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1. Estw X = C[0, 1] o grammikìc q¸roc twn suneq¸n sunart sewn f : [0, 1] → R
(a) Poi� apo ta parakatw sunola eÐnai grammikoÐ upìqwroi tou X?
Y = {f ∈ X : f(0) = f(1)},
Z = {f ∈ X : f( 1

2 ) ≥ 0},
V = {f ∈ X :

∫ 1

0
f(t) dt = 0},

W = {f ∈ X : f(t) = 0 gia kaje t ∈ ( 1
2 , 1]}.

(b) Poio gnwsto sÔnolo einai to grammikì perÐblhma

S = span{1, x, x2, x3, · · · , xn, · · · }

tou sunìlou ìlwn twn monwnÔmwn?

2. Estw X = c, o grammikìc q¸roc twn sugklinouswn akoloujiwn pragmatikwn arijm¸n.
(a) Poia apo ta parakatw uposunola tou X einai grammikoÐ upoqwroi tou X?

A = {x = (x1, x2, · · · ) ∈ c : x2k = 0, k = 1, 2, 3 · · · },
B = {x = (x1, x2, · · · ) ∈ c : up�rqei N = N(x) wste xk = 0 gia k ≥ N},
C = {x = (x1, x2, · · · ) ∈ c : x1 + x2 = 1}.

(b) Exet�sete an h sunarthsh

p(x) =

( ∞∑
k=1

x2
k

2k

) 1
2

eÐnai norma ston X.

3. (a) Deixete oti o c0 me thn ‖ ‖∞ norma einai q¸roc Banach.
(b) Deixete oti to sÔnolo

Q = {x = (r1, r2, · · · , rn, 0, 0, · · · ) : n ∈ N, ri ∈ Q}

einai arijm simo kai puknì sto c0, dhlad  o c0 einai diaqwrÐsimoc.

4. (a) Estw (X, ‖ ‖) qwroc me norma kai Y grammikìc upìqwroc tou X. DeÐxete oti h kleist  j kh
(perÐblhma) Y einai epishc grammikoc upoqwroc tou X.
(b) D¸sete paradeigma ìpou Y ⊂ Y ⊂ X gnhsia.

5. (a) Ston q¸ro c0 twn mhdenikwn akoloujiwn me thn ‖ ‖∞ norma jewroume thn seira
∑∞

n=1 yn

me stoiqeÐa

y1 = (1, 0, 0, · · · ), y2 = (0,
1
2
, 0, · · · ), · · · , yn = (0, 0, · · · , 0,

1
n

, 0, · · · ), · · ·

Deixete oti h seira sugklinei, kai breite to ajroisma thc. Sugklinei h seira apoluta?
(b) Ston q¸ro c00 twn telika mhdenik¸n akoloujiwn, me thn ‖ ‖∞ norma jewroume thn seira∑∞
n=1 zn me stoiqeia

z1 = (1, 0, 0, · · · ), z2 = (0,
1
4
, 0, · · · ), · · · , zn = (0, 0, · · · , 0,

1
n2

, 0, · · · ), · · ·

Deixete oti h seira sugklinei apoluta, alla den uparqei z ∈ c00 tetoio wste z =
∑∞

n=1 zn (dhl. h
seira den sugklinei). Ti sumperainete gia ton c00?

6. Ston q¸ro

C1[0, 1] = {f ∈ C[0, 1] : h paragwgoc f ′ up�rqei kai eÐnai suneq c sto [0, 1]} ,

orizome tic normec

‖f‖∞ = sup
0≤t≤1

|f(t)|, kai ‖f‖1 = sup
0≤t≤1

|f(t)|+ sup
0≤t≤1

|f ′(t)|.

Deixete oti ‖ ‖1 einai pragmati norma kai oti oi duo normec den eÐnai isodÔnamec. (Upìdeixh: up�rqoun
sunart seic me mikrì sup kai meg�lh par�gwgo).
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7. Ston qwro C[0, 1] me tic parakatw normec

‖f‖∞ = sup
0≤t≤1

|f(t)|, ‖f‖1 =
∫ 1

0

|f(t)| dt, ‖f‖2 =
∫ 1

0

e−t|f(t)| dt.

elegxete ana duo tic normec an einai isodunamec.

8. (a) Gia kaje p ∈ [1,∞) orizome tic normec ‖ ‖p ston q¸ro C[0, 1],

‖f‖p =
(∫ 1

0

|f(t)|p dt

) 1
p

Deixete oti an p 6= q oi ‖ ‖p kai ‖ ‖q den einai isodunamec.
(b) Gia kaje p ∈ [1,∞) h

‖x‖p =

( ∞∑
k=1

|xk|p
) 1

p

einai norma ston c00. Deixete oti an p 6= q oi ‖ ‖p kai ‖ ‖q den einai isodunamec.

9. (a) Estw (X, ‖ ‖) qwroc me norma kai Y grammikìc upìqwroc tou X. DeÐxete oti h kleist  j kh
(perÐblhma) Y einai epishc grammikoc upoqwroc tou X.
(b) D¸sete paradeigma ìpou Y ⊂ Y ⊂ X gnhsia.

10. Se ena qwro me norma (X, ‖ ‖) deixete ta akolouja:
(a) An xn → x kai x 6= 0 tote xn

‖xn‖ →
x
‖x‖ .

(b) An
∑∞

n=1 xn sugklinei tote ‖
∑∞

n=1 xn‖ ≤
∑∞

n=1 ‖xn‖.

11. An Y grammikoc upoqwroc q¸rou me norma (X, ‖ ‖) kai uparqei y ∈ Y kai r > 0 me D(y, r) =
{x ∈ X : ‖x− y‖ < r} ⊂ Y tote Y = X. (Isodunama: An Y ◦ 6= ∅ tote Y = X).

12. Gia touc qwrouc c, c0, lp, l∞ deixete ta exhc:
(a) Gia 1 < p < q < ∞,

l1 ⊂ lp ⊂ lq ⊂ c0 ⊂ c ⊂ l∞,

kai kaje mia apo tic sqeseic ⊂ einai gnhsia.

13. Jewroume ton q¸ro D twn akolouji¸n pou orizetai,

x = (x1, x2, x3, · · · ) ∈ D ⇔
∞∑

k=1

k|xk|2 < ∞.

(a) Deixete oti o D einai grammikoc q¸roc
(b) Deixete oti h sunarthsh p : D → R,

p(x) =

( ∞∑
k=1

k|xk|2
) 1

2

einai norma ston D.

14. Ston q¸ro C[0, 1] twn suneqwn sunarthsewn f : [0, 1] → R deixete oti h

‖f‖∗ = |f(
1
2
)|+ sup

0≤t≤1
|f(t)|

einai norma. Deixete oti o (C[0, 1], ‖ ‖∗) einai q¸roc Banach.

15. An x = (x1, x2, x3, · · · ) ∈ lp, 1 ≤ p < ∞, kai en = (0, 0, · · · , 0, 1, 0, · · · ) (h monada sthn n-uosth
jesh), n = 1, 2, 3 · · · , deixete oti h seira

∑∞
k=1 xkek sugklinei ston lp. Poio einai to ajroisma thc?

16. Exetasete an o C[0, 1] me thn sunhjh ‖ ‖∞ norma einai diaqwrisimoc.


