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Kef�laio 1

Eisagwg 

1.1 Q¸roi sunart sewn

Parajètoume tic basikìterec ènnoiec pou qrhsimopoioÔntai sth
megalÔterh èktash thc diatrib c aut c. SumbolÐzoume me

D = {z ∈ C : |z| < 1}

ton monadiaÐo dÐsko sto migadikì epÐpedo C kai me ∂D to sÔnoro
tou D. To sÔnolo twn analutik¸n sunart sewn epÐ tou D ja to
sumbolÐzoume me A(D). EpÐshc me

dm(z) =
1

π
dxdy =

1

π
rdrdθ

parist�noume to kanonikopoihmèno mètro tou Lebesgue epÐ tou D.
Gia α > −1, o stajmismènoc q¸roc Dirichlet Dα apoteleÐ-

tai apì tic sunart seic f(z) ∈ A(D) gia tic opoÐec isqÔei

‖f‖2
Da

= |f(0)|2 +

∫
D
|f ′(z)|2(1− |z|2)αdm(z) <∞.

Oi Dα eÐnai q¸roi Hilbert, me eswterikì ginìmeno

〈f, g〉 = f(0)g(0) +

∫
D
f ′(z)g′(z)(1− |z|2)αdm(z).
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Ja doÔme sto deÔtero kef�laio ìti mÐa isodÔnamh èkfrash gia
thn nìrma, ìtan 0 ≤ α ≤ 1, eÐnai

‖f‖2
Dα
∼

∞∑
n=0

(1 + n)1−α|an|2,

ìpou f(z) =
∑∞

n=0 anz
n ∈ Dα. Eidikìtera gia α = 0 lamb�noume

ton klasikì q¸ro Dirichlet D = D0, pou perièqei tic analutikèc
sunart seic f epÐ tou D twn opoÐwn oi eikìnec èqoun peperasmèno
embadìn (lamb�nontac up' ìyin thn pollaplìthta). Dhlad  :

‖f‖2
D = |f(0)|2 +

∫
D
|f ′(z)|2dm(z).

Gia α = 1 lamb�noume to q¸ro Hardy H2, pou perièqei tic
sunart seic gia tic opoÐec isqÔei

‖f‖2
H2 =

∞∑
n=0

|an|2 <∞.

EÐnai fanerì ìti, gia 0 < α < β < 1,
D ⊂ Dα ⊂ Dβ ⊂ H2.

Gia 0 < p ≤ ∞, o q¸roc Hardy Hp apoteleÐtai apo tic analu-
tikèc sunart seic f ∈ A(D) pou ikanopoioÔn

‖f‖pHp = sup
r∈[0,1)

∫ 2π

0
|f(reiθ)|pdθ <∞.

O H∞ eÐnai o q¸roc twn fragmènwn analutik¸n sunart sewn epÐ
tou D, dhlad  ‖f‖∞ = supz∈D |f(z)| < ∞. Gia 0 < p < q < ∞
isqÔei

H∞ ⊂ Hq ⊂ Hp.

Gia 1 ≤ p ≤ ∞ oi Hp, efodiasmènoi me th parap�nw nìrma, eÐnai
q¸roi Banach. Perissìterec plhroforÐec gia autoÔc touc q¸rouc
perièqontai sto [DU].
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1.2 Telestèc sÔnjeshc

JewroÔme mÐa analutik  sun�rthsh

ϕ : D → D.

O telest c sÔnjeshc pou orÐzetai apì thn ϕ eÐnai

Cϕ(f) = f ◦ ϕ, f ∈ A(D).

Apo èna je¸rhma tou Littlewood (Littlewood’s subordination
principle, [DU, Theorem 1.7]) o telest c Cϕ, gia k�je ϕ ìpwc
parap�nw, eÐnai fragmènoc stouc q¸rouc Hp kai isqÔei

‖Cϕ‖ ≤
(

1 + |ϕ(0)|
1− |ϕ(0)|

) 1
p

, p ∈ [1,∞).

Sthn perÐptwsh ìmwc twn q¸rwn Dα den eÐnai p�nta alhjèc ìti
mia analutik  sun�rthsh ϕ : D → D eis�gei fragmèno telest 
sÔnjeshc. An ìmwc h ϕ eÐnai amfimonìtimh (univalent), tìte o Cϕ
eÐnai fragmènoc ston Dα ìpwc deÐqnei mÐa allag  metablht c.

Shmantikì rìlo gia tic idiìthtec twn telest¸n sÔnjeshc di-
adramatÐzei h jèsh twn stajer¸n shmeÐwn thc ϕ. 'Ena shmeÐo
β ∈ ∂D ∪ D lègetai stajerì shmeÐo thc ϕ an

lim
r→1

ϕ(rβ) = β.

EÐnai fanerì ìti an β ∈ D tìte ϕ(β) = β.
Gia mia ϕ ìpwc parap�nw jewroÔme tic anadromèc

ϕ1 = ϕ, ϕ2 = ϕ ◦ ϕ, · · · , ϕn = ϕ ◦ ϕn−1, n = 3, 4, · · ·

Apì to je¸rhma Denjoy-Wolff [CMc, Theorem 2.51], prokÔptei
(ektìc thc perÐptwshc ìpou h ϕ eÐnai elleiptikìc automorfismìc
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tou D, dhl. automorfismìc me stajerì shmeÐo mèsa sto D), ìti
up�rqei b ∈ D∪∂D ètsi ¸ste ϕn → b, kaj¸c n → ∞, omoiì-
morfa sta sumpag  uposÔnola tou D. To qarakthristikì autì
shmeÐo lègetai shmeÐo Denjoy-Wolff thc ϕ kai eÐnai ekeÐno apo
ta stajer� shmeÐa thc ϕ pou ikanopoieÐ thn

lim
r→1−

|ϕ′(rb)| ≤ 1.

Sthn paroÔsa melèth oi telestèc sÔnjeshc qrhsimopoioÔntai
san ergaleÐo. Shmei¸noume ìmwc ìti h melèth twn telest¸n aut¸n,
aut  kajeaut  parousi�zei idiaÐtero endiafèron kai èqei anaptuq-
jeÐ proc dÔo kateujÔnseic. H mÐa kateÔjunsh, apotelèsmata thc
opoÐac qrhsimopoioÔme sthn paroÔsa ergasÐa, jewreÐ telestèc
sÔnjeshc se q¸rouc analutik¸n sunart sewn. AntikeÐmeno aut c
thc kateÔjunshc eÐnai h sÔndesh idiot twn thc olìmorfhc sun�rthsh-
c ϕ, oi opoÐec idiìthtec proèrqontai apì thn Klassik  An�lush, me
tic idiìthtec tou eisagìmenou telest  Cϕ, pou anafèrontai sthn
JewrÐa Telest¸n. Perissìterec plhroforÐec gia telestèc sÔn-
jeshc mporoÔn na brejoÔn sta biblÐa [CMc], [SH], [SM].

H deÔterh kateÔjunsh, h opoÐa prohgeÐtai qronik� thc pr¸thc,
jewreÐ telestèc

V f(ω) = f(S(ω))

ìpou S : Ω → Ω metasqhmatismìc se q¸ro mètrou Ω kai f metr -
simh (kai sun jwc L2− oloklhr¸simh sun�rthsh). O telest c V
eÐnai gnwstìc wc telest c Koopman. Tètoioi telestèc eis qjh-
san apì ton B. Koopman [K] se sqèsh me thn melèth thc S-
tatistik c Mhqanik c. H melèth telest¸n Koopman epètreye
argìtera thn eureÐa qr sh thc jewrÐac Telest¸n sthn Statistik 
Mhqanik , Dunamik� Sust mata kai Ergodik  JewrÐa. O anagn¸-
sthc mporeÐ na breÐ perissìterec plhroforÐec stic ergasÐec [AT],
[ASS].
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1.3 Hmiom�dec analutik¸n sunart sewn

'Estw {ϕt}t≥0 mÐa oikogèneia analutik¸n sunart sewn apì to
dÐsko sto dÐsko pou ikanopoieÐ
• ϕt ◦ ϕs = ϕt+s, t, s ≥ 0

• ϕ0(z) = z

• h ϕt(z) : [0,∞)× D → D eÐnai suneq c sun�rthsh.
H {ϕt} onom�zetai hmiom�da analutik¸n sunart sewn tou
dÐskou. EÐnai gnwstì [BP], ìti gia k�je t ≥ 0 h ϕt eÐnai amfi-
monìtimh kai ìti to ìrio

G(z) = lim
t→0+

∂ϕt(z)

∂t

up�rqei omoiìmorfa sta sumpag  uposÔnola tou D. H analutik 
sun�rthsh G(z) onom�zetai apeirostikìc genn torac thc h-
miom�dac {ϕt}. EÔkola mporoÔme na doÔme ìti h sun�rthsh G(z)
ikanopoieÐ

G(ϕt(z)) =
∂ϕt(z)

∂t
, t ≥ 0, z ∈ D.

Upojètoume t¸ra ìti h {ϕt} den eÐnai h tetrimmènh hmiom�-
da ϕt(z) = z. Tìte, afoÔ oi sunart seic ϕt eÐnai klasmatikèc
anadromèc thc ϕ, èpetai fusiologik� ìti [BP]:
• eÐte up�rqei èna shmeÐo b ∈ D ∪ ∂D tètoio ¸ste ϕt → b,

kaj¸c to t → ∞, omoiìmorfa sta sumpag  uposÔnola tou
D.

• eÐte h hmiom�da {ϕt} apoteleÐtai apì elleiptikoÔc automor-
fismoÔc tou D, oi opoÐoi èqoun èna koinì stajerì shmeÐo
b ∈ D.

6



Kai stic dÔo peript¸seic o apeirostikìc genn torac èqei thn
monadik  anapar�stash

G(z) = F (z)(bz − 1)(z − b), |b| ≤ 1 (1.1)
ìpou h F ∈ A(D) èqei mh arnhtikì pragmatikì mèroc kai den eÐnai
h mhdenik  sun�rthsh. To b eÐnai to koinì Denjoy-Wolff shmeÐo
twn ϕt, sto opoÐo ja anaferìmaste wc to Denjoy-Wolff shmeÐo
thc {ϕt} (DW shmeÐo). Shmei¸noume ìti an autì brÐsketai mèsa
ston dÐsko tìte sÔmfwna me ta parap�nw eÐnai èna koinì stajerì
shmeÐo twn ϕt. ParathroÔme ìti an oi ϕt èqoun èna koinì stajerì
shmeÐo mèsa ston dÐsko tìte autì eÐnai aparaÐthta to DW shmeÐo
thc hmiom�dac.

Oi hmiom�dec {ϕt} mporoÔn na qarakthrisjoÔn me b�sh k�poiec
amfimonìtimec analutikèc sunart seic [Si1]. Sugkekrimmèna, an

h : D → C

eÐnai amfimonìtimh kai analutik  tètoia ¸ste gia k�poio migadikì
arijmì c 6= 0, na isqÔei

h(z) + ct ∈ h(D), (1.2)
gia k�je t ≥ 0 kai z ∈ D, tìte mporoÔme na diapist¸soume ìti h

ϕt(z) = h−1(h(z) + ct)

orÐzei mÐa mh tetrimmènh hmiom�da, thc opoÐac to DW shmeÐo an kei
sto ∂D.

EpÐshc an h : D → C eÐnai amfimonìtimh kai analutik , di-
aforetik  apì thn tautotik  sun�rthsh, tètoia ¸ste 0 ∈ h(D)
kai gia k�poio migadikì arijmì c 6= 0 na isqÔei

e−cth(z) ∈ h(D) (1.3)
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gia k�je z ∈ D kai t ≥ 0, tìte mporoÔme na doÔme ìti h sun�rthsh
ϕt(z) = h−1(e−cth(z))

orÐzei mÐa mh tetrimmènh hmiom�da analutik¸n sunart sewn apì to
dÐsko sto dÐsko me DW shmeÐo to h−1(0) ∈ D.

MporoÔme antÐstrofa na doÔme ìti k�je mh terimmènh monoparametrik 
hmiom�da {ϕt} mporeÐ na parastajeÐ me mÐa apì tic dÔo parap�nw
morfèc gia mÐa kat�llhlh amfimonìtimh kai analutik  sun�rthsh
h k�je for� [Si1].

Sugkekrimèna, èstw {ϕt} mia hmiom�da me DW shmeÐo b kai
apeirostikì genn tora G(z). An b ∈ ∂D tìte up�rqei monadik 
amfimonìtimh h h opoÐa ikanopoieÐ

h′(z) =
G(0)

G(z)
, h(0) = 0, (1.4)

ètsi ¸ste
ϕt(z) = h−1(h(z) +G(0)t). (1.5)

En¸ an to b ∈ D, up�rqei monadik  amfimonìtimh h h opoÐa ikanopoieÐ
h′(z)

h(z)
=
G′(b)

G(z)
, h′(b) =

1

1− |b|2
, (1.6)

ètsi ¸ste
ϕt(z) = h−1(eG

′(b)th(z)). (1.7)
H sun�rthsh h se k�je perÐptwsh ja onom�zetai h antÐstoiqh

amfimonìtimh sun�rthsh thc hmiom�dac {ϕt}.

1.4 Hmiom�dec telest¸n

'Estw X ènac q¸roc Banach. MÐa oikogèneia {Tt}t≥0 fragmènwn
grammik¸n telest¸n sto X lègetai hmiom�da telest¸n an:
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• T0 = I, o tautotikìc telest c
• Tt ◦ Ts = Ts+t, gia t, s ≥ 0 .
MÐa hmiom�da telest¸n stoX lègetai isqur� suneq c (strong-

ly continuous   c0-semigroup) an gia k�je s ≥ 0 isqÔei
lim
t→s

‖Tt(x)− Ts(x)‖X = 0, gia k�je x ∈ X.

An gia k�je s ≥ 0 isqÔei h isqurìterh sunj kh
lim
t→s

‖Tt − Ts‖ = 0

tìte lème ìti h {Tt} eÐnai omoiìmorfa suneq c (uniformly con-
tinuous).

O apeirostikìc genn torac mÐac isqur� suneqoÔc hmiom�dac
telest¸n {Tt} eÐnai o (en gènei mh fragmènoc) telest c

A(x) = lim
t→0

Tt(x)− x

t
,

me pedÐo orismoÔ

D(A) =

{
x ∈ X: to ìrio lim

t→0

Tt(x)− x

t
up�rqei sto X

}
.

To sÔnolo D(A) eÐnai èna grammikìc upìqwroc tou X, p�ntote
puknìc sto X, kai o A eÐnai kleistìc grammikìc telest c sto
D(A).

O apeirostikìc genn torac A eÐnai fragmènoc an kai mìnon an
h {Tt} eÐnai omoiìmorfa suneq c kai sthn perÐptwsh aut  èqome
thn par�stash

Tt = etA, t ≥ 0. (1.8)
Sthn perÐptwsh mÐac isqur� suneqoÔc hmiom�dac h (1.8), me kat�llhlh
ermhneÐa, suneqÐzei na isqÔei.
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'Opwc kai sthn perÐptwsh twn fragmènwn telest¸n h sullog 
twn migadik¸n arijm¸n λ, gia touc opoÐouc o (λI −A) èqei frag-
mèno antÐstrofo sto X, lègetai epilÔon sÔnolo tou A kai sum-
bolÐzetai me ρ(A). Gia λ ∈ ρ(A) o epilÔwn telest c eÐnai

R(λ,A) = (λI − A)−1.

To f�sma tou A eÐnai to sÔnolo
σ(A) = C−ρ(A)

kai to shmeiakì tou f�sma σπ(A) eÐnai to sÔnolo twn idiotim¸n
tou. To f�sma eÐnai p�ntote kleistì sÔnolo sto epÐpedo. Se
antÐjesh ìmwc me touc fragmènouc telestèc, to σ(A) poikÐllei se
mègejoc kai mporeÐ na eÐnai fragmèno   mh fragmèno sÔnolo, to
kenì   akìma kai ìlo to epÐpedo.

To fr�gma auxhtikìthtac mÐac isqur� suneqoÔc hmiom�dac
{Tt} eÐnai to ìrio

ω0 = lim
t→∞

log ‖Tt‖
t

,

kai isqÔei
−∞ ≤ ω0 <∞.

An λ ∈ C me Re(λ) > ω0, tìte λ ∈ ρ(A) kai o epilÔwn telest c
sto shmeÐo autì mporeÐ na grafeÐ

R(λ,A)(x) =

∫ ∞

0
e−λtTt(x) dt, x ∈ X. (1.9)

Ola ta parap�nw, kai akìma perisìterec plhroforÐec gia hmiom�dec
telest¸n se q¸rouc Banach perièqontai sta [DS], [HP], [P].

1.5 ParousÐash twn apotelesm�twn

'Eqontac anafèrei ta parap�nw mporoÔme na parousi�soume sunop-
tik� to perieqìmeno twn epìmenwn kefalaÐwn.
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Sto deÔtero kef�laio melet�me hmiom�dec telest¸n sÔnjeshc
stouc q¸rouc Dα, 0 < α < 1. ApodeiknÔoume thn isqur  sunèqeia
touc kai prosdiorÐzoume thn morf  tou apeirostikoÔ genn tora.
Parousi�zoume epÐshc paradeÐgmata tètoiwn hmiom�dwn.

Sto trÐto kef�laio melet�me ton telest  Cesàro

C(f)(z) =
∞∑
n=0

(
1

n+ 1

n∑
k=0

ak

)
zn, (1.10)

ìpou f(z) =
∑∞

n=0 anz
n. Me thn bo jeia twn hmiom�dwn telest¸n

sÔnjeshc deÐqnoume ìti o C eÐnai fragmènoc stouc q¸rouc Dα, gia
0 < α < 1, sumplhr¸nontac ètsi to kenì sth melèth autoÔ tou
telest  metaxÔ twn q¸rwn D kai H2. Sumplhrwmatik�, melet�me
stouc Ðdiouc q¸rouc ton telest 

A(f)(z) =
∞∑
n=0

( ∞∑
k=n

ak
k + 1

)
zn,

o opoÐoc eis�getai apì ton an�strofo pÐnaka tou C.
Sto tètarto kef�laio jewroÔme mia kathgorÐa pin�kwn Haus-

dorff twn opoÐwn h genn tria akoloujÐa {µn} eÐnai akoloujÐa
rop¸n, dhl.

µn =

∫ 1

0
tkdµ(t), n = 0, 1, .....

ìpou µ eÐnai peperasmèno mètro Borel sto di�sthma (0, 1]. Tou-
c pÐnakec autoÔc touc jewroÔme wc metasqhmatismoÔc epÐ analu-
tik¸n sunart sewn tou dÐskou me pollaplasiasmì epÐ thn akolou-
jÐa twn suntelest¸n Taylor. Sugkekrimèna, an f(z) =

∑∞
n=0 anz

n ∈
A(D), jewroÔme ton metasqhmatismì pou dÐnetai apì th dunamo-
seir�

Hµ(f)(z) =
∞∑
n=0

(
n∑
k=0

hn,kak)z
n,
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ìpou hn,k ta stoiqeÐa tou antÐstoiqou pÐnaka Hausdorff. DeÐq-
noume ìti k�je tètoioc metasqhmatismìc mporeÐ na ekfrasjeÐ wc
mèsoc ìroc k�poiwn stajmismènwn telest¸n sÔnjeshc. Qrhsi-
mopoi¸ntac aut n thn morf , brÐskome sunj kec epÐ tou mètrou
¸ste oi pÐnakec na eis�goun fragmènouc telestèc stouc q¸rouc
Hardy Hp, 1 ≤ p <∞.

12



Kef�laio 2

Hmiom�dec telest¸n sÔnjeshc

stouc q¸rouc Dα.

2.1 Eisagwg 

JewroÔme mÐa hmiom�da {ϕt}t≥0 analutik¸n sunart sewn tou dÐsk-
ou kai orÐzoume thn oikogèneia metasqhmatism¸n

Tt(f)(z) = f(ϕt(z)), f ∈ Dα.

EÔkola diapist¸noume ìti h oikogèneia aut  ikanopoieÐ tic sqèseic:
• T0 = I, o tautotikìc telest c
• Tt ◦ Ts = Tt+s.

Ja doÔme ìti gia k�je t ≥ 0, o Tt eÐnai fragmènoc telest c
stouc Dα, dhlad  h oikogèneia {Tt}t≥0 eÐnai hmiom�da fragmènwn
telest¸n stouc q¸rouc autoÔc. Gia thn apìdeixh, qreiazìmaste
thn akìloujh ektÐmhsh thc auxhtikìthtac miac sun�rthshc pou
an kei stouc Dα.
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L mma 2.1.1. 'Estw 0 < α < 1. An f ∈ Dα tìte gia k�je z ∈ D
isqÔei

|f(z)| ≤ K

(
1

α

) 1
2 1

(1− |z|)α
2

‖f‖Dα
, (2.1)

ìpou K jetik  stajer� anex�rthth tou α.

Apìdeixh. Pr¸ta ja doÔme ìti gia f(z) =
∑∞

n=0 anz
n ∈ Dα h

nìrma èqei thn akìloujh isodÔnamh èkfrash

‖f‖2
Dα
∼ Γ(α+ 1)

∞∑
n=0

(1 + n)1−α|an|2,

ìpou Γ h gnwst  sun�rthsh G�mma. Pr�gmati,

‖f‖2
Dα

= |f(0)|2 +

∫
D
|f ′(z)|2(1− |z|2)αdm(z)

= |f(0)|2 +

∫ 1

0

(
1

π

∫ 2π

0
|f ′(reiθ)|2dθ

)
(1− r2)αrdr

= |a0|2 +
∞∑
n=0

(n+ 1)2|an+1|2
∫ 1

0
rn(1− r)αdr.

Epeid  [WW, sel.254]∫ 1

0
rn(1− r)αdr =

Γ(n+ 1)Γ(α+ 1)

Γ(n+ α+ 2)
(2.2)

kai
Γ(n+ 1) = n!

katal goume

‖f‖2
Dα

= |a0|2 +
∞∑
n=0

(n+ 1)2|an+1|2
Γ(n+ 1)Γ(α+ 1)

Γ(n+ α+ 2)

= |a0|2 + Γ(α+ 1)
∞∑
n=0

(n+ 1)|an+1|2
(n+ 1)!

Γ(n+ α+ 2)
.
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'Omwc eÐnai gnwstì [Z, sel. 77] ìti

lim
n→∞

Γ(α+ n+ 2)

(n+ 1)!(n+ 1)α
= 1. (2.3)

'Ara
∞∑
n=0

(n+ 1)|an+1|2
(n+ 1)!

Γ(n+ α+ 2)
∼

∞∑
n=0

(n+ 1)1−α|an|2

kai ètsi eÔkola katal goume sto zhtoÔmeno.
Gia thn auxhtikìthta mÐac f ∈ Dα ja qrhsimopoi soume thn

anisìthta tou Schwarz kai thn parap�nw isodÔnamh èkfrashc thc
nìrmac. 'Etsi

|f(z)|2 ≤

( ∞∑
n=0

|an||z|n
)2

=

( ∞∑
n=0

(1 + n)
1−α

2 |an|
|z|n

(1 + n)
1−α

2

)2

≤

( ∞∑
n=0

(1 + n)1−α|an|2
)( ∞∑

n=0

(1 + n)α−1|z|2n
)

≤ K

Γ(α+ 1)
‖f‖2

Dα

( ∞∑
n=0

(1 + n)α−1|z|2n
)

=
KΓ(α)

Γ(α+ 1)

( ∞∑
n=0

(1 + n)α−1

Γ(α)
|z|2n

)
‖f‖2

Dα

ìpou K jetik  stajer� anex�rthth tou α. T¸ra, lìgw tou anap-
tÔgmatoc

(1− |z|)−α =
∞∑
n=0

Γ(n+ α)

Γ(α)n!
|z|n, |z| < 1
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kai thc (2.3), katal goume

|f(z)| ≤ K

(
1

α

) 1
2 1

(1− |z|2)α
2

‖f‖Dα
,

T¸ra eÐmaste se jèsh na broÔme mÐa ektÐmhsh thc nìrmac twn
telest¸n sÔnjeshc Cϕ(f) = f ◦ ϕ, gia amfimonìtimec ϕ, stouc
q¸rouc Dα.

Prìtash 2.1.1. 'Estw 0 < α < 1. An ϕ : D → D amfimonìtimh
kai analutik  sun�rthsh, tìte

‖f ◦ ϕ‖Dα
≤ K

(
1

α

) 1
2
(

1 + |ϕ(0)|
1− |ϕ(0)|

)α
2

‖f‖Dα
(2.4)

ìpou K > 0 stajer� anex�rthth tou α.

Apìdeixh. Apì ton orismì èqoume ìti

‖f ◦ ϕ‖2
Dα

= |(f ◦ ϕ)(0)|2 +

∫
D
|(f ◦ ϕ)′(z)|2(1− |z|2)αdm(z).

Apì to l mma (2.1.1) paÐrnoume

|f(ϕ(0))|2 ≤ K

α

1

(1− |ϕ(0)|)α
‖f‖2

Dα
. (2.5)

EpÐshc∫
D
|(f ◦ ϕ)′(z)|2(1− |z|2)αdm(z)

=

∫
D
|(f ◦ ϕ)′(z)|2

(
1− |z|2

1− |ϕ(z)|2

)α
(1− |ϕ(z)|2)αdm(z)

≤ 2α
(

1 + |ϕ(0)|
1− |ϕ(0)|

)α ∫
D
|(f ◦ ϕ)′(z)|2(1− |ϕ(z)|2)αdm(z),
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giatÐ apì to l mma tou Schwarz èqoume ìti gia k�je z ∈ D
1− |z|

1− |ϕ(z)|
≤ 1 + |ϕ(0)|

1− |ϕ(0)|
.

An t¸ra efarmìsoume mia allag  metablht c sto teleutaÐo olok-
l rwma∫

D
|(f ◦ ϕ)′(z)|2(1− |ϕ(z)|2)αdm(z) =

∫
ϕ(D)

|f ′(z)|2(1− |z|2)αdm(z)

≤
∫

D
|f ′(z)|2(1− |z|2)αdm(z),

dhlad ∫
D
|(f ◦ ϕ)′(z)|2(1− |z|2)αdm(z) ≤ 2

(
1 + |ϕ(0)|
1− |ϕ(0)|

)α
‖f‖2

Dα
.

(2.6)
Sundi�zontac tic (2.5) kai (2.6) sumperaÐnoume

‖f ◦ ϕ‖2
Dα

≤ K

α

1

(1− |ϕ(0)|)α
‖f‖2

Dα
+ 2

(
1 + |ϕ(0)|
1− |ϕ(0)|

)α
‖f‖2

Dα

≤ K

α

(
1 + |ϕ(0)|
1− |ϕ(0)|

)α
‖f‖2

Dα
+ 2

(
1 + |ϕ(0)|
1− |ϕ(0)|

)α
‖f‖2

Dα

≤ K ′

α

(
1 + |ϕ(0)|
1− |ϕ(0)|

)α
‖f‖2

Dα
,

kai èqoume to zhtoÔmeno.
Epiplèon, an ϕ(0) = 0, tìte apì thn parap�nw diadikasÐa

katal goume sthn
‖f ◦ ϕ‖Dα

≤ ‖f‖Dα
.

'Amesa prokÔptei apì ta parap�nw ìti gia k�je hmiom�da {ϕt},
h hmiom�da Tt(f)(z) = f◦ϕt(z) apoteleÐtai apì fragmènouc telestèc
stouc q¸rouc Dα, gia 0 < α < 1.
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2.2 Isqur  sunèqeia

Sthn par�grafo aut  ja asqolhjoÔme me thn isqur  sunèqeia
kai ton apeirostikì genn tora twn hmiom�dwn telest¸n sÔnjeshc
stouc q¸rouc Dα. Pr¸ta ja deÐxoume ìti
Prìtash 2.2.1. Gia k�je 0 < α < 1, ta polu¸numa eÐnai pukn�
ston Dα.

Apìdeixh. Jèloume na deÐxoume ìti gia k�je f ∈ Dα, up�rqei
akoloujÐa poluwnÔmwn {Pn}, tètoia ¸ste

‖Pn − f‖Dα
→ 0

kaj¸c to n→∞.

Gia 0 < ρ < 1, jewroÔme thn fρ(z) = f(ρz). 'Estw {Pn}
h akoloujÐa twn merik¸n ajroism�twn thc seir�c Taylor thc fρ.
Epeid  h fρ eÐnai analutik  sto dÐsko aktÐnac 1

ρ , èpetai ìti
lim
n→∞

Pn(z) = fρ(z)

omoiìmorfa ston kleistì monadiaÐo dÐsko. To Ðdio isqÔei kai gia
tic parag¸gouc, dhlad 

lim
n→∞

P ′
n(z) = f ′ρ(z)

omoiìmorfa ston kleistì monadiaÐo dÐsko. Apì aut  thn omoiì-
morfh sÔgklish èpetai ìti∫

D
|P ′

n(z)− f ′ρ(z)|2(1− |z|2)αdm(z) → 0

kaj¸c to n→∞, dhlad 
‖Pn − fρ‖Dα

→ 0 (2.7)
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kaj¸c to n→∞.

'Estw ε > 0 dojèn. Dialègoume δ ∈ (0, 1) ¸ste∫
δ<|z|<1

|f ′(z)|2(1− |z|2)αdm(z) < ε.

Tìte gia k�je 0 < ρ < 1∫
δ<|z|<1

|f ′ρ(z)|2(1− |z|2)αdm(z)

=

∫ 1

δ

∫ 2π

0
|f ′(ρseiθ)|2dθ

π
(1− s2)αρ2sds

≤
∫ 1

δ

∫ 2π

0
|f ′(seiθ)|2dθ

π
(1− s2)αsds

=

∫
δ<|z|<1

|f ′(z)|2(1− |z|2)αdm(z) < ε, (2.8)

epeid  h posìthta ∫ 2π
0 |f ′(reiθ)|2dθ eÐnai aÔxousa sun�rthsh tou

r.
Gia ρ kat�llhla kont� sto 1

|f ′ρ(z)− f ′(z)| < ε

gia |z| < δ. Tìte∫
|z|≤δ

|f ′ρ(z)− f ′(z)|2(1− |z|2)αdm(z) < Cε2
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'Ara

‖fρ − f‖2
Dα

=

∫
D
|f ′ρ(z)− f ′(z)|2(1− |z|2)αdm(z)

≤
∫
|z|≤δ

|f ′ρ(z)− f ′(z)|2(1− |z|2)αdm(z)

+ 2

∫
δ<|z|<1

(|f ′ρ(z)|2 + |f ′(z)|2)(1− |z|2)αdm(z)

< Cε2 + 4ε. (2.9)

Tìte apì tic (2.7), (2.9) kai thn

‖Pn − f‖Dα
≤ ‖Pn − fρ‖Dα

+ ‖fρ − f‖Dα
,

prokÔptei to zhtoÔmeno.

Je¸rhma 2.2.1. 'An 0 < α < 1 kai {ϕt}t≥0 hmiom�da analutik¸n
sunart sewn tou dÐskou, tìte h hmiom�da telest¸n

Tt(f) = f ◦ ϕt

eÐnai isqur� suneq c ston Dα.

Apìdeixh. Jèloume na deÐxoume ìti gia k�je f ∈ Dα kai gia k�je
s ≥ 0 isqÔei:

lim
t→s

‖Tt(f)− Ts(f)‖Dα
= 0.

Gia P polu¸numo èqoume

‖Tt(f)− Ts(f)‖Dα

≤ ‖Tt(f)− Tt(P )‖Dα
+ ‖Tt(P )− Ts(P )‖Dα

+ ‖Ts(P )− Ts(f)‖Dα

≤ (‖Tt‖+ ‖Ts‖)‖f − P‖Dα
+ ‖Tt(P )− Ts(P )‖Dα

.
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Ta polu¸numa eÐnai pukn� stouc q¸rouc Dα kai ìpwc prokÔptei
apì thn prìtash (2.1.1) h ‖Tt‖ eÐnai omoiìmorfa fragmènh, san
sun�rthsh tou t, sta sumpag  uposÔnola tou [0,∞). 'Ara arkeÐ
na deÐxoume ìti:

lim
t→s

‖Tt(P )− Ts(P )‖Dα
= 0.

An P (z) =
∑m

n=0 anz
n parathroÔme ìti

‖Tt(P )− Ts(P )‖Dα
≤ |am|‖(ϕt)m − (ϕs)

m‖Dα
+

+ ....+ |a1|‖ϕt − ϕs‖Dα
.

ArkeÐ loipìn na deÐxoume ìti gia k�je n isqÔei
lim
t→s

‖ϕnt − ϕns‖Dα
= 0.

'Omwc
‖ϕnt − ϕns‖2

Dα
=

= |ϕnt (0)− ϕns (0)|2 +

∫
D
|(ϕnt (z)− ϕns (z))

′|2(1− |z|2)αdm(z)

≤ |ϕnt (0)− ϕns (0)|2+

+ 2n2
∫

D
|ϕ′t(z)− ϕ′s(z)|2|ϕn−1

t (z)|2(1− |z|2)αdm(z)

+ 2n2
∫

D
|ϕn−1

t (z)− ϕn−1
s (z)|2|ϕ′s(z)|2(1− |z|2)αdm(z)

≤ |ϕnt (0)− ϕns (0)|2+

+ 2n2
∫

D
|ϕ′t(z)− ϕ′s(z)|2(1− |z|2)αdm(z)

+ 2n2
∫

D
|ϕn−1

t (z)− ϕn−1
s (z)|2|ϕ′s(z)|2(1− |z|2)αdm(z).

Dhlad  arkeÐ na deiqjeÐ ìti k�je ènac apì touc parap�nw pros-
jetaÐouc sugklÐnei sto 0 kaj¸c to t→ s.
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(i) 'Opwc eÐdame sthn eisagwg , k�je hmiom�da {ϕt} èqei sug-
kekrimènh anapar�stash an�loga me to pou brÐsketai to DW shmeÐo
thc. Lìgw aut c thc anapar�stashc, gia k�je perÐptwsh, isqÔei

lim
t→s

ϕt(z) = ϕs(z),

omoiìmorfa sta sumpag  uposÔnola tou D. 'Ara
lim
t→s

|ϕnt (0)− ϕns (0)| = 0. (2.10)

(ii) Gia ton deÔtero prosjetaÐo ergazìmaste wc ex c. ParathroÔme
ìti∫

D
|ϕ′t(z)− ϕ′s(z)|2(1− |z|2)αdm(z) ≤

∫
D
|ϕ′t(z)− ϕ′s(z)|2dm(z).

ArkeÐ na deÐxoume

lim
t→s

∫
D
|ϕ′t(z)− ϕ′s(z)|2dm(z) = 0.

Proc toÔto parathroÔme ìti oi eikìnec ϕt(D) apoteloÔn mÐa fjÐ-
nousa oikogèneia sunìlwn. Lìgw thc sunèqeiac thc

(t, z) ∈ [0,∞)× D → ϕt(z) ∈ D,

isqÔei
ϕs(D) = ∩t<sϕt(D) = ∪t>sϕt(D).

'Etsi apì klassikì je¸rhma thc JewrÐac Mètrou
lim
t→s

m(ϕt(D)) = m(ϕs(D)),

dhlad  isodÔnama

lim
t→s

∫
D
|ϕ′t(z)|2dm(z) =

∫
D
|ϕ′s(z)|2dm(z). (2.11)
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An jewr soume th sun�rthsh
ft(z) = 2(|ϕ′t(z)|2 + |ϕ′s(z)|2)− |ϕ′t(z)− ϕ′s(z)|2 ≥ 0

kai efarmìsoume to l mma tou Fatou katal goume ìti∫
D

lim inf
t→s

ft(z)dm(z) ≤ lim inf
t→s

∫
D
ft(z)dm(z).

IsodÔnama∫
D

lim inf
t→s

[2(|ϕ′t(z)|2 + |ϕ′s(z)|2)]dm(z)

−
∫

D
lim sup

t→s
|ϕ′t(z)− ϕ′s(z)|2dm(z)

≤ lim inf
t→s

∫
D

2(|ϕ′t(z)|2 + |ϕ′s(z)|2)dm(z)−

− lim sup
t→s

∫
D
|ϕ′t(z)− ϕ′s(z)|2dm(z). (2.12)

Epeid  ìmwc
lim
t→s

ϕ′t(z) = ϕ′s(z)

omoiìmorfa sta sumpag  uposÔnola tou dÐskou, prokÔptei ìti

lim inf
t→s

(|ϕ′t(z)|2 + |ϕ′s(z)|2) = 2|ϕ′s(z)|2 (2.13)
kai

lim sup
t→s

|ϕ′t(z)− ϕ′s(z)|2 = 0. (2.14)
'Etsi me thn bo jeia twn (2.11) , (2.13) kai (2.14), h (2.12) gr�fe-
tai isodÔnama

4

∫
D
|ϕ′s(z)|2dm(z) ≤ 4

∫
D
|ϕ′s(z)|2dm(z)−

− lim sup
t→s

∫
D
|ϕ′t(z)− ϕ′s(z)|2dm(z)

23



kai �ra
lim sup

t→s

∫
D
|ϕ′t(z)− ϕ′s(z)|2dm(z) ≤ 0.

'Omwc h upì olokl rwsh sun�rthsh eÐnai jetik . 'Ara

lim
t→s

∫
D
|ϕ′t(z)− ϕ′s(z)|2dm(z) = 0. (2.15)

(iii) Tèloc, lìgw tou ìti gia k�je t ≥ 0 oi sunart seic ϕt(z)
eÐnai amfimonìtimec kai

lim
t→s

ϕt(z) = ϕs(z),

omoiìmorfa sta sumpag  uposÔnola tou D, apì to je¸rhma kuri-
arqoÔmenhc sÔgklishc prokÔptei ìti

lim
t→s

∫
D
|ϕn−1

t (z)− ϕn−1
s (z)|2|ϕ′s(z)|2(1− |z|2)αdm(z) = 0. (2.16)

Sundi�zontac tic (2.10), (2.15) kai (2.16) apodeiknÔetai to zhtoÔ-
meno.

To epìmeno je¸rhma prosdiorÐzei ton apeirostikì genn tora
twn hmiom�dwn {Tt}.
Je¸rhma 2.2.2. 'Estw 0 < α < 1 kai {ϕt}t≥0 hmiom�da analu-
tik¸n sunart sewn tou dÐskou me apeirostikì genn tora G(z). An
Γα o apeirostikìc genn torac thc antÐstoiqhc hmiom�dac telest¸n
sÔnjeshc {Tt}t≥0 tìte

Γα(f)(z) = G(z)f ′(z), (2.17)
me pedÐo orismoÔ

D(Γα) = {f ∈ Dα : G(z)f ′(z) ∈ Dα}.
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Apìdeixh. Ex orismoÔ

Γα(f) = lim
t→0

Tt(f)− f

t
,

me pedÐo orismoÔ to sÔnolo

D(Γα) = {f ∈ Dα : to lim
t→0

Tt(f)− f

t
up�rqei ston Dα}.

JewroÔme to sÔnolo

D1 = {f ∈ Dα : Gf ′ ∈ Dα}.

Gia stajerì shmeÐo z ∈ D kai gia mÐa sun�rthsh f ∈ Dα isqÔei
ìti

lim
t→0

Tt(f)(z)− f(z)

t
=
∂f(ϕt(z))

∂t

∣∣∣∣
t=0

= G(z)f ′(z).

Epeid  h sÔgklish stouc Dα, lìgw thc prìtashc (2.1.1), sunep�ge-
tai omoiìmorfh sÔgklish sta sumpag  uposÔnola tou dÐskou, prokÔptei
ìti D(Γα) ⊆ D1. 'Ara, an jewr soume ton

Γ1(f)(z) = G(z)f ′(z), f ∈ D1

parathroÔme ìti autìc epekteÐnei ton Γα sto sÔnoloD1.Ja deÐxoume
ìti o Γα tautÐzetai me ton Γ1.

H perÐptwsh pou h {ϕt} eÐnai tetrimmènh hmiom�da eÐnai qwrÐc
duskolÐa. 'Etsi upojètoume ìti o apeirostikìc genn torac G(z)
den eÐnai h mhdenik  sun�rthsh. Epeid  oi stajerèc sunart seic
eÐnai stajer� shmeÐa gia k�je telest  Tt, prokÔptei ìti ‖Tt‖ ≥ 1
gia k�je t ≥ 0. 'Epetai ìti to fr�gma auxhtikìthtac ω0 ikanopoieÐ

0 ≤ ω0 <∞.
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GnwrÐzoume [DS, Theorem VIII.1.11], ìti an r > ω0 tìte o Γα− r
èqei fragmèno antÐstrofo ston Dα. Eidikìtera o Γα− r eÐnai epÐ.

Upojètoume pr¸ta ìti h {ϕt} èqei DW shmeÐo sto ∂D. 'Estw
èna r > ω0. Ja deÐxoume ìti o Γ1 − r eÐnai èna proc èna. IsqÔei
ω0+r

2 > ω0. Ara, [DS, Theorem VIII.1.5], up�rqei M > 0 ètsi
¸ste

‖Tt‖ ≤Me
ω0+r

2 t, t ≥ 0. (2.18)
Upojètoume ìti up�rqei mh mhdenik  f ∈ D1 tètoia ¸ste Γ1(f) =
rf. Apì thn (1.4)

G(z) =
G(0)

h′(z)
,

ìpou h h antÐstoiqh amfimonìtimh sun�rthsh thc {ϕt}. 'Ara
G(0)

h′(z)
f ′(z) = rf(z).

Apì thn teleutaÐa sqèsh prokÔptei

f(z) = k exp(
r

G(0)
h(z))

ìpou k ∈ C. 'Ara, lìgw thc (1.5), gia k�je t ≥ 0

f(ϕt(z)) = k exp(
r

G(0)
h(ϕt(z))) = ertf(z).

Dhlad 
ert‖f‖Dα

≤ ‖Tt‖‖f‖Dα
.

Katal goume ètsi sto sumpèrasma
ert ≤ ‖Tt‖, t ≥ 0,

to opoÐo èrqetai se antÐjesh me thn (2.18). 'Ara den up�rqei mh
mhdenik  f ∈ D1 ¸ste na isqÔei Γ1(f) = rf. Dhlad  o (Γ1 − r)
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eÐnai èna proc èna kai epekteÐnei ton (Γα − r), o opoÐoc eÐnai èna
proc èna kai epÐ stouc Dα. 'Ara Γa = Γ1 kai D(Γa) = D1.

Sth sunèqeia upojètoume ìti h {ϕt} èqei DW shmeÐo b ∈ D.
'Estw ènac migadikìc λ kai mÐa f ∈ D1, ìqi h mhdenik  sun�rthsh,
ètsi ¸ste Γ1(f) = λf. Apì thn (1.6), isqÔei

G(z) = G′(b)
h(z)

h′(z)
,

ìpou h h antÐstoiqh amfimonìtimh sun�rthsh thc {ϕt}. 'Ara

G′(b)
h(z)

h′(z)
f ′(z) = λf(z). (2.19)

Dialègoume r tètoio ¸ste

|b| < r < 1

kai h f na mhn èqei rÐzec ston |z| = r. Oloklhr¸nontac thn (2.19)
prokÔptei

1

2πi

∫
|z|=r

f ′(z)

f(z)
dz =

λ

G′(b)

1

2πi

∫
|z|=r

h′(z)

h(z)
dz =

λ

G′(b)
.

Apì thn arq  tou orÐsmatoc katal goume ìti to sÔnolo twn idi-
otim¸n tou Γ1 eÐnai arijm simo. Eidikìtera up�rqei pragmatikìc
r > ω0 tètoioc ¸ste o (Γ1 − r) na eÐnai èna proc èna. 'Ara kai
sthn perÐptwsh aut  Γα = Γ1 kai D(Γα) = D1.

Prìtash 2.2.2. An gia k�poio 0 < α < 1 h hmiom�da telest¸n
sÔnjeshc {Tt}t≥0 eÐnai omoiìmorfa suneq c ston Dα tìte h {ϕt}t≥0

eÐnai h tetrimmènh hmiom�da.
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Apìdeixh. An h {Tt} eÐnai omoiìmorfa suneq c tìte o Γα eÐnai
fragmènoc telest c kai

‖Γα(f)‖Dα
≤ ‖Γα‖‖f‖Dα

,

gia k�je f ∈ Dα.

JewroÔme tic sunart seic

fk(z) =
zk

(βα,k)
1
2

, k = 1, 2, ....

ìpou
βα,k =

k2Γ(k)Γ(α+ 1)

Γ(k + α+ 1)
.

IsqÔei ‖fk‖Dα
= 1, epomènwc
‖Γα(fk)‖Dα

≤ ‖Γα‖, k = 1, 2, ...

'Estw G(z) =
∑∞

n=0 anz
n, to an�ptugma Taylor tou apeirostikoÔ

genn tora thc {ϕt}. Tìte
Γα(fk)(z) = G(z)f ′k(z)

=
k

(βα,k)
1
2

zk−1
∞∑
n=0

anz
n

=
k

(βα,k)
1
2

∞∑
n=0

anz
n+k−1

=
k

(βα,k)
1
2

∞∑
n=k−1

an−k+1z
n

(2.20)
kai ja èqoume

‖Γα(fk)‖2
Dα
∼ k2

βα,k

∞∑
n=k−1

|an−k+1|2(n+ 1)1−α.
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Epiplèon apì thn (2.3) prokÔptei βα,k ∼ k1−α. Epomènwc

‖Γα(fk)‖2
Dα
∼ k2

k1−α

∞∑
n=k−1

|an−k+1|2(n+ 1)1−α.

Dhlad 

k1+α(|a0|2k1−α+ |a1|2(k+1)1−α+ |a2|2(k+2)1−α+ ...) ≤ C‖Γα‖2

kai autì isqÔei gia k = 1, 2, ..... Profan¸c tìte an = 0 gia k�je
n = 0, 1, 2, ... . Dhlad  G ≡ 0 kai h {ϕt} eÐnai h tetrimmènh
hmiom�da.

Sth sunèqeia perigr�foume to shmeiakì f�sma tou Γα.

Prìtash 2.2.3. 'Estw {ϕt}t≥0 hmiom�da analutik¸n sunart -
sewn, G(z) o apeirostikìc thc genn torac, h(z) h antÐstoiqh amfi-
monìtimh analutik  sun�rthsh kai {Tt}t≥0 h antÐstoiqh hmiom�da
telest¸n sÔnjeshc.

(i) An h {ϕt}t≥0 èqei DW shmeÐo b ∈ D tìte oi idiotimèc tou Γα
perièqontai sto sÔnolo

{kG′(b) : k = 0, 1, ...}.

Sugkekrimèna

kG′(b) ∈ σπ(Γα) ⇔ hk ∈ Dα. (2.21)

(ii) An h {ϕt}t≥0 èqei DW shmeÐo b ∈ ∂D tìte

λG(0) ∈ σπ(Γα) ⇔ eλh ∈ Dα. (2.22)
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Apìdeixh. (i) 'Estw ìti to DW shmeÐo thc {ϕt} brÐsketai mèsa sto
dÐsko. Tìte, lìgw thc (2.17) kai thc (1.6),

Γα(f)(z) = G(z)f ′(z) = G(b)
h(z)

h′(z)
f ′(z).

'Estw µ ∈ C idiotim  tou Γa. Efarmìzontac thn arq  tou orÐs-
matoc, ìpwc sthn apìdeixh tou jewr matoc (2.2.2), prokÔptei ìti
µ = kG′(b), ìpou k = 0, 1, 2, ... Dhlad 

σπ(Γα) ⊆ {kG′(b) : k = 0, 1, ...}.

'Estw t¸ra f ∈ Dα, mh mhdenik  sun�rthsh, tètoia ¸ste

Γα(f)(z) = kG′(b)f(z).

EÔkola mporoÔme na diapist¸soume ìti

f(z) = chk(z),

me c 6= 0. Apì ta parap�nw prokÔptei h zhtoÔmenh isodunamÐa.
(ii) Sthn perÐptwsh pou to DW shmeÐo thc hmiom�dac eÐnai sto

sÔnoro, o apeirostikìc genn torac thc {ϕt}, lìgw thc (1.4), èqei
th morf 

G(z) =
G(0)

h′(z)
.

Upojètoume ìti, gia k�poio λ ∈ C, h sun�rthsh

f(z) = eλh(z) ∈ Dα.

Tìte
Γα(f)(z) = G(z)f ′(z) = λG(0)f.

'Ara
λG(0) ∈ σπ(Γa).
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AntÐstrofa upojètoume ìti to λG(0) ∈ σπ(Γα). 'Estw f ∈ Dα,

mh mhdenik  sun�rthsh, h opoÐa ikanopoieÐ thn

Γα(f)(z) = λG(0)f(z).

Apì thn teleutaÐa sqèsh prokÔptei

f ′(z) = λh′(z)f(z).

'Ara
f(z) = ceλh(z),

me c 6= 0. 'Etsi apodeÐqjhke to zhtoÔmeno.

2.3 Merik� paradeÐgmata

Sthn par�grafo aut  ja anaferjoÔme se sugkekrimèna paradeÐg-
mata hmiom�dwn {ϕt} kai ja melet soume ta basikìtera qarak-
thristik� twn hmiom�dwn telest¸n sÔnjeshc pou eis�gontai apì
autèc.
Par�deigma 1. 'Estw h hmiom�da

ϕt(z) = 1− (1− z)e
−t

.

Aut  èqei antÐstoiqh amfimonìtimh analutik  sun�rhsh

h(z) = log
1

1− z
,

apeirostikì genn tora

G(z) = −(1− z) log
1

1− z
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kai DW shmeÐo b = 0.
To shmeiakì f�sma tou apeirostikoÔ genn tora Γα thc antÐs-

toiqhc hmiom�dac telest¸n sÔnjeshc eÐnai
σπ(Γα) = {0,−1,−2, ....}

gia k�je 0 < α < 1. Proc toÔto arkeÐ na deÐxoume ìti gia thn
h(z) = log 1

1−z isqÔei

hk(z) ∈ Dα, k = 0, 1, 2, ....

gia k�je 0 < α < 1. Pr�gmati, èstw 0 < α < 1. Apì to [Z,
Theorem 2.31] èqoume ìti to an�ptugma Taylor

(log
2

1− z
)k =

∞∑
n=0

Aκ
nz

n

èqei suntelestèc
Aκ
n ∼ k

logk−1(n+ 1)

n+ 1

kaj¸c to n→∞. 'Epetai ìti

‖(log
2

1− z
)k‖2

Dα
∼ k2

∞∑
n=0

log2(k−1)(n+ 1)

(n+ 1)2 (1 + n)1−α

= k2
∞∑
n=0

log2(k−1)(n+ 1)

(n+ 1)1+α <∞,

dhlad 
(log

2

1− z
)k ∈ Dα, k = 0, 1, 2, ....

T¸ra epeid 
log

1

1− z
= log

2

1− z
+ log

1

2
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ja èqoume

(log
1

1− z
)k =

k∑
j=0

(
k

j

)
(log

1

2
)k−j(log

2

1− z
)j,

kai h grammikìthta tou q¸rou Dα ja exasfalÐzei ìti

(log
1

1− z
)k ∈ Dα

gia k�je k = 0, 1, 2, ....
MporoÔme epÐ plèon na diapist¸soume ìti to f�sma tou Γα

tautÐzetai me to shmeiakì f�sma. Proc toÔto ja qrhsimopoi soume
èna apotèlesma twn MacCluer kai Shapiro, to opoÐo diatup¸noume
prosarmosmèno stic dikèc mac an�gkec:
Je¸rhma ([MS]). Upojètoume ìti ϕ : D → D eÐnai analutik  kai
den èqei peperasmènh gwniak  par�gwgo se kanèna shmeÐo tou ∂D.
Upojètoume epiplèon ìti o telest c sÔnjeshc Cϕ eÐnai fragmènoc
sto Dγ, gia k�poio γ > −1. Tìte o Cϕ eÐnai sumpag c telest c
ston Dα gia k�je α > γ.

H gwniak  par�gwgoc mÐac ϕ : D → D sto shmeÐo ζ ∈ ∂D lème
ìti up�rqei, an up�rqei η ∈ ∂D, ètsi ¸ste to ìrio

lim
z→ζ

ϕ(z)− η

z − ζ
,

na up�rqei san peperasmènoc migadikìc arijmìc, kaj¸c to z → ζ

mèsa se k�je gwniakì tomèa me koruf  to ζ kai �noigma mikrìtero
tou π, [SH, sel. 56].

Sthn perÐptwsh mac, gia k�je 0 < β < 1, h sun�rthsh

ϕ(z) = 1− (1− z)β
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eÐnai eÔkolo na elegqjeÐ ìti den èqei gwniak  par�gwgo se kanèna
shmeÐo tou ∂D kai epiplèon eis�gei fragmèno telest  sÔnjeshc Cϕ
sto klasikì q¸ro Dirichlet (γ = 0), kaj¸c eÐnai amfimonìtimh.
'Ara o Cϕ eÐnai sumpag c stouc Dα, 0 < α < 1.

Epomènwc gia k�je t ≥ 0 o telest c sÔnjeshc Tt, pou eis�ge-
tai apì th ϕt(z) = 1− (1− z)β, eÐnai sumpag c stouc Dα. Apì th
genik  jewrÐa twn hmiom�dwn èpetai ìti to f�sma σ(Γα) apoteleÐ-
tai apokleistik� apì idiotimèc [P, Corollary 3.7].
Par�deigma 2. JewroÔme thn hmiom�da

ϕt(z) =
e−tz

1− (1− e−t)z
,

h opoÐa èqei antÐstoiqh amfimonìtimh sun�rthsh thn
h(z) =

z

(1− z)
,

apeirostikì genn tora thn sun�rthsh
G(z) = −z(1− z)

kai DW shmeÐo b = 0.
'Estw 0 < α < 1. An Γα o apeirostikìc genn torac thc antÐs-

toiqhc hmiom�dac telest¸n sÔnjeshc ston Dα, tìte
Γα(f)(z) = −z(1− z)f ′(z).

EÐnai fanerì apì to an�ptugma Taylor thc h(z)k = zk

(1−z)k ìti
h(z)k ∈ Dα ⇔ k = 0.

Epomènwc to shmeiakì f�sma tou Γα eÐnai
σπ(Γα) = {0}.

Gia ton prosdiorismì tou f�smatoc tou Γα qreiazìmaste to
parak�tw
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L mma 2.3.1. 'Estw 0 < α < 1 kai λ ∈ C. Tìte (1 − z)λ ∈ Dα

an kai mìno an Re(λ) > −α
2 .

Apìdeixh. Upojètoume pr¸ta ìti o λ eÐnai paragmatikìc arijmìc.
An λ ≥ 0, èpetai �mesa ìti h (1− z)λ ∈ Dα. An λ < 0, lìgw tou
anaptÔgmatoc

1

(1− z)−λ
=

∞∑
n=0

cnz
n

ìpou cn ∼ n−λ−1, [?, sel. 53], prokÔptei ìti 1
(1−z)−λ ∈ Dα an kai

mìno an
∞∑
n=0

|cn|2(1 + n)1−α ∼
∞∑
n=0

n−(2λ+1+α) <∞, (2.23)

dhlad  an kai mìno an λ > −α
2 .

Sthn perÐptwsh pou o λ = λ1 + iλ2 ∈ C, parathroÔme ìti∫
D
|((1− z)λ)′|2(1− |z|2)αdm(z) =

= |λ|2
∫

D
|(1− z)λ−1|2(1− |z|2)αdm(z)

= |λ|2
∫

D
e2Re{(λ−1) log(1−z)}(1− |z|2)αdm(z)

= |λ|2
∫

D
e2(λ1−1) log |1−z|e−2λ2Arg(1−z)(1− |z|2)αdm(z)

∼
∫

D
|(1− z)λ1−1|2(1− |z|2)αdm(z)

giatÐ gia k�je pragmatikì arijmì λ2 up�rqoun jetikèc stajerèc
C1, C2, anex�rthtec tou z, ètsi ¸ste

C1 < e−2λ2Arg(1−z) < C2
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gia k�je z ∈ D. 'Ara h (1−z)λ ∈ Dα an kai mìno an h (1−z)λ1 ∈
Dα, dhlad  an kai mìno an λ1 > −α

2 .

Qrhsimopoi¸ntac mèjodo ìmoia me aut  tou [Si2], eÐmaste se
jèsh na broÔme perissìterec plhroforÐec gia to σ(Γα). 'Estw
λ ∈ C me Re(λ) ≤ −α

2 . JewroÔme ta polu¸numa

Pn(z) = 1 +
n∑

m=1

(
n

m

)
λ(−1)m

m
zm

kai tic sunart seic

fn,λ(z) = (1− z)λePn(z). (2.24)

ParagwgÐzontac prokÔptei

f ′n,λ(z) = (1− z)λ−1ePn(z)(P ′
n(z)(1− z)− λ).

ParathroÔme ìti

(λ− Γα)(fn,λ)(z)

= λfn,λ(z) + z(1− z)f ′n,λ(z)

= (1− z)λ
[
λePn(z) + zePn(z)P ′

n(z)(1− z)− λzePn(z)
]

= (1− z)λ+1ePn(z)(λ+ zP ′
n(z)).

EpÐshc elègqoume ìti

(λ+ zP ′
n(z)) = λ+ z

n∑
m=1

(
n

m

)
λ

(−1)m

m
mzm−1 = λ(1− z)n.

'Ara
(λ− Γα)(fn,λ) = λfn,n+λ+1,
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dhlad  h diaforik  exÐswsh
(λ− Γα)(y) = λfn,n+λ+1

èqei lÔsh sto dÐsko thn fn,λ, h opoÐa eÐnai monadik . An dialèxoume
fusikì n tètoio ¸ste

Re(n+ λ+ 1) > −α
2

tìte
fn,n+λ+1 ∈ Dα.

An upojèsoume ìti to λ ∈ ρ(Γα), tìte o antÐstrofoc (λ− Γα)
−1

up�rqei. 'Ara
fn,λ = (λ− Γα)

−1(fn,n+λ+1) ∈ Dα

giatÐ èqoume upojèsei ìti Re(λ) ≤ −α
2 .

Apì ta parap�nw èpetai ìti, ìtan 0 < α < 1, èqoume
{λ ∈ C : Re(λ) ≤ −α

2
} ⊆ σ(Γα). (2.25)

Sto epìmeno kef�laio ja doÔme poiì akrib¸c eÐnai to f�sma tou
Γα.

Par�deigma 3. JewroÔme thn hmiom�da automorfism¸n

ϕt(z) =
(et + 1)z + et − 1

(et − 1)z + et + 1
, t ≥ 0 ,

me antÐstoiqh amfimonìtimh sun�rthsh

h(z) =
1

2
log

1 + z

1− z
,

apeirostikì genn tora

G(z) =
1

2
(1− z2) ,
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kai DW shmeÐo b = 1. H antÐstoiqh hmiom�da telest¸n sÔnjeshc
Tt(f) = f ◦ ϕt,

lìgw thc (2.4) ikanopoieÐ
‖Tt‖Dα→Dα

≤ Kα−1/2e
α
2 t,

epomènwc èqei fragma auxhtikìthtac

ω0 ≤
α

2
.

Ex �llou, eÐnai eÔkolo na doÔme, ìpwc sto Par�deigma 2, ìti(
1 + z

1− z

)λ
∈ Dα ⇔ −α

2
< Re(λ) <

α

2

sunep¸c to shmeiakì f�sma tou apeirostikoÔ genn tora Γα eu-
rÐsketai

σπ(Γα) = {λG(0) : eλh(z) ∈ Dα}

=

{
λ

2
:

(
1 + z

1− z

)λ
2

∈ Dα

}
= {λ : −α

2
< Re(λ) <

α

2
}.

'Epetai ìti ω0 = α
2 kai

σ(Γα) ⊆ {z : Re(z) ≤ α

2
}.

ParathroÔme t¸ra ìti o −Γα eÐnai o apeirostikìc genn torac
thc

St(f) = f ◦ ψt
ìpou

ψt(z) = ϕ−1
t (z) = ϕ−t(z),
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kai èqome thn perÐptwsh om�dac telest¸n. H {ψt} èqei DW shmeÐo
b = −1, antÐstoiqh amfimonìtimh sun�rthsh

hψ(z) = −1

2
log

1 + z

1− z
,

kai apeirostikì genn tora

Gψ(z) = −1

2
(1− z2).

To fr�gma auxhtikìthtac thc {St} upologÐzetai ìpwc prohgoumèn-
wc kai eÐnai ωψ0 = α

2 epomènwc

σ(−Γα) ⊆ {z : Re(z) ≤ α

2
}

SugkrÐnontac me thn antÐstoiqh sqèsh gia ton Γα brÐskoume

σ(Γα) = σπ(Γα) = {z : −α
2
≤ Re(z) ≤ α

2
}.
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Kef�laio 3

O telest c Cesàro stouc

q¸rouc Dirichlet

3.1 Eisagwg 

'Opwc anafèrjhke sthn eisagwg , o metasqhmatismìc Cesàro orÐze-
tai gia analutikèc sunart seic f(z) =

∑∞
n=0 anz

n wc ex c:

C(f)(z) =
1

z

∫ z

0
f(ζ)

1

1− ζ
dζ

=
∞∑
n=0

(
1

n+ 1

n∑
k=0

ak)z
n. (3.1)

EÐnai gnwstì ìti o periorismìc tou C stouc q¸rouc Hp, 0 < p <

∞, eÐnai fragmènoc telest c [Si2], [M], kaj¸c epÐshc kai stouc
q¸rouc Bergman Ap [Si4]. Sthn enìthta aut  ja deÐxoume ìti o C

eÐnai fragmènoc telest c stouc stajmismènouc q¸rouc Dirichlet
Dα, 0 < α < 1. 'Opwc anafèrjhke parap�nw, o C eÐnai fragmènoc
ston D1 = H2 kai eÐnai eÔkolo na diapist¸soume ìti den eÐnai
fragmènoc ston D0 = D, diìti gia thn stajer  sun�rthsh f(z) ≡
1 ∈ D,

C(f)(z) =
1

z
log

1

1− z
/∈ D.
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EÐnai gnwstì ìti o C sundèetai me thn stajmismènh hmiom�da
telest¸n sÔnjeshc

St(f)(z) =
ϕt(z)

z
f(ϕt(z)) (3.2)

ìpou
ϕt(z) =

e−tz

1− (1− e−t)z
,

eÐnai h hmiom�da analutik¸n sunart sewn tou dÐskou, tou pa-
radeÐgmatoc 2, tou prohgoÔmenou kefalaÐou. H hmiom�da {St}
qrhsimopoi jhke gia thn melèth tou C stouc q¸rouc Hardy [Si2]
kai stouc q¸rouc Bergman [Si4]. H qr sh thc {St} sthn melèth
tou C basÐzetai sto gegonìc ìti o −C eÐnai o antÐstrofoc tou
apeirostikoÔ genn tora thc {St}. QrhsimopoioÔme ed¸ thn Ðdia
mèjodo thc [Si2] gia thn apìdeixh ìti o C eÐnai fragmènoc stouc
Dα.

3.2 O C eÐnai fragmènoc stouc Dα.

Pr¸ta ja deÐxoume ìti
L mma 3.2.1. 'Estw 0 < α < 1. Gia k�je t ≥ 0

‖St‖Dα→Dα
≤ K

(
1

α

) 1
2

e−
α
2 t(t+ 1)

1
2 , (3.3)

ìpou K jetik  stajer� anex�rthth tou α.

Apìdeixh. 'Estw f ∈ Dα. Gr�foume

wt(z) =
ϕt(z)

z
.
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'Etsi
‖St(f)‖2

Dα
= |St(f)(0)|2 +

∫
D
|(wt(z)f(ϕt(z)))

′|2(1−|z|2)αdm(z).

Gia thn ektÐmhsh tou oloklhr¸matoc èqoume∫
D
|(wt(z)f(ϕt(z)))

′|2(1− |z|2)αdm(z)

≤ 2

∫
D
|w′

t(z)f(ϕt(z))|2 (1− |z|2)αdm(z)

+ 2

∫
D
|wt(z)(f(ϕt(z))

′|2(1− |z|2)αdm(z)

= 2I1 + 2I2. (3.4)
T¸ra lìgw thc (2.1)

I1 =

∫
D

∣∣∣∣ e−t(1− e−t)

(1− (1− e−t)z)2

∣∣∣∣2 |f(ϕt(z))|2(1− |z|2)αdm(z)

≤ K

α

∫
D

e−2t(1− e−t)2

|1− (1− e−t)z|4

(
1− |z|2

1− |ϕt(z)|

)α
dm(z)‖f‖2

Dα

≤ K2α

α

∫
D

e−2t(1− e−t)2

|1− (1− e−t)z|4

(
1− |z|

1− |ϕt(z)|

)α
dm(z)‖f‖2

Dα

All� gia k�je z ∈ D kai t ≥ 0 isqÔei(
1− |z|

1− |ϕt(z)|

)α
≤ |1− (1− e−t)z|α (3.5)

opìte to olokl rwma thc teleutaÐac anisìthtac gÐnetai

≤
∫

D

e−2t(1− e−t)2

|1− (1− e−t)z|4
|1− (1− e−t)z|αdm(z)

=

∫
D

e−2t(1− e−t)2

|1− (1− e−t)z|2−α
1

|1− (1− e−t)z|2
dm(z)
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'Omwc
|1− (1− e−t)z| ≥ e−t

sunep¸c
e−2t(1− e−t)2

|1− (1− e−t)z|2−α
≤ e−2t(1− e−t)2e(2−α)t

= e−αt(1− e−t)2 (3.6)
kai ja èqoume∫

D

e−2t(1− e−t)2

|1− (1− e−t)z|2−α
1

|1− (1− e−t)z|2
dm(z)

≤ e−αt(1− e−t)2
∫

D

1

|1− (1− e−t)z|2
dm(z).

AnaptÔsontac se seir�
1

1− (1− e−t)z
=

∞∑
n=0

(1− e−t)nzn

brÐskoume∫
D

1

|1− (1− e−t)z|2
dm(z) =

∞∑
n=0

(1− e−t)2n

n+ 1

=
1

(1− e−t)2

∞∑
n=0

(1− e−t)2(n+1)

n+ 1

=
1

(1− e−t)2 log
1

1− (1− e−t)2

=
1

(1− e−t)2 log
1

e−t(1− e−t)

≤ 1

(1− e−t)2 log et

=
t

(1− e−t)2
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'Ara gia to I1 èqoume sunolik�

I1 ≤
K2α

α
e−αt(1− e−t)2 t

(1− e−t)2‖f‖
2
Dα

=
K ′

α
te−αt‖f‖2

Dα
(3.7)

Gia thn ektÐmhsh tou oloklhr¸matoc I2 qreiazìmaste thn akìlou-
jh anisìthta, pou prokÔptei apì thn (3.5),

(1− |z|2)α =

(
1− |z|2

1− |ϕt(z)|2

)α
(1− |ϕt(z)|2)α

=

(
1 + |z|

1 + |ϕt(z)|

)α(
1− |z|

1− |ϕt(z)|

)α
(1− |ϕt(z)|2)α

≤ 2α
(

1− |z|
1− |ϕt(z)|

)α
(1− |ϕt(z)|2)α

≤ 2α|1− (1− e−t)z|α(1− |ϕt(z)|2)α.

To olokl rwma I2 gÐnetai

I2 ≤ 2α
∫

D
|wt(z)|2|(f(ϕt(z)))

′|2|1− (1− e−t)z|α(1− |ϕt(z)|2)αdm(z)

= 2α
∫

D

e−2t

|1− (1− e−t)z|2−α
|f ′(ϕt(z))|2|ϕ′t(z)|2(1− |ϕt(z)|2)αdm(z)

≤ 2αe−αt
∫

D
|f ′(ϕt(z))|2|ϕ′t(z)|2(1− |ϕt(z)|2)αdm(z)

(me allag  metablht c)

≤ 2αe−αt
∫

D
|f ′(z)|2(1− |z|2)αdm(z)

≤ 2e−αt‖f‖2
Dα
. (3.8)
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Epiplèon, afoÔ 0 < α < 1, èqoume
|St(f)(0)|2 ≤ e−2t|f(0)|2

≤ e−2αt‖f‖2
Dα
. (3.9)

Sundi�zontac tic (3.4),(3.7),(3.8),(3.9), katal goume ìti

‖St(f)‖2
Dα
≤ e−2αt‖f‖2

Dα
+ 2

K ′

α
e−αtt‖f‖2

Dα
+ 4e−αt‖f‖2

Dα

≤ K ′′

α
e−αt(t+ 1)‖f‖2

Dα
,

ìpou K ′′ jetik  stajer� anex�rthth tou α.

Prìtash 3.2.1. 'Estw 0 < α < 1. H stajmismènh hmiom�da
telest¸n {St}t≥0 eÐnai isqur� suneq c ston Dα.

Apìdeixh. Qrhsimopoi¸ntac thn isodÔnamh èkfrash gia thn nìrma
tou Dα, kai lìgw tou jwr matoc tou kleistoÔ graf matoc, eÐnai
eÔkolo na diapistwjeÐ ìti o telest c pollaplasiasmoÔ

Mz : f(z) → zf(z)

eÐnai fragmènoc ston Dα. Me an�logo epiqeÐrhma diapist¸netai
ìti an f ∈ Dα kai f(0) = 0 tìte f(z)

z ∈ Dα kai up�rqei stajer�
Cα ¸ste

‖f(z)

z
‖Dα

≤ Cα‖f‖Dα

Gia t, s ≥ 0 kai f ∈ Dα èqoume

‖St(f)− Ss(f)‖Dα
= ‖ϕtf(ϕt)− ϕsf(ϕs)

z
‖Dα

≤ Cα‖ϕtf(ϕt)− ϕsf(ϕs)‖Dα

= Cα‖Tt(Mz(f))− Ts(Mz(f))‖Dα
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ìpou Tt, Ts oi antÐstoiqoi mh stajmismènoi telestèc sÔnjeshc. Apì
thn isqur  sunèqeia thc hmiom�dac {Tt} èpetai to zhtoÔmeno.

O apeirostikìc genn torac thc stajmismènhc hmiom�dac {St}
prokÔptei, me mèjodo an�logh gia tic mh stajmismènec hmiom�dec
(je¸rhma 2.2.2), ìti eÐnai o telest c

∆α(f)(z) = −(1− z)(zf(z))′,

me pedÐo orismoÔ
D(∆α) = {f ∈ Dα : (1− z)(zf(z))′ ∈ Dα}.

Apì th morf  tou apeirostikoÔ genn tora sumperaÐnoume ìti h
{St} den eÐnai omoiìmorfa suneq c ston Dα. Pr�gmati o ∆α mporeÐ
na grafeÐ

∆α(f)(z) = −z(1− z)f ′(z)− (1− z)f(z)

= Γα(f)(z)−M1−z(f)(z)

ìpou Γα o apeirostikìc genn torac thc antÐstoiqhc mh stajmis-
mènhc hmiom�dac

Tt : f → f ◦ ϕt
kai M1−z o telest c pollaplasiasmoÔ f(z) → (1− z)f(z). Epei-
d  o Γα eÐnai mh fragmènoc telest c (Prìtash 2.2.2), en¸ oM1−z
eÐnai fragmènoc ston Dα, èpetai ìti o ∆α eÐnai mh fragmènoc.
Sunep¸c h {St} den eÐnai omoiìmorfa suneq c. UpenjumÐzoume ìti
an Γα ìpwc parap�nw, tìte apì to Par�deigma 2 tou prohgoÔme-
nou kefalaÐou èqoume

{λ ∈ C : Re(λ) ≤ −α
2
} ∪ {0} ⊆ σ(Γα). (3.10)

H epìmenh prìtash prosdiorÐzei epakrib¸c ta f�smata twn Γα kai
∆α.
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Prìtash 3.2.2. 'Estw 0 < α < 1. 'Estw epÐshc ∆α o apeirostikìc
genn torac thc stajmismènhc hmiom�dac telest¸n sÔnjeshc {St}t≥0

kai Γα o apeirostikìc genn torac thc antÐstoiqhc mh stajmis-
mènhc hmiom�dac. Tìte

σ(∆α) = {λ ∈ C : Re(λ) ≤ −α
2
}. (3.11)

kai
σ(Γα) = {λ ∈ C : Re(λ) ≤ −α

2
} ∪ {0}.

Apìdeixh. Apì thn (3.3), gia to fr�gma auxhtikìthtac thc {St},
prokÔptei

ω0 ≤ −α
2
.

'Ara
{λ ∈ C : Re(λ) > −α

2
} ⊂ ρ(∆α).

San sunèpeia autoÔ kai thc (3.10) èpetai

σ(∆α) ⊆ {λ ∈ C : Re(λ) ≤ −α
2
} ⊆ σ(Γα). (3.12)

EpÐshc, gia k�je g ∈ Dα isqÔei g(z)−g(0)
z ∈ Dα. An dialèxoume

èna λ ∈ ρ(∆α), ìqi to mhdèn, up�rqei monadik  sun�rthsh l1(z) ∈
D(∆α), tètoia ¸ste

(λ−∆α)(l1(z)) =
g(z)− g(0)

z
.

JewroÔme thn sun�rthsh

l(z) = zl1(z) +
g(0)

λ
∈ Dα.

Lìgw thc isìthtac
z∆α(f)(z) = Γα(zf)
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isqÔei
(λ− Γα)(l(z)) = (λ− Γα)(zl1(z)) + g(0)

= z(λ−∆α)(l1(z)) + g(0)

= g(z).

Dhlad  to λ ∈ ρ(Γα). 'Ara
σ(Γα)− {0} ⊆ σ(∆α).

Apì th teleutaÐa sqèsh kai tic (3.10), (3.12), katal goume ìti

σ(∆α) = {λ ∈ C : Re(λ) ≤ −α
2
},

kai
σ(Γα) = {λ ∈ C : Re(λ) ≤ −α

2
} ∪ {0}.

Apì thn prohgoÔmenh prìtash prokÔptei ìti
0 ∈ ρ(∆α)

kai epomènwc o epilÔwn telest c
R(0,∆α) : Dα → Dα

eÐnai fragmènoc. Gia f ∈ Dα, h sun�rthsh
g = R(0,∆α)(f) = (−∆α)

−1(f)

lamb�netai wc h analutik  sto D lÔsh thc
∆α(g) = −f.

IsodÔnama
(1− z)(zg(z))′ = f(z),
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kai ètsi brÐskoume

g(z) =
1

z

∫ z

0
f(ζ)

1

1− ζ
dζ.

Dhlad  o epilÔwn telest c tou apeirostikoÔ genn tora thc {St}
sto λ = 0 eÐnai o telest c Cesàro. 'Epetai �mesa ìti o C eÐnai
fragmènoc ston Dα, 0 < α < 1.

H epìmenh prìtash dÐnei epiplèon mÐa ektÐmhsh thc nìrmac kai
epÐshc to f�sma tou C. QrhsimopoioÔme ton sumbolismì Cα gia ton
C ston q¸ro Dα.

Prìtash 3.2.3. 'Estw 0 < α < 1. Tìte

2

α
≤ ‖Cα‖ ≤

B

α2 (3.13)

ìpou B > 0 stajer� anex�rthth tou α. EpÐshc

σ(Cα) = {λ ∈ C : |λ− 1

α
| ≤ 1

α
}. (3.14)

Apìdeixh. Sumfwna me to fasmatikì je¸rhma [DS] kai thn (3.11)

σ(Cα) = {−1

z
: z ∈ σ(∆α)}

= {−1

z
: Re(z) ≤ −α

2
}

= {λ : |λ− 1

α
| ≤ 1

α
}

kai apodeÐqjhke o isqurismìc gia to f�sma.
Gia thn ektÐmhsh thc nìrmac, èpetai �mesa ìti

‖Cα‖ ≥ supλ∈σ(Cα)|λ| =
2

α
, (3.15)
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dhlad  h arister  anisìthta. Gia thn �llh anisìthta qrhsmopoioÔme
thn anapar�stash tou Cα = R(0,∆α) wc metasqhmatismoÔ Laplace
thc antÐstoiqhc hmiom�dac

Cα(f)(z) =

∫ ∞

0
St(f)(z)dt.

Epeid  Cα(f)(0) = f(0),

‖Cα(f)‖2
Dα

= |f(0)|2 +

∫
D
|Cα(f)′(z)|2(1− |z|2)αdm(z).

Gia to olokl rwma, apì thn genikeumènh anisìthta Minkowski
[WZ, sel.143], èqoume∫

D

∣∣∣∣∫ ∞

0
St(f)′(z) dt

∣∣∣∣2 (1− |z|2)αdm(z)

≤

[∫ ∞

0

(∫
D
|St(f)′(z)|2 (1− |z|2)αdm(z)

) 1
2

dt

]2

≤
(∫ ∞

0
‖St(f)‖Dα

dt

)2

≤ K2
(

1

α

)(∫ ∞

0
e−

α
2 t(t+ 1)

1
2dt

)2

‖f‖2
Dα

≤ K ′
(

1

α

)(∫ ∞

0
e−

α
2 uu

1
2du

)2

‖f‖2
Dα

= K ′
(

1

α

)[(
2

α

) 3
2
∫ ∞

0
e−ss

1
2ds

]2

‖f‖2
Dα

≤ K ′
(

2

α

)4(
Γ

(
1

2

))2

‖f‖2
Dα
.
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Apì ta parap�nw prokÔptei

‖Cα(f)‖2
Dα
≤ |f(0)|2 +K ′(

2

α
)4‖f‖2

Dα

≤ B

α4‖f‖
2
Dα
. (3.16)

Sundi�zontac tic (3.15) kai (3.16) prokÔptei h (3.13).

3.3 O suggen c telest c A.

Ja proqwr soume t¸ra sth melèth tou metasqhmatismoÔ A, pou
orÐzetai wc

A(f)(z) =
∞∑
n=0

( ∞∑
k=n

ak
k + 1

)
zn (3.17)

ìpou f(z) =
∑∞

n=0 anz
n. O metasqhmatismìc autìc sqetÐzetai

�mesa me ton telest  Cesàro C, diìti o pÐnakac pou antistoiqeÐ
ston A ston q¸ro Hardy H2 eÐnai o an�strofoc tou antÐstoiqou
pÐnaka gia ton C. Sthn perÐptwsh m�lista tou H2 o A eÐnai o
suzug c telest c (me thn ènnoia thc suzugÐac se q¸rouc Hilbert)
tou C.

Sthn genik  perÐptwsh miac analutik c sun�rthshc f , h seir�
sthn (3.17) den eÐnai kal¸c orismènh diìti h eswterik  seir� pou
dÐnei touc suntelestèc Taylor endèqetai na mh sugklÐnei. An ìmwc
upojèsoume ìti f ∈ Dα gia k�poio 0 < α < 1, tìte me th bo jeia
thc anisìthtac Hardy([DU, sel. 48])

∞∑
n=0

|an|
n+ 1

≤ π‖f‖H1, (3.18)
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h opoÐa isqÔei gia sunart seic f ∈ H1, kai apì thn parat rhsh
ìti 0 < α < 1 èqoume

Dα ⊂ H2 ⊂ H1,

sumperaÐnoume ìti h akoloujÐa twn suntelest¸n pou emfanÐzontai
sth seir� (3.17) eÐnai fragmènh, epomènwc h (3.17) orÐzei analutik 
sun�rthsh sto dÐsko.

O metasqhmatismìc A mporeÐ na grafeÐ wc olokl rwma

A(f)(z) =
1

z − 1

∫ z

1
f(ζ)dζ (3.19)

upì thn proôpìjesh ìti h sun�rthsh f eÐnai ”arket� kal ” ¸ste
na eÐnai oloklhr¸simh p�nw se k�je eujÔgrammo tm ma [1, z], z ∈
D. Tètoiec sunart seic eÐnai ìlec oi sunart seic tou q¸rou Hardy
H1, lìgw thc anisìthtac Fejer-Riesz [DU, Theorem 3.13]. Gia
tètoiec sunart seic, epilègontac san kampÔlh olokl rwshc thn

γ(t) = tz + (1− t), 0 ≤ t ≤ 1,

kai qrhsimopoiìntac to je¸rhma kuriarqoÔmenhc sÔgklishc gia
seirèc, gia thn dikaiolìghsh thc enallag c tou ajroÐsmatoc me to
olokl rwma, èqome thn (3.19).

O telest c A eÐnai fragmènoc stouc q¸rouc Hp, 1 < p < ∞
[Si2], kai Bergman Ap, 2 < p < ∞ [Si3], kai h melèth tou stic
parap�nw ergasÐec basÐsthke sth sqèsh tou A me mÐa hmiom�da
telest¸n sÔnjeshc. Ja qrhsimopoi soume ed¸ thn Ðdia mèjodo gia
na melet soume ton A stouc Dα, 0 < α < 1.

JewroÔme thn hmiom�da
ψt(z) = e−tz + 1− e−t,

h opoÐa èqei antÐstoiqh amfimonìtimh sun�rthsh

h (z) = log
1

1− z
,
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apeirostikì genn tora
G(z) = 1− z

kai DW shmeÐo b = 1. JewroÔme epÐshc thn hmiom�da telest¸n
sÔnjeshc

Tt(f) = f ◦ ψt.
Apì thn (2.4) èpetai ìti, gia k�je t ≥ 0

‖Tt‖Dα→Dα
≤ Kα−

1
2e

α
2 t, (3.20)

ìpou K > 0 stajer�. EpÐshc apì to je¸rhma (2.2.1) h {Tt}
eÐnai isqur� suneq c ston Dα, 0 < α < 1, kai èqei apeirostikì
genn tora

Γα(f)(z) = (1− z)f ′(z).

Apì thn (3.20) èpetai ìti h {Tt} èqei fr�gma auxhtikìthtac

ω0 ≤
α

2
.

Epomènwc
{λ : Re(λ) >

α

2
} ⊂ ρ(Γα). (3.21)

Ex �llou gia to shmeiakì f�sma tou Γα, sÔmfwna me thn (2.22),
isqÔei

σπ(Γa) = {λG(0) ∈ C : eλh(z) ∈ Dα}
= {λ ∈ C : (1− z)−λ ∈ Dα}

= {λ ∈ C : Re(λ) <
α

2
}.

Se sundiasmì me thn (3.21) sumperaÐnoume

σ(Γα) = σπ(Γα) = {λ ∈ C : Re(λ) ≤ α

2
}. (3.22)
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JewroÔme t¸ra th stajmismènh hmiom�da
St(f)(z) = e−tf(ψt(z)), f ∈ Dα.

'Amesa prokÔptei ìti, gia k�je t ≥ 0,

‖St‖Dα→Dα
≤ Kα−

1
2e(α

2−1)t. (3.23)
kai ìti h {St} eÐnai isqur� suneq c ston Dα. O apeirostikìc gen-
n tor�c eÐnai

∆α(f)(z) = (1− z)f ′(z)− f(z).

ParathroÔme ìti gi� λ ∈ C isqÔei
λ−∆α = (λ+ 1)− Γα.

'Ara apì thn (3.22) brÐskoume

σ(∆α) = {λ ∈ C : Re(λ) ≤ α

2
− 1}. (3.24)

'Epetai ìti 0 ∈ ρ(∆α) kai me èna aplì upologismì brÐskoume
R(0,∆α) = A.

Epomènwc o A eÐnai fragmènoc telest c ston Dα, 0 < α < 1. H
epìmenh prìtash dÐnei ektÐmhsh thc nìrmac kai epÐshc to f�sma
tou A.

Prìtash 3.3.1. 'Estw 0 < α < 1 kai Aα o telest c A ston Dα.

Tìte
2

2− α
≤ ‖Aα‖ ≤

Λ

α
1
2 (2− α)

ìpou Λ > 0 stajer� anex�rhth tou α. EpÐshc

σ(Aα) = {λ ∈ C : |λ− 1

2− α
| ≤ 1

2− α
}.
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Apìdeixh. Apì thn (3.24) kai to fasmatikì je¸rhma [DS]

σ(Aα) = {−1

z
: z ∈ σ(∆α)}

= {−1

z
: Re(z) ≤ α

2
− 1}

= {λ ∈ C : |λ− 1

2− α
| ≤ 1

2− α
}.

'Epetai �mesa ìti
‖Aα‖ ≥

2

2− α
.

Gia thn eÔresh tou �nw fr�gmatoc thc nìrmac gr�foume

A(f)(z) =

∫ ∞

0
St(f)(z)dt =

∫ ∞

0
e−tf(ϕt(z))dt.

kai èqoume

‖Aα(f)‖2
Dα

= |Aα(f)(0)|2 +

∫
D
|Aα(f)′(z)|2(1− |z|2)αdm(z)

=

∣∣∣∣∫ ∞

0
e−tf(1− e−t)dt

∣∣∣∣2
+

∫
D

∣∣∣∣∫ ∞

0
St(f)′(z) dt

∣∣∣∣2 (1− |z|2)αdm(z).
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'Omwc, lìgw thc (2.4),∣∣∣∣∫ ∞

0
e−tf(1− e−t)dt

∣∣∣∣2 ≤ (∫ ∞

0
e−t|f(1− e−t)|dt

)2

≤ K2

α

(∫ ∞

0
e−te

α
2 t dt

)2

‖f‖2
Dα

=
K2

α

(
1

1− α
2

)2

‖f‖2
Dα

=
K ′

α(2− α)2‖f‖
2
Dα
.

Ex �llou, lìgw thc genikeumènhc anisìthtac Minkowski kai thc
(3.20)∫

D

∣∣∣∣∫ ∞

0
St(f)′(z) dt

∣∣∣∣2 (1− |z|2)αdm(z)

≤

[∫ ∞

0

(∫
D
|St(f)′(z)|2 (1− |z|2)αdm(z)

) 1
2

dt

]2

≤
(∫ ∞

0
‖St(f)‖Dα

dt

)2

≤ K

α

(∫ ∞

0
e(α

2−1)tdt

)2

‖f‖2
Dα

≤ K ′′

α(2− α)2‖f‖
2
Dα
.

Apì ta parap�nw prokÔptei

‖Aα(f)‖2
Dα
≤
[

K ′

α(2− α)2 +
K ′′

α(2− α)2

]
‖f‖2

Dα
=

Λ

α(2− α)2‖f‖
2
Dα

kai to zhtoÔmeno èpetai.
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Kef�laio 4

PÐnakec Hausdorff kai telestèc

sÔnjeshc

4.1 Eisagwg 

'Estw {µn}∞n=0 akoloujÐa migadik¸n arijm¸n kai ∆ o telest c
diafor¸n

∆µn = µn − µn+1, n = 0, 1, 2, ...

Gia k = 0, 1, 2, ... orÐzoume tic

∆0µn = µn kai ∆kµn = ∆(∆k−1µn).

'Enac pÐnakac Hausdorff H = H(µn), me genn tria akoloujÐa
{µn}, eÐnai ènac k�tw trigwnikìc pÐnakac

h0,0 0 0 . .

h1,0 h1,1 0 . .

h2,0 h2,1 h2,2 0 .

. . . .


me stoiqeÐa

hn,k =

(
n

k

)
∆n−kµk, gia k ≤ n
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kai
hn,k = 0, gia k > n.

Arqik� autoÐ oi pÐnakec melet jhkan sthn jewrÐa ajroisimìthtac
[H1]. Melet jhkan epÐshc wc telestèc se q¸rouc akolouji¸n
[Rh],[De], [Le], kai ta suneq  analog� touc se q¸rouc oloklhr¸simwn
sunart sewn [BM].

MÐa shmantik  kathgorÐa pin�kwn Hausdorff prokÔptei an h
{µn} eÐnai akoloujÐa rop¸n, dhl.

µn =

∫ 1

0
tndµ(t),

ìpou µ èna peperasmèno jetikì mètro Borel sto (0, 1]. SumbolÐ-
zoume touc pÐnakec autoÔc me Hµ. 'Opwc prokÔptei apì èna sÔn-
tomo upologismì, ta stoiqeÐa touc eÐnai thc morf c

hn,k =

(
n

k

)∫ 1

0
tk(1− t)n−kdµ(t), k ≤ n.

SumbolÐzoume epÐshc me Aµ ton an�strofo tou Hµ.

'Estw 1 ≤ p < ∞. 'Eqei deiqjeÐ [H2], ìti ìtan to mètro
ikanopoieÐ ∫ 1

0
t−

1
pdµ(t) <∞,

tìte o antÐstoiqoc pÐnakac Hausdorff orÐzei, sto q¸ro twn akolou-
ji¸n lp, èna fragmèno telest  Hµ : lp → lp

Hµ(an) = {
n∑
k=0

hn,kak}∞n=0, {an} ∈ lp.

'Otan m�lista to µ eÐnai mètro pijanìthtac, tìte h nìrma tou eis-
agìmenou telest  eÐnai [Rh]

‖Hµ‖ =

∫ 1

0
t−

1
pdµ(t).
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Parak�tw anafèroume merik� gnwst� paradeÐgmata pin�kwn
Hausdorff, oi opoÐoi orÐzoun fragmènouc telestèc stouc q¸rouc
lp.

Par�deigma 1. Gia a > 0, oi pÐnakec a-Cesàro prokÔptoun apì
to mètro

dµ(t) = a(1− t)a−1dt

kai èqoun genn tria akoloujÐa

µn =
Γ(a+ 1)Γ(n+ 1)

Γ(n+ a+ 1)
.

'Otan a = 1 paÐrnoume ton pÐnaka tou telest  Cesàro.

Par�deigma 2. Gia a > 0, q > 1
p , ìpou p, q > 0, oi genikeumènoi

Cesàro prokÔptoun apì to mètro

dµ(t) =
Γ(q + a)

Γ(q)Γ(a)
tq−1(1− t)a−1dt, a > 0, q >

1

p
,

me genn tria akoloujÐa

µn =
Γ(a+ q)Γ(n+ q)

Γ(n+ a+ q)Γ(q)
.

Par�deigma 3. Gia a > 0, oi pÐnakec Hölder (Ha), prokÔptoun
gia

dµ(t) =
1

Γ(a)
(log

1

t
)a−1dt, a > 0,

me genn tria akoloujÐa

µn =
1

(n+ 1)a
.
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Par�deigma 4. Gia a > 0, c > 0, oi pÐnakec Gamma (Γac),
prokÔptoun me

dµ(t) =
ca

Γ(a)
tc−1(log

1

t
)a−1dt, a > 0,

me genn tria akoloujÐa

µn =

(
c

n+ c

)a
.

Oi pÐnakec Hausdorff mporoÔn na jewrhjoÔn san metasqhma-
tismoÐ epÐ analutik¸n sunart sewn tou dÐskou, oi opoÐoi prokÔp-
toun apì ton pollaplasiasmì tou pÐnaka me thn akoloujÐa twn
suntelest¸n Taylor. Sugkekrimèna, an µ èna mètro Borel sto
(0, 1], Hµ = (hn,k) o antÐstoiqoc pÐnakac Hausdorff, Aµ o an�s-
trofìc tou kai f(z) =

∑∞
n=0 anz

n ∈ A(D), orÐzoume th dunamo-
seir�

Hµ(f)(z) =
∞∑
n=0

(
n∑
k=0

hn,kak)z
n, (4.1)

kaj¸c kai thn akìloujh dunamoseir� (ìtan aut  eÐnai dunatì na
orisjeÐ)

Aµ(f) =
∞∑
n=0

(
∞∑
k=n

hk,nak)z
n. (4.2)

ParathroÔme ìti an µ eÐnai to mètro Lebesque tìte apì tic
parap�nw sqèseic paÐrnoume ton telest  Cesàro kai ton telest 
A antÐstoiqa, stouc opoÐouc anaferj kame sto prohgoÔmeno ke-
f�laio. Sthn perÐptwsh pou dµ(t) = a(1 − t)a−1,Re(a) > −1,
eÐnai gnwstì ìti prokÔptoun fragmènoi telestèc stouc q¸rouc
Hardy, kaj¸c kai se �llouc q¸rouc analutik¸n sunart sewn
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Stic epìmenec enìthtec ja melet soume touc pÐnakec Hausdorf-
f, wc telestèc stouc q¸rouc Hardy , gia thn perÐptwsh pou to
µ eÐnai èna tuqaÐo peperasmèno mètro Borel sto di�sthma (0, 1].
Sugkekrimèna ja doÔme poiec sunj kec prèpei na ikanopoieÐ to µ
¸ste oi sqèseic (4.1) kai (4.2) na orÐzoun fragmènouc telestèc
stouc Hp, p ∈ [1,∞).

Sunj kec epÐ tou µ ¸ste oi Hµ kai oi an�strofoÐ touc na eÐnai
fragmènoi telestèc stouc q¸rouc Hardy Hp melet jhkan epÐshc
apì ton Oliver Rudolf [RO]. Ta apotelèsmata thc [RO] den eÐnai
pl rh diìti oi sunj kec pou dÐdontai den eÐnai oi fusiologikèc gia
k�poiec timèc tou p. Sugkekrimèna gia thn perÐptwsh twn Hµ s-
touc q¸rouc Hp, h sunj kh pou dÐdetai sthn [RO] eÐnai aut  thc
paroÔshc ergasÐac, en¸ gia 1 ≤ p < 2 dÐdetai miac diaforetik c
fÔsewc sunj kh h opoÐa den eÐnai bèltisth. Epi pleìn oi mèjodoi
thc paroÔshc ergasÐac eÐnai amesìterec. Prèpei ìmwc na anafèr-
oume ìti sthn [RO] melet¸ntai epi plèon se èktash ta f�smata
twn telest¸n.

4.2 PÐnakec Hausdorff se q¸rouc Hardy

Sthn enìthta aut  ja melet soume touc pÐnakec Hausdorff stouc
q¸rouc Hp. Ja deÐxoume pr¸ta ìti gia f ∈ H1, h dunamoseir�
(4.1) orÐzei mÐa analutik  sun�rthsh ston D. Pr�gmati an f(z) =∑∞

n=0 anz
n ∈ H1, tìte h akoloujÐa {an} eÐnai mhdenik , giatÐ h

sunoriak  sun�rthsh thc f eÐnai oloklhr¸simh epÐ thc perifèreiac
tou dÐskou.
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An M = supn |an|, tìte

|
n∑
k=0

hn,kak| ≤
n∑
k=0

|hn,k||ak| ≤
n∑
k=0

(
n

k

)∫ 1

0
tk(1− t)n−kdµ(t)|ak|

≤M

n∑
k=0

(
n

k

)∫ 1

0
tk(1− t)n−kdµ(t)

= M

∫ 1

0

(
n∑
k=0

(
n

k

)
tk(1− t)n−k

)
dµ(t)

= M

∫ 1

0
(t+ (1− t))ndµ(t) = Mµ((0, 1])

Epomènwc oi suntelestèc thc dunamoseir�c (4.1) apoteloÔn frag-
mènh akoloujÐa, �ra h aktÐna sÔgklishc thc eÐnai ≥ 1.

Sth sunèqeia, ìpwc kai sthn perÐptwsh tou telest  Cesàro,
deÐqnoume ìti h Hµ(f) mporeÐ na grafeÐ wc mèsoc ìroc orismènwn
stajmismènwn telest¸n sÔnjeshc. Shmei¸noume ìti h anapar�s-
tash aut  twn pin�kwn Hausdorff emfanÐzetai gia pr¸th for�,
sthn paroÔsa melèth, kaj¸c epÐshc kai sthn [RO].

'Estw 1 ≤ p <∞. Gia t ∈ (0, 1] jewroÔme th sun�rthsh

ϕt(z) =
tz

1− (1− t)z
, z ∈ D

h opoÐa apeikonÐzei ton D ston eautì tou. 'Ara, apì thn par�grafo
(1.2), o telest c sÔnjeshc f → f ◦ ϕt eÐnai fragmènoc ston Hp.

EpÐshc gia k�je t ∈ (0, 1], h

wt(z) =
1

1− (1− t)z

eÐnai fragmènh sun�rthsh twn z ∈ D. 'Etsi o telest c
Tt(f)(z) = wt(z)f(ϕt(z)) (4.3)
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eÐnai fragmènoc ston Hp. JewroÔme to olokl rwma

F (z) =

∫ 1

0
wt(z)f(ϕt(z))dµ(t), (4.4)

to opoÐo orÐzetai gia k�je analutik  sun�rthsh f. Pr�gmati autì
eÐnai fanerì giatÐ, gia stajerì z ∈ D,

sup
t∈(0,1]

|wt(z)| ≤
1

1− |z|

kai
sup
t∈(0,1]

|f(ϕt(z))| ≤ sup
|ζ|≤|z|

|f(ζ)| <∞,

giatÐ apì to l mma tou Schwarz èqoume |ϕt(z)| ≤ |z|.
T¸ra gia f ∈ Hp, z ∈ D, h dunamoseir� (4.1) sugklÐnei apìlu-

ta, lìgw tou ìti oi suntelestèc thc apoteloÔn fragmènh akolou-
jÐa. 'Etsi h allag  sth seir� �jroishc eÐnai dunat  kai �ra

Hµ(f)(z) =
∞∑
n=0

(
n∑
λ=0

hn,λaλ)z
n =

∞∑
n=0

∞∑
λ=n

hλ,nanz
λ.

Ex' �llou jewroÔme thn analutik  sun�rthsh

F (z) =

∫ 1

0

1

1− (1− t)z
f(

tz

1− (1− t)z
)dµ(t)

=

∫ 1

0

∞∑
n=0

an
tnzn

(1− (1− t)z)n+1dµ(t).

Epeid  h seir� mèsa sto olokl rwma sugklÐnei omoiìmorfa wc
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proc t ∈ (0, 1], èqoume

F (z) =
∞∑
n=0

an

∫ 1

0

tn

(1− (1− t)z)n+1dµ(t)zn

=
∞∑
n=0

an

∫ 1

0
tn

( ∞∑
k=0

(k + n)!

n!k!
(1− t)kzk

)
dµ(t)zn

=
∞∑
n=0

an

∫ 1

0

∞∑
k=0

(
n+ k

k

)
tn(1− t)kzn+kdµ(t)

=
∞∑
n=0

an

∫ 1

0

∞∑
λ=n

(
λ

n

)
tn(1− t)λ−nzλdµ(t).

P�li lìgw omoiìmorfhc sÔgklishc wc proc t, thc upì olokl rw-
shc seir�c, èqoume ìti

F (z) =
∞∑
n=0

an

∞∑
λ=n

∫ 1

0

(
λ

n

)
tn(1− t)λ−ndµ(t)zλ

=
∞∑
n=0

∞∑
λ=n

hλ,nanz
λ.

'Ara katal goume

Hµ(f)(z) =
∞∑
n=0

(
n∑
λ=0

hn,λaλ)z
n =

∞∑
n=0

∞∑
λ=n

hλ,nanz
λ

=

∫ 1

0

1

1− (1− t)z
f(

tz

1− (1− t)z
)dµ(t).

SunoyÐzoume ta parap�nw sto akìloujo l mma :
L mma 4.2.1. 'Estw µ èna peperasmèno mètro Borel sto (0, 1]
kai Hµ = (hn,k) o antÐstoiqoc pÐnakac Hausdorff. 'Estw epÐshc
1 ≤ p <∞ kai f(z) =

∑∞
n=0 anz

n ∈ Hp. Tìte :
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(i) h dunamoseir� Hµ(f)(z) thc sqèshc (4.1) orÐzei mÐa analutik 
sun�rthsh ston D.

(ii) Gia k�je z ∈ D, h Hµ(f) mporeÐ na grafeÐ me thn akìloujh
oloklhrwtik  morf 

Hµ(f)(z) =

∫ 1

0
wt(z)f(ϕt(z))dµ(t). (4.5)

Ac epistrèyoume t¸ra sth dunamoseir� (4.2). An h f eÐnai
polu¸numo, tìte ta ajroÐsmata

Bn =
∞∑
k=n

hk,nak

eÐnai peperasmèna kai Bn = 0, n ≥ n0 gia k�poio n0. Sth-
n perÐptwsh aut  h (4.2) eÐnai analutik  sun�rthsh ston D, wc
poluwnumik . Ja doÔme ìti kai aut  gr�fetai me an�logh oloklhrwtik 
morf .

'Estw 1 ≤ p <∞. Gia k�je t ∈ (0, 1] jewroÔme thn analutik 
sun�rthsh

ψt(z) = tz + 1− t, z ∈ D
h opoÐa apeikonÐzei ton D ston eautì tou. Aut , sÔmfwna me thn
me thn par�grafo (1.2) eis�gei fragmèno telest  sÔnjeshc

Qt(f)(z) = f(ψt(z)) (4.6)
ston Hp.

T¸ra an h f(z) =
∑∞

n=0 anz
n eÐnai polu¸numo (�ra an = 0

telik�), jewroÔme to olokl rwma

G(f)(z) =

∫ 1

0
Qt(f)(z)dµ(t) =

∫ 1

0
f(tz + 1− t)dµ(t)

=

∫ 1

0

∞∑
n=0

an(tz + 1− t)ndµ(t).
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Profan¸c, gia k�je z ∈ D, to parap�nw olokl rwma up�rqei kai
epeid  ta ajroÐsmata eÐnai peperasmèna

G(f)(z) =
∞∑
n=0

an

∫ 1

0
(tz + 1− t)ndµ(t)

=
∞∑
n=0

an

∫ 1

0

n∑
k=0

(
n

k

)
tkzk(1− t)n−kdµ(t)

=
∞∑
n=0

an

n∑
k=0

((
n

k

)∫ 1

0
tk(1− t)n−kdµ(t)

)
zk

=
∞∑
n=0

an(
n∑
k=0

hn,kz
k) =

∞∑
n=0

(
∞∑
k=n

hk,nak)z
n

= Aµ(f)(z).

En gènei, gia mÐa f ∈ Hp, mh poluwnumik , to parap�nw epiqeÐrhma
den mporeÐ na efarmosteÐ. EÐnai ìmwc gnwstì ìti sthn perÐptwsh
aut 

|f(z)| ≤ cp
‖f‖Hp

(1− |z|)
1
p

, z ∈ D,

ìpou cp stajer� pou exart�tai mìno apì to p [DU, sel. 36]. 'Ara
gia k�je z ∈ D,

|G(f)(z)| ≤
∫ 1

0
|f(tz + 1− t)|dµ(t)

≤ cp‖f‖Hp

∫ 1

0

1

(1− |tz + 1− t|)
1
p

dµ(t)

≤ cp‖f‖Hp

(1− |z|)
1
p

∫ 1

0

1

t
1
p

dµ(t).
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An t¸ra upojèsoume ìti to mètro µ ikanopoieÐ thn∫ 1

0

1

t
1
p

dµ(t) <∞

tìte, gi� k�je z ∈ D, to olokl rwmaG(f)(z) =
∫ 1

0 Qt(f)(z)dµ(t)
eÐnai peperasmèno gia k�je f ∈ Hp. SunoyÐzoume ta parap�nw me
to akìloujo
L mma 4.2.2. An µ èna peperasmèno mètro Borel sto (0, 1] kai
Aµ o an�strofoc tou pÐnaka Hµ tìte:

(i) an f eÐnai polu¸numo tìte h dunamoseir� (4.2) eÐnai epÐshc
polu¸numo kai gr�fetai me thn akìloujh oloklhrwtik  mor-
f 

Aµ(f)(z) =

∫ 1

0
f(tz + 1− t)dµ(t), z ∈ D (4.7)

(ii) an 1 ≤ p <∞ kai to mètro µ ikanopoieÐ∫ 1

0

1

t
1
p

dµ(t) <∞, (4.8)

tìte gia k�je f ∈ Hp to olokl rwma sthn (4.7) eÐnai peperas-
mèno kai orÐzei mÐa analutik  sun�rthsh ston D.

Qrhsimopoi¸ntac to (ii) tou prohgoÔmenou l mmatoc orÐzoume
ton telest  Aµ ston Hp, ìtan to µ ikanopoieÐ thn (4.8), apì thn
oloklhrwtik  morf  (4.7).
Parathr seic. (1) To parap�nw l mma den exasfalÐzei thn
sÔgklish thc dunamoseir�c (4.2). ParathroÔme ìmwc ìti an to
mètro µ ikanopoieÐ ∫ 1

0

1

t
dµ(t) <∞. (4.9)
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tìte h dunamoseir� (4.2) sugklÐnei se mÐa analutik  sun�rthsh
ston dÐsko, gia k�je f ∈ H1. Pragm�ti an M = supn |an| < ∞,
ìpou an oi suntelestèc thc f , èqoume

|
∞∑
k=n

hk,nak| ≤
∞∑
k=n

hk,n|ak| ≤M

∞∑
k=n

hk,n

≤M

∞∑
k=n

∫ 1

0

(
k

n

)
tn(1− t)k−ndµ(t)

= M

∫ 1

0
tn

∞∑
k=n

(
k

n

)
(1− t)k−ndµ(t)

= M

∫ 1

0
tn

1

(1− (1− t))n+1dµ(t)

= M

∫ 1

0

1

t
dµ(t) <∞.

�ra oi suntelestèc thc dunamoseir�c apoteloÔn fragmènh akolou-
jÐa. ParathroÔme epÐshc ìti ìtan ikanopoieÐtai h (4.9) tìte h ana-
lutik  sun�rthsh pou orÐzei h dunamoseir� (4.2) sumpÐptei me to
olokl rwma (4.7) pou qrhsimopoi same gia na orÐsoume ton Aµ

ston Hp. Pr�gmati∫ 1

0
f(tz + 1− t)dµ(t) =

∫ 1

0

∞∑
n=0

an(tz + 1− t)ndµ(t)

=
∞∑
n=0

an

∫ 1

0
(tz + 1− t)ndµ(t),

an efarmìsoume to je¸rhma kuriarqoÔmenhc sÔgklishc sthn akolou-
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jÐa twn merik¸n ajroism�twn thc upì olokl rwshc seir�c. 'Ara∫ 1

0
f(tz + 1− t)dµ(t) =

∞∑
n=0

an

∫ 1

0
(tz + 1− t)ndµ(t)

=
∞∑
n=0

an

∫ 1

0

n∑
k=0

(
n

k

)
tkzk(1− t)n−kdµ(t)

=
∞∑
n=0

an

n∑
k=0

(
n

k

)∫ 1

0
tk(1− t)n−kdµ(t)zk

=
∞∑
n=0

an(
n∑
k=0

hn,kz
k)

=
∞∑
n=0

(
∞∑
k=n

hk,nak)z
n

= Aµ(f)(z).

H allag  seir�c �jroishc eÐnai dunat  epeid  h∑∞
n=0(

∑∞
k=n hk,nak)z

n

sugklÐnei apìluta, ìpwc faÐnetai parap�nw.
(2) 'Otan dµ(t) = dt, to mètro Lebesque, h (4.9) den ikanopoieÐ-

tai. Wstìso sthn perÐptwsh aut  h seir� (4.2) sugklÐnei kai orÐzei
gia k�je f ∈ H1 mÐa analutik  sun�rthsh ston dÐsko. Pr�gmati
oi suntelestèc hn,k sthn perÐptwsh aut  eÐnai

hn,k =
1

n+ 1
, k = 0, 1, ...

kai h dunamoseir� (4.2) eÐnai h eikìna thc f mèsw tou an�stro-
fou tou pÐnaka Cesàro, pou ìpwc eÐdame sto kef�laio 3 orÐzei
analutik  sun�rthsh ston dÐsko.

Sth sunèqeia ja exet�soume pìte oi Hµ kai Aµ orÐzoun frag-
mènouc telestèc stouc Hp. Ja qreiastoÔme ektim seic thc nìrmac
twn telest¸n sÔnjeshc Tt kai Qt stouc q¸rouc autoÔc. H nìrma
tou Qt dÐnetai apì thn
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Prìtash 4.2.1. An 1 ≤ p <∞ tìte

‖Qt‖Hp→Hp = t−
1
p .

Apìdeixh. An jewr soume thn f(z) = 1
(1−z)λ me Re(λ) < 1

p ,

parathroÔme ìti aut  an kei ston Hp kai ìti

fλ(ψt(z)) =
1

tλ
fλ(z).

Dhlad  h 1
tλ
eÐnai idiotim  tou Qt. 'Ara

‖Qt‖Hp→Hp ≥ t−
1
p .

Gia thn antÐstrofh anisìthta ergazìmaste wc ex c. 'Otan to p =
2, apì to [CMc, Theorem 9.4], prokÔptei

‖Qt‖H2→H2 = t−
1
2 .

Gia tuqìn p 6= 2 kai f ∈ Hp, h f gr�fetai
f(z) = B(z)F (z),

ìpou B(z) eÐnai to ginìmeno Blaschke twn riz¸n thc f, h F den
èqei rÐzec sto D kai ‖F‖Hp = ‖f‖Hp [DU, Theorem 2.5]. Tìte

‖Qt(f)(z)‖pHp = sup
r∈[0,1)

1

2π

∫ 2π

0
|B(ψt(re

iθ))|p|F (ψt(re
iθ))|pdθ

≤ sup
r∈[0,1)

1

2π

∫ 2π

0
|F

p
2 (ψt(re

iθ))|2dθ

= ‖Qt(F
p
2 )‖2

H2

≤ ‖Qt‖2
H2→H2‖F

p
2‖2
H2

=
1

t
‖F‖pHp

=
1

t
‖f‖pHp ,
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apì ìpou prokÔptei h antÐstrofh anisìthta.

Gia ton upologismì thc nìrmac tou Tt, qreiazìmaste th düikìthta
(Hp)∗ ' Hq, 1

p + 1
q = 1, h opoÐa pragmatopoieÐtai mèsw thc

sÔzeuxhc

Λg(f) = 〈f, g〉 =
1

2π

∫ 2π

0
f(eiθ)g(eiθ)dθ, g ∈ Hq (4.10)

ìpou Λg eÐnai fragmèno sunarthsoeidèc ston Hp kai g ∈ Hq, gia
1 < p < ∞. H düikìthta aut  eÐnai mìno isomorfismìc kai ìqi
isometrÐa ektìc an p = 2 [DU, Theorem 7.3].

Ja deÐxoume ìti
L mma 4.2.3. An 1 < p < ∞, f ∈ Hp kai h ∈ Hq, 1

p + 1
q = 1,

tìte
〈wtfoϕt, h〉 = 〈f, hoψt〉. (4.11)

Apìdeixh. Gr�foume thn f wc olokl rwma Cauchy twn sunori-
ak¸n tim¸n thc [DU, Theorem 3.6],

f(z) =
1

2π

∫ 2π

0

f(eiθ)

1− e−iθz
dθ.

Tìte, jètontac g(z) = Tt(f)(z) èqoume

g(z) =
1

1− (1− t)z
f(

tz

1− (1− t)z
)

=
1

1− (1− t)z

1

2π

∫ 2π

0

f(eiθ)

1− e−iθ tz
1−(1−t)z

dθ

=
1

2π

∫ 2π

0

f(eiθ)

1− (e−iθt+ 1− t)z
dθ

=
∑
n≥0

(
1

2π

∫ 2π

0
(e−iθt+ 1− t)nf(eiθ)dθ

)
zn.
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Epomènwc gia k�je n = 0, 1, 2..., isqÔei
1

2π

∫ 2π

0
e−inθg(eiθ)dθ =

1

2π

∫ 2π

0
(e−iθt+ 1− t)nf(eiθ)dθ,

isodÔnama
〈g, einθ〉 = 〈f, (eiθt+ 1− t)n〉.

To sÔnolo {einθ : n = 0, 1, 2....} par�gei tonHq. To Ðdio profan¸c
isqÔei kai gia to {(eiθt + 1 − t)n : n = 0, 1, 2....}. Jewr¸ntac
grammikoÔc sunduasmoÔc stoiqeÐwn twn dÔo aut¸n sunìlwn kai
ta ìri� touc wc proc thn nìrma tou Hq, katal goume ìti gia k�je
h ∈ Hq isqÔei

〈g, h〉 = 〈f, h ◦ ψt〉,
h opoÐa eÐnai h apodeiktèa.

Prìtash 4.2.2. Gi� touc stajmismènouc telestèc sÔnjeshc

Tt(f)(z) = wt(z)f(ϕt(z))

pou dÐdontai apì thn (4.3)

(i) an 2 ≤ p <∞ tìte

‖Tt‖Hp→Hp ≤ t−1+ 1
p , t ∈ (0, 1]

(ii) an 1 < p < 2 tìte

‖Tt‖Hp→Hp ≤ C(p)t−1+ 1
p , t ∈ (0, 1]

gia k�poia stajer� C(p).

(iii) an p = 1 tìte up�rqei stajer� C ′ > 0 tètoia ¸ste

‖Tt‖H1→H1 ≤ C ′(1 + log
1

t
), t ∈ (0, 1]
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Apìdeixh. Gia k�je 1 ≤ p <∞ jewroÔme to q¸ro Hardy Hp(P),
pou apoteleÐtai apì tic analutikèc sunart seic f epÐ tou

P = {z : Re(z) > 0},

gia tic opoÐec isqÔei

‖f‖pHp(P) = sup
0<x<∞

∫ ∞

−∞
|f(x+ iy)|pdy <∞.

Autìc eÐnai q¸roc Banach, isometrikìc me ton antÐstoiqo q¸ro
Hardy tou dÐskou mèsw thc grammik c apeikìnishc

Vp : Hp(P) → Hp

pou dÐnetai apì thn

Vp(f)(z) =
(4π)

1
p

(1− z)
2
p

f(ν(z)), f ∈ Hp(P),

ìpou h ν(z) = 1+z
1−z apeikonÐzei ton dÐsko sÔmmorfa sto hmiepÐpedo

P. H antÐstrofh apeikìnish eÐnai h V −1
p : Hp → Hp(P),

V −1
p (g)(z) =

1

π
1
p (1 + z)

2
p

g(ν−1(z)), g ∈ Hp.

JewroÔme t¸ra touc telestèc T̃t : Hp(P) → Hp(P)

T̃t = V −1
p ◦ Tt ◦ Vp ,

gia touc opoÐouc bebaÐwc isqÔei

‖T̃t‖Hp(P)→Hp(P) = ‖Tt‖Hp→Hp,

afoÔ oi Vp, V −1
p eÐnai isometrÐec.
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'Estw f ∈ Hp(P). Met� apì pr�xeic lamb�noume

T̃t(f)(z) =

(
z + 1

tz + 2− t

)1− 2
p

f(tz + 1− t) .

EpÐshc gia k�je z ∈ P kai t ∈ (0, 1] isqÔei∣∣∣∣ z + 1

tz + 2− t

∣∣∣∣ ≤ 1

t
.

(i) Upojètoume 2 ≤ p < ∞. Qrhsimopoi¸ntac thn teleutaÐa
anisìthta brÐskoume
‖T̃t(f)‖Hp(P) =

= sup
0<x<∞

(∫ ∞

−∞

∣∣∣∣ x+ iy + 1

t(x+ iy) + 2− t

∣∣∣∣p−2

|f(t(x+ iy) + 1− t)|pdy

) 1
p

≤ t−1+ 2
p sup

0<x<∞
(

∫ ∞

−∞
|f(t(x+ iy) + 1− t)|pdy)

1
p ,

ìpou z = x+ iy. Me allag  metablht c u = tx+1− t kai v = ty,

èqoume

‖T̃t(f)‖Hp(P) ≤ t−1+ 2
p sup

1−t<u<∞

(∫ ∞

−∞
|f(u+ iv)|pdv

t

) 1
p

≤ t−1+ 2
p sup

0<u<∞

(∫ ∞

−∞
|f(u+ iv)|pdv

t

) 1
p

= t−1+ 1
p‖f‖Hp(P),

apì ìpou prokÔptei to zhtoÔmeno.
(ii) 'Estw t¸ra 1 < p < 2. An f ∈ Hp kai q o düikìc deÐkthc,

apì thn (4.10) èqoume
‖Tt(f)‖Hp = sup{|Λ(Tt(f))| : Λ ∈ (Hp)∗ me ‖Λ‖ ≤ 1}

= sup{|〈Tt(f), g〉| : g ∈ Hq me ‖Λ‖ ≤ 1}.
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Qrhsimopoi¸ntac t¸ra thn (4.11) lamb�noume
|〈Tt(f), g〉| = |〈f,Qt(g)〉| ≤ ‖f‖Hp‖Qt(g)‖Hq

≤ t−
1
q‖f‖Hp‖g‖Hq = t−1+ 1

p‖f‖Hp‖g‖Hq .

'Ara
‖Tt(f)‖Hp ≤ t−1+ 1

p sup{‖g‖Hq :me ‖Λg‖ ≤ 1}‖f‖Hp

= C(p)t−1+ 1
p‖f‖Hp ,

apì ìpou prokÔptei h apodeiktèa.
(iii) 'Estw t¸ra p = 1. Ja deÐxoume pr¸ta ìti gia mÐa f ∈

H1 me f(0) = 0 èqoume
‖Tt(f)‖H1 ≤ ‖f‖H1.

Pr�gmati epeid  h f mporeÐ na grafeÐ f(z) = zg(z), ìpou g ∈ H1

me ‖g‖H1 = ‖f‖H1. Tìte:

Tt(f)(z) =
tz

(1− (1− t)z)2g(
tz

1− (1− t)z
) = tzSt(g)(z),

ìpou oi stajmismènoi telestèc sÔnjeshc

St(g)(z) =
1

(1− (1− t)z)2g(
tz

1− (1− t)z
)

eÐnai fragmènoi ston H1, gia touc Ðdiouc lìgouc pou oi Tt eÐnai
fragmènoi.'Etsi

‖Tt(f)‖H1 = t‖St(g)‖H1 ≤ t‖St‖H1→H1‖g‖H1

= t‖St‖H1→H1‖f‖H1.

T¸ra gia na prosdiorÐsoume th nìrma ‖St‖H1→H1 ja akolouj -
soume th mèjodo thc perÐptwshc p ≥ 2. 'An

S̃t = V −1
1 ◦ St ◦ V1,
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tìte
‖St‖H1→H1 = ‖S̃t‖H1(P)→H1(P).

Gia mÐa sun�rthsh h ∈ H1(P), k�nontac pr�xeic brÐskoume
S̃t(h)(z) = h(tz + 1− t).

'Ara an z = x+ iy, jètontac p�li u = tx+ 1− t kai v = ty

‖S̃t(h)(z)‖H1(P) = sup
0<x<∞

∫ ∞

−∞
|h(t(x+ iy) + 1− t)|dy

≤ sup
0<u<∞

∫ ∞

−∞
|h(u+ iv)|dv

t
=

1

t
‖h‖H1(P)

dhlad 
‖St‖H1 ≤ 1

t
⇒ ‖Tt‖H1 ≤ 1.

'Estw t¸ra mÐa tuqaÐa F ∈ H1. Gr�foume f(z) = F (z)−F (0),
opìte f(0) = 0 kai

‖f‖H1 = ‖F (z)− F (0)‖H1 ≤ ‖F‖H1 + |F (0)| ≤ 2‖F‖H1.

ParathroÔme ìti

Tt(F )(z) = Tt(F (0) + f(z)) = F (0)
1

1− (1− t)z
+ Tt(f)(z).

'Ara

‖Tt(F )‖H1 ≤ |F (0)|‖ 1

1− (1− t)z
‖H1 + ‖Tt(f)‖H1

≤ ‖F‖H1‖ 1

1− (1− t)z
‖H1 + ‖f‖H1

≤ ‖F‖H1

(∥∥∥∥ 1

1− (1− t) z

∥∥∥∥
H1

+ 2

)
.
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'Omwc lìgw thc gnwst c anisìthtac [Po]∫ 2π

0
| 1

1− reiθ
|dθ ≤ C log

1

1− r
, 0 < r < 1.

èqoume

‖ 1

1− (1− t)z
‖H1 = sup

r∈[0,1)

1

2π

∫ 2π

0
| 1

1− (1− t)reiθ
|dθ

≤ C log
1

1− (1− t)r
≤ C log

1

t

me C > 0 stajer�. 'Etsi

‖Tt(F )‖H1 ≤ (C log
1

t
+ 2)‖F‖H1 ≤ C ′(log

1

t
+ 1)‖F‖H1

me C ′ = max(C, 2).

EÐmaste t¸ra se jèsh na deÐxoume to kÔrio je¸rhma aut c thc
enìthtac.
Je¸rhma 4.2.1. 'Estw µ èna peperasmèno mètro Borel sto (0, 1]
kai Hµ o antÐstoiqoc pÐnakac Hausdorff.

(i) 'Estw 1 < p <∞ kai∫ 1

0
t−1+ 1

pdµ(t) <∞,

tìte o Hµ eÐnai fragmènoc telest c ston Hp kai

‖Hµ‖Hp→Hp ≤ C

∫ 1

0
t−1+ 1

pdµ(t).

'Otan m�lista p ≥ 2 mporoÔme na dialèxoume C = 1.
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(ii) 'Estw p = 1. Tìte o Hµ : H1 → H1 eÐnai fragmènoc an kai
mìno an ∫ 1

0
log

1

t
dµ(t) <∞.

Sthn perÐptwsh aut 

‖Hµ‖H1→H1 ≤ C ′
(
µ((0, 1]) +

∫ 1

0
log

1

t
dµ(t)

)
gia k�poia stajer� C ′.

Apìdeixh. (i) 'Estw f ∈ Hp. Me th bo jeia thc oloklhrwtik c
morf c (4.5), thc prìtashc (4.2.1) kai thc genikeumènhc anisìthtac
Minkowski èqoume ìti gia k�je r ∈ [0, 1)(

1

2π

∫ 2π

0
|Hµ(f)(reiθ)|pdθ

) 1
p

=

=

(
1

2π

∫ 2π

0

∣∣∣∣∫ 1

0
Tt(f)(reiθ)dµ(t)

∣∣∣∣p dθ)
1
p

≤
∫ 1

0

(
1

2π

∫ 2π

0
|Tt(f)(reiθ)|pdθ

) 1
p

dµ(t)

≤
∫ 1

0

(
sup
r∈[0,1)

1

2π

∫ 2π

0
|Tt(f)(reiθ)|pdθ

) 1
p

dµ(t).

'Ara

‖Hµ(f)‖Hp ≤
∫ 1

0
‖Tt(f)‖Hpdµ(t)

≤ C

∫ 1

0
t−1+ 1

pdµ(t)‖f‖Hp,
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me C = 1 ìtan p ≥ 2 kai C = C(p) ìtan p ∈ (1, 2), kai h apìdeixh
thc (i) eÐnai pl rhc.

(ii) An f ∈ H1, p�li mèsw thc oloklhrwtik c morf c (4.5) kai
thc prìtashc (4.2.1), èqoume gia k�je r ∈ [0, 1)

1

2π

∫ 2π

0
|Hµ(f)(reiθ)| dθ ≤

≤
∫ 1

0

(
sup
r∈[0,1)

1

2π

∫ 2π

0
|Tt(f)(reiθ)|dθ

)
dµ(t),

dhlad 

‖Hµ(f)‖H1 ≤
∫ 1

0
‖Tt(f)‖H1dµ(t)

≤ C ′
∫ 1

0
(1 + log

1

t
)dµ(t)‖f‖H1

= C ′
(
µ((0, 1]) +

∫ 1

0
log

1

t
dµ(t)

)
‖f‖H1.

Dhlad  an ∫ 1
0 log 1

tdµ(t) <∞, tìte o Hµ : H1 → H1 eÐnai frag-
mènoc kai èqoume th mÐa kateÔjunsh tou isqurismoÔ.

AntÐstrofa, upojètoume ìti o Hµ eÐnai fragmènoc ston H1.

ParathroÔme ìti

Hµ(1)(z) =

∫ 1

0

1

1− (1− t)z
dµ(t)

=
∞∑
n=0

(∫ 1

0
(1− t)ndµ(t)

)
zn,

opìte me th bo jeia thc anisìthtac Hardy upì th morf 
∞∑
n=1

|an|
n

≤ 2π‖f‖H1, f ∈ H1,
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paÐrnoume ìti
∞∑
n=0

1

n

(∫ 1

0
(1− t)ndµ(t)

)
≤ 2π‖Hµ(1)‖H1

≤ 2π‖Hµ‖H1→H1 .

Enall�ssontac to �jroisma me to olokl rwma paÐrnoume∫ 1

0
log

1

t
dµ(t) =

∫ 1

0

( ∞∑
n=0

1

n
(1− t)n

)
dµ(t)

=
∞∑
n=0

1

n

(∫ 1

0
(1− t)ndµ(t)

)
≤ 2π‖Hµ‖H1→H1

kai èqoume pl rh thn apìdeixh.

To akìloujo je¸rhma dÐdei sunj kec epÐ tou µ ¸ste o telest c
Aµ, pou eÐnai o an�strofoc enìc pÐnaka Hausdorff Hµ, na eÐnai
fragmènoc sto q¸ro Hardy.

Je¸rhma 4.2.2. 'Estw µ èna peperasmèno mètro Borel sto (0, 1]
kai Aµ o telest c pou orÐzetai apì thn oloklhrwtik  morf  (4.7).
An 1 ≤ p <∞ kai isqÔei∫ 1

0
t−

1
pdµ(t) <∞ (4.12)

tìte o Aµ eÐnai fragmènoc ston Hp kai

‖Aµ‖Hp→Hp =

∫ 1

0
t−

1
pdµ(t).
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Apìdeixh. An 1 ≤ p <∞ kai f ∈ Hp èqoume(
1

2π

∫ 2π

0
|Aµ(f)(reiθ)|pdθ

) 1
p

=

(
1

2π

∫ 2π

0

∣∣∣∣∫ 1

0
f(treiθ + (1− t))dµ(t)

∣∣∣∣p dθ)
1
p

≤
∫ 1

0

(
1

2π

∫ 2π

0
|f(treiθ + (1− t))|pdθ

) 1
p

dµ(t)

≤
∫ 1

0

(
sup
r∈[0,1)

1

2π

∫ 2π

0
|f(treiθ + (1− t))|pdθ

) 1
p

dµ(t).

'Ara

‖Aµ(f)‖Hp ≤
∫ 1

0
‖Qt(f)‖Hpdµ(t) =

∫ 1

0
t−

1
pdµ(t)‖f‖Hp,

dhlad  an ikanopoieÐtai h (4.12), tìte o Aµ eÐnai fragmènoc ston
Hp kai

‖Aµ‖Hp ≤
∫ 1

0
t−

1
pdµ(t).

Gia thn antÐstrofh anisìthta jewroÔme λ ∈ C, me Re(λ) < 1
p .

Tìte h
fλ(z) =

1

(1− z)λ

an kei ston Hp, kai

Aµ(fλ)(z) =

∫ 1

0
fλ(tz + 1− t)dµ(t)

=

(∫ 1

0

1

tλ
dµ(t)

)
fλ(z).
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Oi sunart seic fλ eÐnai sunep¸c idiosunart seic tou Aµ kai to
sÔnolo {∫ 1

0

1

tλ
dµ(t) : Re(λ) <

1

p

}
perièqetai sto shmeiakì f�sma tou. 'Ara:

‖Aµ‖Hp→Hp = sup

{∣∣∣∣∫ 1

0

1

tλ
dµ(t)

∣∣∣∣ : Re(λ) <
1

p

}
≥
∫ 1

0
t−

1
pdµ(t)

kai h apìdeixh oloklhr¸jhke.
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