
EISAGWGH STHN PRAGMATIKH ANALUSH
TELIKH EXETASH 27/1/2005

Apant�ste se ìla ta zht�mata 1-3, kaj¸c kai se èna apì ta zht mata
4-5. 'Ola ta zht mata eÐnai isodÔnama. Di�rkeia exàtashc 3 °rec.

1. (a). 'Estw E ⊂ R mh kenì, fragmèno sÔnolo. Ti eÐnai to supremum tou E ?
DeÐxte ìti up�rqei akoloujÐa (an)∞n=1 ⊂ E tètoia ¸ste limn→∞ an = supE.

(b). 'Estw (bn)∞n=1 mÐa fragmènh akoloujÐa pragmatik¸n arijm¸n. D¸ste ton
orismì tou oriakoÔ arijmoÔ thc (bn)∞n=1 kai tou lim sup bn.

2. (a). BreÐte th sun�rthsh �jroisma f(x) gia th seir� twn sunart sewn
∞∑

n=0

x2

(1 + x2)n
, x ∈ R.

Dhlad  breÐte to shmeiakì ìrio thc parap�nw seir�c.
Upìdeixh: Gewmetrik  seir�, an x 6= 0.

(b). DeÐxte oti an 0 < a < b < ∞, h seir� sugklÐnei omoiìmorfa sthn f sto
di�sthma [a, b].

(g). IsqÔei to Ðdio sumpèrasma ìpwc sto (b), ìtan −∞ < a < 0 < b < ∞ ?

3. (a). D¸ste touc orismoÔc twn parak�tw ennoi¸n:
σ-�lgebra, exwterikì mètro Lebesgue, metrhtì (metr simo) sÔnolo, mètro Lebesgue.

(b). DeÐxte ìti k�je monosÔnolo èqei exwterikì mètro Ðso me to 0.
(g). DeÐxte ìti k�je arijm simo sÔnolo èqei exwterikì mètro Ðso me to 0.
(d). An to exwterikì mètro tou E ⊂ R eÐnai Ðso me l ∈ R kai r > 0, deÐxte ìti to

exwterikì mètro tou sunìlou rE := {rx : x ∈ E}, eÐnai Ðso me rl.

4. (a). JewroÔme thn akoloujÐa twn sunart sewn (fn)∞n=1 me fn(x) = nx2

x2+n2 ,
x ∈ R. BreÐte to shmeiakì ìrio f thc (fn)∞n=1 kai deÐxte ìti h (fn)∞n=1 sugklÐnei
omoiìmorfa sthn f sto di�sthma [0, 5].

(b). DeÐxte ìti to sÔnolo tou Cantor C, den perièqei diast mata jetikoÔ m kouc.
(g). An x ∈ C kai x ≤ 1

3 , deÐxte ìti 3x ∈ C.
Upìdeixh: Ti parathreÐte gia to pr¸to yhfÐo tou triadikoÔ anaptÔgmatoc tou x ?

(d). An x ∈ C, isqÔei ìti 1− x ∈ C ?
Upìdeixh: QrhsimopoieÐste to triadikì an�ptugma tou x.

5. (a). D¸ste ton orismì thc ènnoiac thc sun�rthshc fragmènhc kÔmanshc se èna
kleistì kai fragmèno di�sthma [a, b].

(b). ApodeÐxte me qr sh tou orismoÔ ìti k�je fjÐnousa sun�rthsh, orismènh se
èna kleistì kai fragmèno di�sthma [a, b], eÐnai sun�rthsh fragmènhc kÔmanshc sto
[a, b].

(g). DeÐxte ìti h sun�rthsh f(x) = cos2 (x), eÐnai sun�rthsh fragmènhc kÔmanshc
sto [π

4 , 3π
4 ]. UpologÐste th sun�rthsh olik c kÔmanshc V x

π
4
f thc f , gia k�je

x ∈ [π4 , 3π
4 ].


