
LOGISMOS I, - Ask seic 6, Luseic

1. (a) Gia t ∈ R isquei [t] ≤ t < [t] + 1 kai mporoume na grayome [t] = t− (t− [t])
opou 0 ≤ t− [t] < 1.
(a) Apo ta parapanw, gia kaje x > 0 to b
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(b) Gia kaje 0 < x < a einai 0 < x
a

< 1 ara [x
a
] = 0. Dhl. limx→0+
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]
=

limx→0+(0) = 0.
(b) (grafhma). H f einai suneqhc pantou sto R. Den einai paragwgisimh sta
shmeia { 1

n
: n = 1, 2, ...} ∪ {1

2
( 1

n
+ 1

n+1
) : n = 1, 2, ...} ∪ {0}. Se ola ta alla

shmeia einai paragwgisimh.

2. (a) An f(0) = 1 tote gia c = 0 eqome to zhtoumeno. Epishc an f(1) = 0 tote
gia c = 1 eqome to zhtoumeno. Menei na exetasome thn periptwsh f(0) 6= 0 kai
f(1) 6= 1. Tote apo thn upojesh gia thn f ja einai f(0) < 1 kai f(1) > 0.
Jewroume thn sunarthsh

g(x) = f(x)− cos(
πx

2
)

h opoia einai suneqhc sto [0, 1] kai

g(0) = f(0)− 1 < 0 kai g(1) = f(1)− 0 = f(1) > 0

Apo to jewrhma endiameshc timhc uparqei c ∈ (0, 1) wste g(c) = 0 kai to
zhtoumeno epetai.
(b) Epeidh h f : [a, b] → R einai suneqhc, ja einai fragmenh (apo gnwsto
jewrhma). Ara uparqoun m kai M wste m ≤ f(x) ≤ M gia kaje x ∈ [a, b].
Jetome

sup
x∈[a,b]

f(x) = M0 < ∞

Apo ton orismo tou M0 uparqei akoloujia {xn} me xn ∈ [a, b] wste limn→∞ f(xn) =
M0. Epeidh a ≤ xn ≤ b gia kaje n, apo to jewrhma Bolzano-Weierstrass u-
parqei sugklinousa upakoloujia {xnk

}. An x0 = limk→∞ xnk
tote a ≤ x0 ≤ b.

Epeidh h f einai suneqhc ja eqome limk→∞ f(xnk
) = f(x0). Epeidh h {xnk

}
einai upakoloujia thc {xn}, f(xnk

)
k→∞−→ M0. Apo thn monadikothta twn oriwn,

f(x0) = M0 kai ja eqome f(x0) ≥ f(x) gia kaje x ∈ [a, b].
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3. (a) H f(x) =
√

x einai suneqhc sto kleisto diasthma [0, 1] ara einai omoiomorfa
suneqhc apo gnwsto jewrhma.
(b)Estw ε > 0. Epilegome δ = ε2. An |x− y| < δ tote apo thn upojesh,

|f(x)− f(y)| ≤
√
|x− y| <

√
δ = ε

dhl. h f einai omoiomorfa suneqhc. H f omwc den einai kat' anagkhn diaforisimh
se kaje shmeio tou [0, 1]. p.q. estw

f(x) =

{
1
2
, 0 ≤ x ≤ 1

2

x, 1
2

< x ≤ 1

H f ikanopoiei |f(x)−f(y)| ≤
√
|x− y| gia kaje x, y ∈ [0, 1] (lambanontac up'

oyin oti gia |x − y| < 1 isquei |x − y| <
√
|x− y|) alla den einai diaforisimh

sto 1
2
.


