
LOGISMOS I, - Ask seic 9. 11 - 12 - 2003

1. (a) Exetazontac to
∫ n

1
1
t
dt kai sugkrinontac embada deixete oti

1

n + 1
< log(n + 1)− log(n) <

1

n
, gia kaje n ≥ 1

(b) Jewroume tic akoloujiec

an = 1 +
1

2
+

1

3
+ · · ·+ 1

n
− log(n), bn = 1 +

1

2
+

1

3
+ · · ·+ 1

n− 1
− log(n).

Me qrhsh tou (a) deixete oti h {an} einai fjinousa, h {bn} auxousa kai oti oi duo
akoloujiec eqoun koino orio.
Sqolio: To koino orio γ = limn→∞ an = limn→∞ bn legetai stajera tou Euler kai
eqei timh γ = 0, 57721566... . Den einai gnwsto an h γ einai rhtoc h arrhtoc arijmoc.

2. (a) Deixete oti an β > 0, h seira
∞∑

n=2

(log(n))k

n1+β

sugklinei gia opoiodhpote k ∈ N.

(b) Breite ta oria (me L’ Hopital): limx→0
ex−1

x
, limx→0

ex−1−x
x2 , limx→0

ex−1−x− 1
2
x2

x3 ,

kajwc kai ta limx→0
log(1+x)−x

x2 , limx→0
log(1+x)−x+ 1

2
x2

x3 .

3. (a) Gia x > 0 deixete oti ex > 1 + x, ex > 1 + x + 1
2
x2, kai me epagwgh oti gia kaje

n ≥ 1,

ex > 1 + x +
x2

2
+

x3

3!
+ · · ·+ xn

n!
.

(b) Me qrhsh tou (a) deixete oti gia x > 0, limn→∞
xn

n!
= 0.

4. (proairetiko) (a) Qrhsimopoiontac thn parapanw Askhsh 1, dwsete mia allh lush
thc askhshc 1 thc Omadac 2.
(b) An f : R → R einai suneqhc sunarthsh gia thn opoia isquei

f(x + y) = f(x)f(y), gia kaje x, y ∈ R,

deixete oti eite f ≡ 0 eite f(x) = ax gia kapoia stajera a.
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