

y2
y′

epomenwc

1− y = (x− 1

y2
cos(

1

y
))y′

kai

y′ =
(1− y)y2

xy2 − cos( 1
y
)
.

(g)

1 =
d

dx
(x) =

d

dx
(y2 cos(xy) +

√
y)

=2yy′ cos(xy) + y2 sin(xy)(xy)′ +
1

2
y−

1
2 y′

=2yy′ cos(xy) + y2 sin(xy)(xy′ + y) +
1

2
y−

1
2 y′

=2yy′ cos(xy) + y2x sin(xy)y′ + y3 sin(xy) +
1

2
y−

1
2 y′

=(2y cos(xy) + y2x sin(xy) +
1

2
y−

1
2 )y′ + y3 sin(xy)

epomenwc 1− y3 sin(xy) = (2y cos(xy) + y2x sin(xy) + 1
2
y−

1
2 )y′, kai

y′ =
1− y3 sin(xy)

2y cos(xy) + y2x sin(xy) + 1
2
y−

1
2

.

2. (a) Apo to Jewrhma Meshc Timhc, uparqei ξx ∈ [x, x + 2] wste

f(x + 2)− f(x) = f ′(ξx)(x + 2− x)

= 2f ′(ξx)

1



2

Epishc epeidh ξx ∈ [x, x + 2], to ξx →∞ kajwc x →∞, kai apo thn upojesh
limx→∞ f ′(ξx) = 0. Tote

lim
x→∞

(f(x + 2)− f(x)) = lim
x→∞

2f ′(ξx) = 0

Den sumbainei to idio gia to limx→∞(f(2x)− f(x)). Pragmati gia thn f(x) =√
x h paragwgoc f ′(x) = 1

2
√

x
→ 0 kajwc x →∞ enw

f(2x)− f(x) =
√

2x−
√

x = (
√

2− 1)
√

x →∞.

(b) Epilegome kai stajeropoioume y ∈ (−1, 1) kai jewroume thn sunarthsh
g(x) = f( x+y

1−xy
). Tote

d

dx
g(x) = f ′

(
x + y

1− xy

) (
x + y

1− xy

)′
=

1

1 + ( x+y
1−xy

)2

(
x + y

1− xy

)′
=

(1− xy)2

(1− xy)2 + (x + y)2

1 + y2

(1− xy)2

=
1 + y2

1 + x2y2 + x2 + y2

=
1

1 + x2

= f ′(x)

Epetai oti oi g kai f diaferoun kata stajera:

g(x) = f(x) + C, dhl. f(
x + y

1− xy
) = f(x) + C

Jetontac x = 0 eqome f(y) = C dhl. f( x+y
1−xy

) = f(x) + f(y).

3. (a) H diamerish einai

Pn = {t0 = 0, t1 =
2

n
, t2 =

4

n
, ..., tn =

2n

n
= 2}

kai h f(x) = 2− x sto [0, 2] einai fjinousa ara

mi = 2− ti = 2− 2i

n
, Mi = 2− ti−1 = 2− 2(i− 1)

n



3

Katw ajroismata

L(f, Pn) =
n∑

i=1

mi(ti − ti−1) =
n∑

i=1

(2− 2i

n
)(

2

n
)

=
2

n

n∑
i=1

(2− 2i

n
)

=
2

n
(2n− 2

n

n∑
i=1

i)

=
2

n
(2n− 2

n

n(n + 1)

2
)

=
2

n
(2n− (n + 1))

=2
n− 1

n
Omoia briskome ta anw ajroismata

U(f, Pn) = 2
n + 1

n
.

Ta oria einai limn→∞ L(f, Pn) = limn→∞ U(f, Pn) = 2.

4. Estw duo opoiadhpote shmeia (apo ta pente). Ta duo auta shmeia kai to
kentro thc sfairac orizoun epipedo pou temnei thn sfaira se megisto kuklo K
kai qwrizei thn sfaira se duo hmisfairia. Apo ta upoloipa 3 shmeia, ta duo
toulaqiston ja briskontai se ena apo ta duo hmisfairia. To hmisfairio auto
mazu me ton K (dhl. to kleisto hmisfairio) epomenwc perieqei ta duo auta
shmeia sun ta alla duo pou briskontai sto megisto kuklo, sunolo tessera
shmeia.


