
LOGISMOS I, - Ask seic 4, Luseic

1. (i) Jetome

An = |a
n

n!
| = |a|n

n!
,

kai qrhsimopoioume to krithrio tou logou. Upojetome a 6= 0 (gia a = 0 h seira
profanwc sugklinei).

An+1

An

=
|a|

n + 1
→ 0 < 1.

Ara h seira sugklinei apoluta kai epomenwc sugklinei kai apla.

(ii) H akloujia an = 1
n log n

, n = 2, 3, ... einai mh auxousa kai teinei sto mhden.

Ara to Jewrhma Leibniz efarmozetai kai h seira
∑∞

n=2(−1)n 1
n log n

sugklinei.
H seira den sugklinei apoluta. Pragmati me efarmogh tou krithriou sumpu-

knwshc briskoume
∞∑

n=2

2n 1

2n log(2n)
=

∞∑
n=2

(
1

log 2
)
1

n
.

H armonikh seira den einai ajroisimh ara kai h
∑∞

n=2
1

n log n
den einai ajroisimh.

(iii) Parathroume

n!

nn
=

1 · 2 · 3 · · ·n
n · n · n · · ·n

= (
1 · 2
n · n

)(
3

n
)(

4

n
) · · · (n

n
) ≤ 2

n2
.

Epeidh
∑∞

n=1
1
n2 < ∞ ja eqoume

∑∞
n=1

n!
nn < ∞, kai

∑∞
n=1(−1)n n!

nn < ∞

2. (a) Gia β = −1 prokuptei h armonikh seira pou apoklinei. Gia β > −1 ja einai
β + 1 > 0. Twra log(n) < log(n + 1), ⇒ (log(n))1+β < (log(n + 1))1+β, ⇒
n(log(n))1+β < (n + 1)(log(n + 1))1+β, dhl.

1

n(log(n))1+β
>

1

(n + 1)(log(n + 1))1+β

kai h akoloujia twn orwn thc seirac einai fjinousa. Me krithrio sumpuknwshc,

∞∑
n=2

2n 1

2n(log(2n))1+β
=

∞∑
n=2

(
1

log 2
)1+β 1

n1+β
,

h opoia sugklinei an kai monon an β > 0.
Teloc an β < −1 ja einai 1 + β < 0 kai n(log(n))1+β < n, dhl.

1

n(log(n))1+β
>

1

n
,

kai se auth thn periptwsh h seira apoklinei.
Ara h seira

∑∞
n=2

1
n(log n)1+β sugklinei an kai monon an β > 0.
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(b) Parathroume

nγ + 1

n2 + n
≤ nγ + 1

n2
=

nγ

n2
+

1

n2
=

1

n2−γ
+

1

n2
.

H seira
∑∞

n=1
1
n2 sugklinei. Ara an γ < 1 tote 2− γ > 1 kai

∑∞
n=1

1
n2−γ < ∞,

opote kai
∑∞

n=1
nγ+1
n2+n

< ∞.
An twra γ ≥ 1 tote 2− γ ≤ 1 kai apo thn

nγ + 1

n2 + n
>

nγ

n2 + n
>

nγ

2n2
= (

1

2
)

1

n2−γ

sumperainoume oti h seira apoklinei.

(g) Eqoume

1√
n(nδ + 1)

≤ 1√
n(nδ)

=
1√
nδ+1

=
1

n
δ+1
2

,

pou shmainei oti an δ > 1 tote (δ + 1)/2 > 1 kai h seira sugklinei.
An 0 ≤ δ ≤ 1 tote

1√
n(nδ + 1)

≥ 1√
n(nδ + nδ)

=
1√

2nδ+1
= (

1√
2
)

1

n
δ+1
2

kai (δ + 1)/2 ≤ 1 ara h seira apoklinei.
Teloc an δ < 0 tote nδ < 1 ara n(nδ + 1) < 2n, ara

1√
n(nδ + 1)

>
1√
2n

= (
1√
2
)

1√
n

kai h seira apoklinei, afou h
∑∞

n=1
1√
n
apoklinei.

3. (i) An
∑∞

n=1 an < ∞ tote epeidh

an

1 + an

≤ an, n = 1, 2, 3, ...,

ja einai kai
∑∞

n=1
an

1+an
< ∞.

Antistrofa, upojetoume
∑∞

n=1
an

1+an
< ∞. Tote bn = an

1+an
→ 0. Ara

uparqei N wste gia n ≥ N na isquei bn < 1
2
. Gia auta ta n eqoume

an =
bn

1− bn

< 2bn

Epomenwc
∑∞

n=1 an < 2
∑∞

n=1 bn < ∞.

(ii) Grafoume
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1
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1
2

n + 1
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To nuosto meriko ajroisma einai
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)
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)
,

kai
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.


