
LOGISMOS I, - Ask seic 1, Luseic

1. Q = {p
q

: p, q ∈ Z, q 6= 0}.
(a) ajroisma: p1

q1
+ p2

q2
= p1q2+q1p2

q1q2
∈ Q

ginomeno:p1

q1
· p2

q2
= p1p2

q1q2
∈ Q

phliko:
p1
q1
p2
q2

= p1q2

p2q1
∈ Q

(b) Oqi. p.q.
√

2−
√

2 = 0 ∈ Q,
√

2 ·
√

2 = 2 ∈ Q,
√

2√
2

= 1 ∈ Q

2. (a) B = {−a : a ∈ A}.
Estw s = sup B. Tote b ≤ s gia kaje b ∈ B, ⇒ −b ≥ −s gia kaje b ∈ B,
dhl. a ≥ −s gia kaje a ∈ A. Epomenwc −s ≤ inf A.
An upojesoume oti −s < inf A (gnhsia anisothta) tote gia kapoio ε > 0 ja

eqoume −s + ε < inf A ≤ a gia kaje a ∈ A, dhl. s − ε > −a gia kaje a ∈ A.
Tote b < s− ε gia kaje b ∈ B dhl. sup B ≤ s− ε atopo. Ara −s = inf A dhl.
sup B = − inf A.
(b) Estw iA = inf A, iB = inf B, sA = sup A, sB = sup B. Eqoume: 1)

iB ≤ sB (panta). 2) iA ≤ a gia kaje a ∈ A kai afou B ⊂ A, ja eqoume
iA ≤ b gia kaje b ∈ B. Epomenwc iA ≤ iB. Analoga briskoume sB ≤ sA opote
iA ≤ iB ≤ sB ≤ sA.

3. Upojetoume a ≥ b. Tote

a ≤ n
√

an + bn ≤ n
√

an + an

=
n
√

2an

= a
n
√

2

dhladh,
a ≤ n

√
an + bn ≤ a

n
√

2.

Epeidh n
√

2 → 1 ja einai
lim

n→∞
n
√

an + bn = a.

Analoga, an b > a briskoume to orio b. Dhl. se kaje periptwsh limn→∞
n
√

an + bn =
max{a, b}.
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