
LOGISMOS I, - Ask seic 11, Luseic

1. (a) Eqome

sin(x) =P2n+1,0(x) + R2n+1,0(x)

=x− x3

3!
+

x5

5!
− · · ·+ (−1)n x(2n+1)

(2n + 1)!
+ R2n+1,0(x)

opou to upoloipo R2n+1,0(x) ikanoipoiei (sel. 352)

|R2n+1,0(x)| ≤ x(2n+1)

(2n + 1)!

Gia x = 1 to sfalma einai

|R2n+1,0(1)| ≤
1

(2n + 1)!
.

Ara arkei na broume n tetoio wste 1
(2n+1)!

≤ 10−5. To mikrotero tetoio n einai
n = 4, dhl.

sin(1) = 1− 1

3!
+

1

5!
− 1

7!
+

1

9!
,

me sfalma < 10−5.
(b)Omoia eqome

log(1 + x) =Pn,0(x) + Rn,0(x)

=x− x2

2
+

x3

3
− · · ·+ (−1)(n−1)x

n

n
+ Rn,0(x)

opou to upoloipo Rn,0(x) ikanoipoiei (sel. 355)

|Rn,0(x)| ≤ xn+1

n + 1
.

Gia x = 1/2 to sfalma einai

|Rn,0(1/2)| ≤ (1/2)n+1

n + 1
=

1

2(n+1)(n + 1)
.

Arkei na broume n tetoio wste 1
2(n+1)(n+1)

< 10−2 . To mikrotero tetoio n einai

n = 4, dhl.

log(3/2) = log(1 +
1

2
) =

1

2
−

(1
2
)2

2
+

(1
2
)3

3
−

(1
2
)4

4

me sfalma < 10−2.

2. (a) Gia x ∈ [−1, 1]

lim
n→∞

fn(x) = lim
n→∞

√
x2 +

1

n
=
√

x2 = |x|

kai h sunarthsh orio einai f(x) = |x|.

1



2

Gia to eidoc sugklishc: √
x2 +

1

n
+ |x| ≥

√
1

n
kai √

x2 +
1

n
− |x| =

x2 + 1
n
− x2√

x2 + 1
n

+ x2
=

1

n

1√
x2 + 1

n
+ x2

≤ 1

n

1
1√
n

=
1√
n

Dhl. |fn(x)−f(x)| ≤ 1√
n
apo opou epetai oti h sugklish einai omoiomorfh sto

[−1, 1].
(b) Gia x ∈ (0,∞)

lim
n→∞

fn(x) = lim
n→∞

1 + nx2

n + x
=

1
n

+ x2

1 + x
n

= x2

ara h sunarthsh ori einai f(x) = x2.
Gia to eidoc sugklishc: Epilegontac xn = n,

|fn(xn)− f(xn)| = |1 + nx2
n

n + xn

− x2
n| = |1 + nn2

n + n
− n2| = n3 − 1

2n
→∞

kai h sugklish den einai omoiomorfh sto (0,∞).

3. (a)

1

1 + x
=

1

2 + (x− 1)
=

1

2[1 + x−1
2

]

=
1

2

1

1 + (x−1
2

)
=

1

2

(
1− (

x− 1

2
) + (

x− 1

2
)2 − (

x− 1

2
)3 + · · ·

)
Ara

Pn,1(x) =
1

2
− 1

22
(x− 1) +

1

23
(x− 1)2− 1

24
(x− 1)3 + · · ·+ (−1)n 1

2n+1
(x− 1)n.

(b)

1

2− 3x
=

1

2− 3(x− 2 + 2)
=

1

2− 3(x− 2)− 6

=
1

−4− 3(x− 2)
=

−1

4 + 3(x− 2)
=

−1

4[1 + 3
4
(x− 2)]

=
−1

4

(
1− 3

4
(x− 2) + (

3

4
(x− 2))2 − · · ·

)
Ara

Pn,2(x) =
−1

4
+

3

42
(x− 2)− 32

43
(x− 2)2 + · · ·+ (−1)n+1 3n

4n+1
(x− 2)n


