
LOGISMOS I, - Ask seic 3, Luseic

1. Epilegoume pragmatiko arijmo r wste s < r < 1. Epeidh

lim sup
n→∞

an+1

an

= s < r,

uparqei N0 wste
an+1

an

< r, gia kaje n ≥ N0.

Ara an+1 < ran gia n ≥ N0, dhladh,

aN0+1 < raN0

aN0+2 < raN0+1 < r2aN0

aN0+3 < raN0+2 < r3aN0

.......................................

aN0+k < raN0+k−1 < ....... < rkaN0

.......................................

Gia thn akoloujia an epomenwc isquei

an < rn−N0aN0 = rn
(aN0

rN0

)
gia n ≥ N0, dhl. an < rnM me M stajera. Alla r < 1, ⇒ rn → 0 ara
an → 0.

2. (a) Einai
n

n3 + 1
<

n

n3
=

1

n2
.

Epeidh
∑∞

n=1
1
n2 < ∞ apo krithrio sugkrishc eqoume

∑∞
n=1

n
n3+1

< ∞.

(b) Jetome an = n3|r|n, kai eqoume
an+1

an

= (
n + 1

n
)3|r| → |r|.

Epeidh |r| < 1, apo krithrio tou logou
∑∞

n=1 |n3rn| < ∞, ara kai
∑∞

n=1 n3rn <
∞.

(g) Parathroume oti
n2

2n2 + 1
<

n2

2n2

H seira
∑∞

n=1
n2

2n2 sugklinei. Pragmati an bn = n2

2n2 eqoume

bn+1

bn

= (
n + 1

n
)2 1

22n+1
→ 0.

Apo krithrio logou
∑∞

n=1
n2

2n2 < ∞, kai ara
∑∞

n=1
n2

2n2
+1

< ∞.

1
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(d) Jetome an = sin(1/n2) kai bn = 1/n2. Eqoume

an

bn

=
sin( 1

n2 )
1
n2

→ 1,

kai
∑∞

n=1
1
n2 < ∞ ara

∑∞
n=1 sin( 1

n2 ) < ∞.

3. An Sn einai h akoloujia twn merikwn ajroismatwn, ja broume duo upakolou-
jiec pou sugklinoun se diaforetika oria, opote h seira den einai ajroisimh.
Pragmati

S1 = 1, S6 = 1, S15 = 1, ... → 1

enw
S3 = 0, S10 = 0, S21 = 0, ... → 0

Gia na broume thn genikh morfh twn upakoloujiwn parathroume oti Sn = 1
otan to n einai thc morfhc

n = 1, n = 1 + 2 + 3, n = 1 + 2 + 3 + 5, ....., n = 1 + 2 + · · ·+ (2k + 1),

dhl. n = (2k+1)(2k+2)
2

= (2k + 1)(k + 1).
Omoia Sn = 0 otan to n einai thc morfhc

n = 1+2, n = 1+2+3+4, n = 1+2+3+4+5+6, ....., n = 1+2+ · · ·+(2k),

dhl. n = (2k)(2k+1)
2

= k(2k + 1).
Ara S(2k+1)(k+1) = 1 kai Sk(2k+1) = 0 gia kaje k. To orio limn→∞ Sn den

uparqei ara h seira den sugklinei.


