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1. Estw X = C[−1, 1] o qwroc twn suneq¸n sunart sewn f : [−1, 1] → R me
eswteriko ginomeno

〈f, g〉 =

∫ 1

−1

f(t)g(t) dt.

Jewroume thn akoloujÐa {fn} me fn(t) = tn, n = 0, 1, 2, · · · .
(a) Deixete oti h akoloujia auth einai grammik� anexarthto sunolo.
(b) Breite touc prwtouc 3 orouc thc thc orjokanonik c akoloujÐac pou prokÔptei
apo thn dojeÐsa me efarmog  thc diadikasiac Gram-Schmidt.

2.(a) Deixete oti h sun jhc norma ston qwro lp, p 6= 2, den proerqetai apo eswterikì
ginomeno.
(b) Kanete to idio gia thn sup norma ‖ ‖∞ ston qwro C[0, 1], kajwc kai gia thn
norma ‖ ‖∞ ston c0.

3. (a) Estw X1 = (C[0, 1], ‖ ‖∞) kai X2 = (C[0, 1], ‖ ‖2) opou ‖ ‖2 h norma pou
proèrqetai apo to eswteriko ginomeno

〈f, g〉 =

∫ 1

0

f(t)g(t) dt.

Exetasete an oi tautotikoi telestec I1 : X1 → X2 kai I2 : X2 → X1 einai fragmenoi.
(b) Estw X qwroc me eswteriko ginomeno kai x, y ∈ X. Deixete oti ta epomena einai
isodunama:
(i) x ⊥ y
(ii) ‖x + λy‖ = ‖x− λy‖ gia kaje λ ∈ R.
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