
Kef�laio 4

AkoloujÐec sunart sewn

4.1 H ènnoia thc akoloujÐac sunart sewn

Orismìc 4.1.1 AkoloujÐa sunart sewn eÐnai mia sun�rthsh me pedÐo ori-
smoÔ to N kai pedÐo tim¸n to sÔnolo twn pragmatik¸n sunart sewn. Sumbo-
lÐzoume mia akoloujÐa sunart sewn me {fn}∞n=1.

JewroÔme mia akoloujÐa sunart sewn {fn}∞n=1 pou eÐnai ìlec orismènec s'
èna sÔnolo E ⊂ R. Gia k�je x ∈ E, prokÔptei mia akoloujÐa pragmatik¸n
arijm¸n {fn(x)}∞n=1.

Par�deigma 4.1.2 DÐnetai h akoloujÐa sunart sewn {fn}∞n=1 me

fn(x) = 1 +
(x

n

)n
, ∀x ∈ R, ∀n ∈ N.

Gia stajeropoihmèno n ∈ N, h fn eÐnai mia pragmatik  sun�rthsh. Gia par�-
deigma h f1 eÐnai h sun�rthsh me tÔpo f1(x) = 1+x, x ∈ R, en¸ h f2 èqei tÔpo
f2(x) = 1+x2/4. Gia stajeropoihmèno x ∈ R, h {fn(x)}∞n=1 eÐnai mia akolou-
jÐa pragmatik¸n arijm¸n; p.q. fn(0) = {1, 1, 1, . . . }, fn(1) = {1 + 1

nn }∞n=1.

Par�deigma 4.1.3 JewroÔme thn akoloujÐa sunart sewn {fn}∞n=1 me

fn(x) = x +
1
n

, ∀x ∈ R, ∀n ∈ N.

Oi pragmatikèc sunart seic f1 kai f2 èqoun tÔpouc f1(x) = x+1 kai f2(x) =
x+1/2. Gia x = 5 prokÔptei h pragmatik  akoloujÐa fn(5) = {5+1/n}∞n=1,
en¸ gia x = −1 prokÔptei h akoloujÐa fn(−1) = {−1 + 1/n}∞n=1.
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2 KEF�ALAIO 4. AKOLOUJ�IES SUNART�HSEWN

Orismìc 4.1.4 DÐnetai mi� akoloujÐa pragmatik¸n sunart sewn {fn}∞n=1

pou eÐnai orismènec sto sÔnolo E ⊂ R. H {fn}∞n=1 onom�zetai fragmènh,
an gia k�je x ∈ E, h pragmatik  akoloujÐa {fn(x)}∞n=1 eÐnai fragmènh. H
{fn}∞n=1 onom�zetai omoiìmorfa fragmènh an up�rqei M > 0 tètoio ¸ste

|fn(x)| ≤ M, ∀x ∈ E, ∀n ∈ N.

Par�deigma 4.1.5 H akoloujÐa {fn}∞n=1 me fn(x) = cosnx, x ∈ R eÐnai
omoiìmorfa fragmènh diìti | cosnx| ≤ 1, ∀x ∈ R, ∀n ∈ N. H akoloujÐa
{gn}∞n=1 me gn(x) = 1

nx , x ∈ R\{0} eÐnai fragmènh diìti gia k�je x ∈ R\{0} h
pragmatik  akoloujÐa { 1

nx}∞n=1 eÐnai fragmènh (kai m�lista sugklÐnei sto 0).
H {gn}∞n=1 den eÐnai omoiìmorfa fragmènh. Pr�gmati isqÔei limx→0+

1
nx =

+∞; �ra den mporeÐ na up�rqei M > 0 tètoio ¸ste | 1
nx | ≤ M, ∀x ∈ R \

{0}, ∀n ∈ N.

Orismìc 4.1.6 H akoloujÐa sunart sewn {fn}∞n=1 onom�zetai aÔxousa (fjÐ-
nousa) sto sÔnolo E an gia k�je x ∈ E, h pragmatik  akoloujÐa {fn(x)}∞n=1

eÐnai aÔxousa (fjÐnousa). H {fn}∞n=1 onom�zetai gnhsÐwc aÔxousa (gnhsÐ-
wc fjÐnousa) sto sÔnolo E an gia k�je x ∈ E, h pragmatik  akoloujÐa
{fn(x)}∞n=1 eÐnai gnhsÐwc aÔxousa (gnhsÐwc fjÐnousa).

Par�deigma 4.1.7 H {gn}∞n=1 tou ParadeÐgmatoc 3 eÐnai gnhsÐwc fjÐnousa
sto (0, +∞) kai eÐnai gnhsÐwc aÔxousa sto (−∞, 0).

Orismìc 4.1.8 An {fn}∞n=1 eÐnai mi� akoloujÐa sunart sewn pou eÐnai o-
rismènec sto sÔnolo E ⊂ R, orÐzoume sto E tic epektetamènec pragmatikèc
sunart seic supn fn, infn fn, lim supn→∞ fn, lim infn→∞ fn me tic parak�tw
isìthtec:

(sup
n

fn)(x) = sup
n

(fn(x)),

(inf
n

fn)(x) = inf
n

(fn(x)),

(lim sup
n→∞

fn)(x) = lim sup
n→∞

(fn(x)),

(lim inf
n→∞ fn)(x) = lim inf

n→∞ (fn(x)).

Par�deigma 4.1.9 Gia thn akoloujÐa {fn}∞n=1 me fn(x) = x + (−1)n

n , x ∈
R isqÔei supn fn(x) = x + 1

2 , infn fn(x) = x − 1, lim supn→∞ fn(x) = x,
lim infn→∞ fn(x) = x, x ∈ R.
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4.2 Shmeiak  sÔgklish

Orismìc 4.2.1 DÐnetai mi� akoloujÐa pragmatik¸n sunart sewn {fn}∞n=1

pou eÐnai orismènec sto sÔnolo E ⊂ R. Lème ìti h {fn}∞n=1 sugklÐnei sh-
meiak� sto E proc th sun�rthsh f : E → R kai gr�foume fn−→σ f sto E, an
gia k�je x ∈ E isqÔei limn→∞ fn(x) = f(x).

Apì ton orismì tou orÐou pragmatik c akoloujÐac prokÔptei ìti fn−→σ f sto
E an kai mìno an

∀x ∈ E, ∀ε > 0, ∃no ∈ N tètoio ¸ste ∀n ≥ no, |fn(x)− f(x)| < ε.

Par�deigma 4.2.2 EÐnai gnwstì ìti gia k�je x ∈ R, limn→∞(1 + x/n)n =
ex. 'Ara gia thn akoloujÐa sunart sewn {fn}∞n=1 me fn(x) = (1+x/n)n, x ∈
R, isqÔei fn−→σ f sto R, ìpou f(x) = ex.

Par�deigma 4.2.3 Gia thn akoloujÐa fn(x) = x + (−1)n isqÔei x + 1 =
lim supn→∞ fn(x) 6= lim infn→∞ fn(x) = x − 1, x ∈ R. 'Ara h {fn}∞n=1 den
sugklÐnei shmeiak�.

Par�deigma 4.2.4 'Estw f mia pragmatik  sun�rthsh orismènh sto E ⊂
R. JewroÔme thn akoloujÐa sunart sewn {fn}∞n=1 me fn(x) = f(x)+ 1

n , x ∈
E. Tìte gia k�je x ∈ E,

lim
n→∞ fn(x) = lim

n→∞

(
f(x) +

1
n

)
= f(x).

'Ara fn−→σ f sto E.

Par�deigma 4.2.5 JewroÔme thn akoloujÐa {fn}∞n=1 me fn(x) = xn, x ∈
[0, 1]. Tìte fn−→σ f sto [0, 1], ìpou

f(x) =

{
0, x ∈ [0, 1),
1, x = 1.

Qrhsimopoi¸ntac basikèc idiìthtec tou orÐou paragmatik¸n akolouji¸n apo-
deiknÔetai eÔkola to parak�tw je¸rhma; h apìdeix  tou af netai gia �skhsh.

Je¸rhma 4.2.6 An fn−→σ f sto E kai gn−→σ g sto E kai c1, c2 ∈ R, tìte
c1fn + c2gn−→σ c1f + c2g sto E kai fngn−→σ fg sto E.
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4.3 Omoiìmorfh sÔgklish

Orismìc 4.3.1 DÐnontai dÔo pragmatikèc sunart seic f kai g, orismènec kai
oi dÔo sto sÔnolo E ⊂ R. OrÐzoume wc apìstash twn f kai g ton epektetamèno
pragmatikì arijmì

d(f, g) = sup{|f(x)− g(x)| : x ∈ E}.

Gia thn apìstash twn f kai g ja qrhsimopoioÔme epÐshc kai touc sumboli-
smoÔc dE(f, g) kai ‖f − g‖E .

Par�deigma 4.3.2 An f(x) = x, g(x) = x2, x ∈ [0, 1], tìte

d[0,1](f, g) = sup{x− x2 : x ∈ [0, 1]} = max
x∈[0,1]

(x− x2) =
1
4
.

Par�deigma 4.3.3 An f(x) = tan−1 x, g(x) = 2, x ∈ R, tìte

dR(f, g) = sup{| tan−1 x− 2| : x ∈ R} = sup
x∈R

(2− tan−1 x) = 2 +
π

2
.

Par�deigma 4.3.4 An f(x) = x, g(x) = sinx, x ∈ R, tìte

dR(f, g) = sup
x∈R

|x− sinx| = +∞.

Orismìc 4.3.5 DÐnetai mi� akoloujÐa pragmatik¸n sunart sewn {fn}∞n=1

pou eÐnai orismènec sto sÔnolo E ⊂ R. Lème ìti h {fn}∞n=1 sugklÐnei omoiì-
morfa sto E proc th sun�rthsh f : E → R kai gr�foume fn−→oµ f sto E, an
limn→∞ dE(fn, f) = 0.

Qrhsimopoi¸ntac t¸ra ton orismì tou orÐou pragmatik c akoloujÐac kai ton
orismì thc apìstashc sunart sewn blèpoume ìti mi� akoloujÐa sunart sewn
{fn}∞n=1 sugklÐnei omoiìmorfa sto E proc th sun�rthsh f : E → R an kai
mìno an gia k�je ε > 0, up�rqei no ∈ N (pou exart�tai mìno apì to ε) tètoio
¸ste

|fn(x)− f(x)| < ε, ∀n ≥ no, ∀x ∈ E.

Gewmetrik� autì shmaÐnei ìti gia k�je ε > 0, up�rqei no ∈ N tètoio ¸ste
ta graf mata twn sunart sewn fn apì to no kai pèra brÐskontai olìklhra
mèsa sth z¸nh pl�touc 2ε gÔrw apì to gr�fhma thc f .

Je¸rhma 4.3.6 An fn−→oµ f sto E, tìte fn−→σ f sto E.

Apìdeixh. 'Estw x ∈ E. Epeid  fn−→oµ f sto E kai |fn(x)−f(x)| ≤ dE(fn, f),
isqÔei limn→∞ |fn(x)− f(x)| = 0. 'Ara limn→∞ fn(x) = f(x). ¤
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Je¸rhma 4.3.7 (a) An fn−→oµ f sto E kai gn−→oµ g sto E kai c1, c2 ∈ R,
tìte c1fn + c2gn−→oµ c1f + c2g sto E.
(b) An epiplèon oi {fn}, {gn} eÐnai omoiìmorfa fragmènec, tìte fngn−→oµ fg
sto E.

Apìdeixh. (a) 'Estw ε > 0. Lìgw thc omoiìmorfhc sÔgklishc, up�rqei
no ∈ N tètoio ¸ste

|fn(x)− f(x)| < ε

2|c1| kai |gn(x)− g(x)| < ε

2|c2| , ∀x ∈ E, ∀n ≥ no.

Tìte ∀x ∈ E, ∀n ≥ no, isqÔei

|(c1fn(x) + c2gn(x))− (c1f(x) + c2g(x))|
≤ |c1| |fn(x)− f(x)|+ |c2| |gn(x)− g(x)| < |c1| ε

|c1| + |c2| ε

|c2| = ε.

'Ara c1fn + c2gn−→oµ c1f + c2g sto E.

(b) Apì thn upìjesh up�rqei M > 0 tètoio ¸ste

|fn(x)| ≤ M kai |gn(x)| ≤ M, ∀x ∈ E, ∀n ∈ N.

Lìgw tou Jewr matoc 4.3.6, isqÔei fn−→σ f sto E, dhlad  limn→∞ fn(x) =
f(x), ∀x ∈ E. 'Ara |f(x)| ≤ M, ∀x ∈ E.

'Estw ε > 0. Apì thn omoiìmorfh sÔgklish, up�rqei no ∈ N tètoio ¸ste

|fn(x)− f(x)| < ε

2M
kai |gn(x)− g(x)| < ε

2M
, ∀x ∈ E, ∀n ≥ no.

Tìte ∀x ∈ E, ∀n ≥ no, isqÔei

|fn(x)gn(x)− f(x)g(x)|
≤ |fn(x)gn(x)− f(x)gn(x)|+ |f(x)gn(x)− f(x)g(x)|
= |fn(x)− f(x)| |gn(x)|+ |f(x)| |gn(x)− g(x)|
≤ ε

2M
M + M

ε

2M
= ε.

¤
To Je¸rhma 4.3.6 odhgeÐ sth ex c mèjodo gia na brÐskoume to omoiìmorfo
ìrio mi�c akoloujÐac sunart sewn {fn} (efìson bèbaia h akoloujÐa sugklÐ-
nei omoiìmorfa): Pr¸ta brÐskoume to shmeiakì ìrio pou eÐnai mia sun�rthsh
f . Lìgw tou jewr matoc, an h {fn} sugklÐnei omoiìmorfa, ja sugklÐnei o-
moiìmorfa proc thn f . UpologÐzoume (  ektimoÔme), loipìn, thn pragmatik 
akoloujÐa d(fn, f) kai exet�zoume an sugklÐnei sto 0. Gia to upologismì ( 
thn ektÐmhsh) t c d(fn, f) suqn� eÐnai qr simec di�forec mèjodoi tou Dia-
forikoÔ LogismoÔ.

Par�deigma 4.3.8 'Estw fn(x) = x
1+nx2 , x ∈ R. Gia k�je x ∈ R, isqÔ-

ei limn→∞ fn(x) = 0. 'Ara fn−→σ f sto R, ìpou f h mhdenik  sun�rthsh.
Epomènwc

d(fn, f) = sup
R
|fn| = sup

R
x

1 + nx2
.
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UpologÐzoume thn par�gwgo thc fn:

f ′n(x) = (1− nx2)/(1 + nx2)2.

Oi rÐzec thc parag¸gou eÐnai ta shmeÐa ±1/
√

n kai isqÔei fn(±1/
√

n) =
±1/(2

√
n). EpÐshc limx→±∞ |f(x)| = 0. 'Ara h |fn| èqei mègisto Ðso me

1/(2
√

n), dhlad  d(fn, f) = 1/(2
√

n). H akoloujÐa aut  teÐnei sto 0 ìtan
n →∞. SumperaÐnoume loipìn ìti fn−→oµ f .

Par�deigma 4.3.9 'Estw fn(x) = 1
nx , x ∈ (0,∞). H {fn} sugklÐnei sh-

meiak� prìc th mhdenik  sun�rthsh f . H sÔgklish den eÐnai omoiìmorfh diìti
d(fn, f) = sup |1/(nx)| = +∞, n ∈ N.

Par�deigma 4.3.10 'Estw

fn(x) =
2n

nx + 3
, x ∈ (0,∞).

Tìte fn−→σ f sto (0,∞), ìpou f(x) = 2/x. H sÔgklish den eÐnai omoiìmorfh
sto (0,∞) diìti

d(0,∞)(fn, f) = sup
x∈(0,∞)

6
nx2 + 3x

= +∞, ∀n ∈ N.

'Omwc fn−→oµ f sto [a,+∞) gia opoiod pote a > 0, diìti

d[a,∞)(fn, f) = sup
x∈[a,∞)

6
nx2 + 3x

≤ 6
na2 + 3a

→ 0, ìtan n →∞.

To akìloujo je¸rhma mac bohj� na apofasÐsoume (sun jwc se apodeÐxeic
jewrhm�twn) an mia akoloujÐa sugklÐnei omoiìmorfa qwrÐc na gnwrÐzoume
th sun�rthsh ìrio.

Je¸rhma 4.3.11 (Krit rio Cauchy gia omoiìmorfh sÔgklish) DÐnetai mi�
akoloujÐa sunart sewn {fn} pou eÐnai orismènec sto sÔnolo E ⊂ R. H {fn}
sugklÐnei omoiìmorfa proc k�poia sun�rthsh sto E an kai mìno an gia k�je
ε > 0, up�rqei no ∈ N tètoio ¸ste

(4.2) |fn(x)− fm(x)| < ε, ∀n,m ≥ no, ∀x ∈ E.

Apìdeixh. 'Estw ε > 0. Upojètoume ìti h {fn} sugklÐnei omoiìmorfa sto
E. 'Estw f h sun�rthsh-ìrio. Tìte up�rqei no ∈ N tètoio ¸ste

|fn(x)− f(x)| < ε

2
, ∀x ∈ E, ∀n ≥ no.

Epomènwc, an x ∈ E, n ≥ no, m ≥ no, tìte

|fn(x)− fm(x)| ≤ |fn(x)− f(x)|+ |f(x)− fm(x)| < ε.
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Antistrìfwc: An x ∈ E, h pragmatik  akoloujÐa {fn(x)} eÐnai Cauchy;
�ra sugklÐnousa. 'Estw f(x) to ìriì thc. 'Etsi orÐzetai mi� sun�rthsh
f : E → R kai isqÔei fn−→σ f sto E. Ja deÐxoume ìti fn−→oµ f sto E.

'Estw ε > 0. Dialègoume no tètoio ¸ste na isqÔei h (4.2) me ε
2 sth jèsh ε,

dhlad 
|fn(x)− fm(x)| < ε

2
, ∀n,m ≥ no, ∀x ∈ E.

Gia stajeropoihmèno n paÐrnoume ìrio m →∞ kai prokÔptei

|fn(x)− f(x)| ≤ ε

2
< ε, ∀x ∈ E, ∀n ≥ no,

dhlad  fn−→oµ f sto E. ¤

Mi� shmantik  ènnoia sthn An�lush eÐnai h ènnoia thc omoiìmorfhc prosèg-
gishc. 'Estw F èna sÔnolo pragmatik¸n sunart sewn. Lème ìti h sun�rthsh
f proseggÐzetai omoiìmorfa sto sÔnolì E apì sunart seic toÔ sunìlou F

an gi� k�je ε > 0, up�rqei g ∈ F tètoia ¸ste dE(f, g) < ε.

Je¸rhma 4.3.12 H sun�rthsh f proseggÐzetai omoiìmorfa sto E apì su-
nart seic toÔ sunìlou F an kai mìno an up�rqei akoloujÐa {gn}∞n=1 ⊂ F

tètoia ¸ste gn−→oµ f sto E.

Apìdeixh. Upojètoume pr¸ta ìti up�rqei akoloujÐa {gn}∞n=1 ⊂ F tètoia
¸ste gn−→oµ f sto E. 'Estw ε > 0. Tìte up�rqei no ∈ N tètoi ¸ste

dE(gn, f) < ε, ∀n ≥ no.

Jètoume g = gno kai telei¸same.

Antistrìfwc, upojètoume ìti gi� k�je ε > 0, up�rqei g ∈ F tètoia ¸ste
dE(f, g) < ε. Efarmìzontac thn prìtash aut  diadoqik� gia ε = 1, 1

2 , 1
3 , . . . ,

brÐskoume mi� akoloujÐa {gn}∞n=1 ⊂ F me dE(f, gn) < 1
n . Profan¸c isqÔei

gn−→oµ f sto E. ¤

4.4 Omoiìmorfh sÔgklish kai sunèqeia

Sthn par�grafo aut  ja antimetwpÐsoume to er¸thma: An fn−→σ f   fn−→oµ f
kai ìlec oi fn eÐnai suneqeÐc, eÐnai kai h f suneq c? Ja doÔme ìti h omoiìmorfh
sÔgklish, se antÐjesh me th shmeiak , eggu�tai th sunèqeia thc f .

Ac xanakoit�xoume to Par�deigma 4.2.5: 'Eqoume fn(x) = xn, x ∈ [0, 1] kai
fn−→σ f sto [0, 1], ìpou

f(x) =

{
0, x ∈ [0, 1),
1, x = 1.

'Olec oi fn eÐnai suneqeÐc sto [0, 1] en¸ h f den eÐnai suneq c [0, 1].
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Je¸rhma 4.4.1 An fn−→oµ f sto E, xo ∈ E kai ìlec oi fn eÐnai suneqeÐc sto
xo, tìte kai h f eÐnai suneq c sto xo.

Apìdeixh. An to xo eÐnai apomonwmèno shmeÐo toÔ E, tìte h f eÐnai suneq c
sto xo. 'Estw, loipìn, ìti to xo eÐnai shmeÐo suss¸reushc toÔ E. 'Estw
ε > 0; apì thn upìjesh, up�rqei no ∈ N tètoio ¸ste

|fn(x)− f(x)| < ε

3
, ∀x ∈ E, ∀n ≥ no.

Epeid  h sun�rthsh fno eÐnai suneq c sto xo, up�rqei δ > 0 tètoio ¸ste

|fno(x)− fno(xo)| < ε

3
, ∀x ∈ (xo − δ, xo + δ).

'Ara, gia x ∈ (xo − δ, xo + δ),

|f(x)− f(xo)| ≤ |f(x)− fno(x)|+ |fno(x)− fno(xo)|+ |fno(xo)− f(xo)| < ε,

pou shmaÐnei ìti h f eÐnai suneq c sto xo. ¤
To akìloujo eÐnai èna merikì antÐstrofo tou Jewr matoc 4.4.1.

Je¸rhma 4.4.2 (Krit rio Dini gia omoiìmorfh sÔgklish) DÐnetai mi� ako-
loujÐa sunart sewn {fn} pou eÐnai orismènec sto sÔnolo K ⊂ R. Upojètoume
ìti
(a) fn−→σ f sto K.
(b) 'Olec oi fn eÐnai suneqeÐc sto K.
(g) H f eÐnai suneq c sto K.
(d) To K eÐnai sumpagèc.
(e) H akoloujÐa {fn} eÐnai eÐte aÔxousa eÐte fjÐnousa.
Tìte fn−→oµ f sto K.

Apìdeixh. Upojètoume ìti h {fn} eÐnai fjÐnousa; an eÐnai aÔxousa, h apìdeixh
eÐnai parìmoia. JewroÔme thn akoloujÐa sunart sewn gn = fn− f pou eÐnai
fjÐnousa kai sugklÐnei shmeiak� sto K proc th mhdenik  sun�rthsh. ArkeÐ
na deÐxoume ìti h sÔgklish eÐnai omoiìmorfh.

'Estw ε > 0. An x ∈ K, tìte 0 ≤ gn(x) ↘ 0. 'Ara up�rqei nx ∈ N tètoio
¸ste

0 ≤ gnx(x) < ε.

Epeid  h gnx eÐnai suneq c sto x, up�rqei perioq  Π(x) tou x ètsi ¸ste

(4.4) 0 ≤ gnx(t) < ε,∀t ∈ Π(x) ∩K.

H akoloujÐa sunart sewn {gn} eÐnai fjÐnousa; �ra, lìgw thc (4.4),

(4.5) 0 ≤ gn(t) < ε, ∀t ∈ Π(x) ∩K, ∀n ≥ nx.

Oi perioqèc Π(x) apoteloÔn anoikt  k�luyh tou sumpagoÔc sunìlou K. E-
pomènwc up�rqoun peperasmènou pl jouc shmeÐa x1, x2, . . . , xN toÔ K tètoia
¸ste

K ⊂ Π(x1) ∪Π(x2) ∪ · · · ∪Π(xN ).
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Jètoume no = max{nx1 , nx2 , . . . , nxN }. Tìte, lìgw thc (4.5),

(4.6) 0 ≤ gn(t) < ε, ∀t ∈ K, ∀n ≥ no,

pou shmaÐnei ìti h {gn} sugklÐnei omoiìmorfa sto K proc th mhdenik  su-
n�rthsh. ¤

4.5 Omoiìmorfh sÔgklish kai olokl rwsh

'Ena basikì kai suqn� emfanizìmeno er¸thma sthn An�lush eÐnai pìte mpo-
roÔme na b�loume to ìrio mèsa sto olokl rwma. Piì sugkekrimèna: pìte
isqÔei h isìthta

(4.7) lim
n→∞

∫ b

a
fn(x) dx =

∫ b

a
lim

n→∞ fn(x) dx.

Par�deigma 4.5.1 'Estw fn(x) = nχ(0,1/n](x). IsqÔei fn−→σ f sto R, ìpou
f h mhdenik  sun�rthsh. 'Omwc gia k�je n ∈ N, ∫ 1

0 fn = 1 6= 0 =
∫ 1
0 f.

To akìloujo je¸rhma lèei ìti h isìthta (4.7) isqÔei ìtan fn−→oµ f .

Je¸rhma 4.5.2 DÐnetai mi� akoloujÐa sunart sewn {fn} pou eÐnai ìlec su-
neqeÐc sto di�sthma [a, b]. An fn−→oµ f sto [a, b], tìte h f eÐnai oloklhr¸simh
sto [a, b] kai isqÔei

(4.8) lim
n→∞

∫ b

a
fn =

∫ b

a
f.

Apìdeixh. Apì to Je¸rhma 4.4.1 h f eÐnai suneq c, �ra kai oloklhr¸simh
sto [a, b]. EpÐshc isqÔei

0 ≤
∣∣∣∣
∫ b

a
fn −

∫ b

a
f

∣∣∣∣ ≤
∫ b

a
|fn − f | ≤ (b− a) d(fn, f).

Lìgw omoiìmorfhc sÔgklishc, limn→∞ d(fn, f) = 0 kai to je¸rhma apodeÐ-
qthke. ¤
To je¸rhma autì mporeÐ na apodeiqjeÐ me thn upìjesh ìti oi fn eÐnai olo-
klhr¸simec sto [a, b] (kai ìqi kat' an�gkh suneqeÐc); bl. ta biblÐa [?], [?], [?]
  thn 'Askhsh 4.11.24.

Par�deigma 4.5.3 To sÔnoloQ∩[0, 1] eÐnai arijm simo. 'Estw q1, q2, q3 . . .
mia arÐjmhs  tou. OrÐzoume thn akoloujÐa sunart sewn

fn(x) =

{
1, an x = q1, q2, . . . , qn,

0, an x ∈ [0, 1] \ {q1, q2, . . . , qn}.
Gia k�je n ∈ N, h sun�rthsh fn èqei peperasmènou pl jouc shmeÐa asunè-
qeiac. 'Ara eÐnai oloklhr¸simh sto [0, 1]; epÐshc profan¸c isqÔei

∫ 1
0 fn = 0.
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Exet�zoume t¸ra th sÔgklish thc akoloujÐac {fn}. EÔkola apodeiknÔetai
ìti fn−→σ f sto [0, 1], ìpou

f(x) =

{
1, an x = Q ∩ [0, 1],
0, an x ∈ [0, 1] \Q.

UpologÐzontac ta p�nw kai k�tw ajroÐsmata Riemann, brÐskoume ìti h f den
eÐnai oloklhr¸simh sto [0, 1]. H {fn} den sugklÐnei omoiìmorfa sto [0, 1].

4.6 Omoiìmorfh sÔgklish kai parag¸gish

Sthn par�grafo aut  exet�zoume to er¸thma: Pìte mporoÔme na enall�-
xoume tic pr�xeic thc parag¸gishc kai tou orÐou; pìte, dhlad , isqÔei

(4.11) lim
n→∞ f ′n = [ lim

n→∞ fn]′?

To par�deigma pou akoloujeÐ deÐqnei ìti h omoiìmorfh sÔgklish thc {fn}
den eggu�tai thn isqÔ thc (4.11).

Par�deigma 4.6.1 'Estw fn(x) = sin nx
n , x ∈ (0, 2π). Tìte |fn(x)| ≤ 1

n .
'Ara h {fn} sugklÐnei omoiìmorfa sto (0, 2π) proc th mhdenik  sun�rth-
sh. 'Omwc f ′n(x) = cosnx. H akoloujÐa {f ′n} den sugklÐnei (shmeiak�) sto
(0, 2π) diìti f ′n(π) = (−1)n.

K�tw apì k�poiec �llec proüpojèseic, h (4.11) isqÔei:

Je¸rhma 4.6.2 DÐnetai mi� akoloujÐa sunart sewn {fn} pou eÐnai orismè-
nec sto di�sthma [a, b]. Upojètoume ìti:
(a) 'Olec oi fn èqoun suneq  par�gwgo sto [a, b].
(b) H pragmatik  akoloujÐa {fn(xo)} sugklÐnei gia èna toul�qisto xo ∈ [a, b].
(g) H akoloujÐa twn parag ģwn {f ′n} sugklÐnei omoiìmorfa sto [a, b].
Tìte:
(i) h {fn} sugklÐnei omoiìmorfa sto [a, b] prìc mi� sun�rthsh f .
(ii) H f eÐnai paragwgÐsimh sto [a, b].
(iii) f ′n−→oµ f ′.

Apìdeixh.

Pr¸ta ja deÐxoume ìti h akoloujÐa {fn} sugklÐnei shmeiak� sto [a, b] prìc
mia sun�rthsh f . Apì to Jemeli¸dec Je¸rhma toÔ LogismoÔ prokÔptei ìti

(4.12) fn(x) = fn(xo) +
∫ x

xo

f ′n, x ∈ [a, b].

'Estw C = limn→∞ fn(xo) kai èstw g(x) = limn→∞ f ′n(x), x ∈ [a, b]. Apì
upìjesh tou jewr matoc, f ′n−→oµ g sto [a, b]. PaÐrnoume ìria sthn (4.12) gia
n →∞ kai, lìgw toÔ Jewr matoc 4.5.2, prokÔptei
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(4.13) lim
n→∞ fn(x) = C +

∫ x

xo

g, x ∈ [a, b].

OrÐzoume f(x) = C +
∫ x
xo

g, x ∈ [a, b]. H (4.13) shmaÐnei ìti fn−→σ f sto
[a, b]. EpÐshc apì to Jemeli¸dec Je¸rhma toÔ LogismoÔ prokÔptei ìti f ′ = g
kai epìmènwc f ′n−→oµ f ′ sto [a, b].

Mènei na deÐxoume ìti fn−→oµ f sto [a, b]: Gi� x ∈ [a, b],

|fn(x)− f(x)| =
∣∣∣fn(xo)− f(xo) +

∫ x

xo

(f ′n − f ′)
∣∣∣

≤ |fn(xo)− f(xo)|+
∫ x

xo

|f ′n − f ′|

≤ |fn(xo)− f(xo)|+ (b− a) d(f ′n, f ′).

'Ara d(fn, f) ≤ |fn(xo) − f(xo)| + (b − a) d(f ′n, f ′). PaÐrnontac ìria gia
n →∞ prokÔptei ìti fn−→oµ f sto [a, b]. ¤

To je¸rhma autì mporeÐ na apodeiqjeÐ kai qwrÐc thn upìjesh ìti oi f ′n eÐnai
suneqeÐc all� h apìdeixh eÐnai piì dÔskolh; bl. ta biblÐa [?]   [?].

4.7 Seirèc sunart sewn

Orismìc 4.7.1 DÐnetai mi� akoloujÐa sunart sewn {fn}∞n=1 pou eÐnai ìlec
orismènec sto sÔnolo E ⊂ R. JewroÔme thn akoloujÐa sunart sewn {sn}∞n=1

pou orÐzontai apì thn isìthta

sn(x) = f1(x) + f2(x) + · · ·+ fn(x), x ∈ E.

An h {sn} sugklÐnei shmeiak� sto E proc mi� sun�rthsh s, tìte lème ìti h
seir� sunart sewn

∑∞
n=1 fn sugklÐnei shmeiak� sto E proc th sun�rthsh s

kai gr�foume

s=σ
∞∑

n=1

fn.

An sn−→oµ s sto E, tìte lème ìti h seir� sunart sewn
∑∞

n=1 fn sugklÐnei
omoiìmorfa sto E proc th sun�rthsh s kai gr�foume

s=oµ
∞∑

n=1

fn.

H akoloujÐa {sn} onom�zetai akoloujÐa twn merik¸n ajroism�twn thc seir�c∑∞
n=1 fn.
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Par�deigma 4.7.2 'Estw fn(x) = xn−1, x ∈ (−1, 1), n ∈ N. Tìte

sn(x) = f1(x) + f2(x) + · · ·+ fn(x) =
1− xn

1− x
.

'Ara sn−→σ s sto (−1, 1), ìpou s(x) = 1
1−x , dhlad 

1
1− x

=σ
∞∑

n=1

xn−1.

H sÔgklish den eÐnai omoiìmorfh diìti

d(sn, s) = sup
x∈(−1,1)

|x|n
|1− x| = +∞.

Efarmìzontac sthn akoloujÐa twn merik¸n ajroism�twn {sn} ta di�fora je-
wr mata pou apodeÐxame stic prohgoÔmenec paragr�fouc paÐrnoume an�loga
jewr mata gia tic seirèc sunart sewn. 'Etsi prokÔptoun ta akìlouja:

Je¸rhma 4.7.3 An s=oµ
∑∞

n=1 fn sto E, tìte s=σ
∑∞

n=1 fn.

Je¸rhma 4.7.4 (Krit rio Cauchy gia omoiìmorfh sÔgklish) H seir� su-
nart sewn

∑∞
n=1 fn sugklÐnei omoiìmorfa proc k�poia sun�rthsh sto E an

kai mìno an gia k�je ε > 0, up�rqei no ∈ N tètoio ¸ste

(4.14)
∣∣∣

n+p∑

k=n+1

fk(x)
∣∣∣ < ε, ∀n ≥ no, ∀p ∈ N, ∀x ∈ E.

Je¸rhma 4.7.5 An oi sunart seic fn, n ∈ N, eÐnai suneqeÐc sto xo ∈ E kai
s=oµ

∑∞
n=1 fn sto E, tìte h s eÐnai suneq c sto xo.

Je¸rhma 4.7.6 An oi sunart seic fn, n ∈ N, eÐnai suneqeÐc sto di�sthma
[a, b] kai s=oµ

∑∞
n=1 fn sto [a, b], tìte

∫ b

a
s =

∞∑

n=1

∫ b

a
fn.

Je¸rhma 4.7.7 Upojètoume ìti:
(a) 'Olec oi fn èqoun suneq  par�gwgo sto [a, b].
(b) H seir� (arijm¸n)

∑∞
n=1 fn(xo) sugklÐnei gia èna toul�qisto xo ∈ [a, b].

(g) H seir� twn parag ģwn
∑∞

n=1 f ′n sugklÐnei omoiìmorfa sto [a, b].
Tìte:
(i) h seir� sunart sewn

∑∞
n=1 fn sugklÐnei omoiìmorfa sto [a, b] prìc mi�

sun�rthsh s.
(ii) H s eÐnai paragwgÐsimh sto [a, b].
(iii) s′=oµ

∑∞
n=1 f ′n.
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Ja apodeÐxoume t¸ra to krit rio toÔ Weierstrass poÔ eÐnai to shmantikìtero
krit rio omoiìmorfhc sÔgklishc gia seirèc sunart sewn. Gi� �lla krit ria
parapèmpoume sta biblÐa [?] kai [?].

Je¸rhma 4.7.8 (Krit rio toÔ Weierstrass) Upojètoume ìti up�rqei mi� a-
koloujÐa pragmatik¸n arijm¸n {Mn}∞n=1 tètoia ¸ste

|fn(x)| ≤ Mn, ∀x ∈ E, ∀n ∈ N.

An h seir� (arijm¸n)
∑∞

n=1 Mn sugklÐnei, tìte h seir� sunart sewn
∑∞

n=1 fn

sugklÐnei omoiìmorfa sto E.

Apìdeixh. 'Estw ε > 0. Lìgw thc upìjeshc, isqÔei

(4.15)
∣∣∣

n+p∑

n+1

fk(x)
∣∣∣ ≤

n+p∑

k=n+1

|fn(x)| ≤
n+p∑

k=n+1

Mk, ∀x ∈ E, ∀n ∈ N, ∀p ∈ N.

Epeid  h seir�
∑∞

n=1 Mn sugklÐnei, up�rqei no ∈ N tètoio ¸ste

(4.16)
n+p∑

k=n+1

Mk < ε, ∀n ≥ no, ∀p ∈ N.

Apì tic (4.15) kai (4.16) prokÔptei ìti

(4.17)
∣∣∣

n+p∑

n+1

fk(x)
∣∣∣ < ε, ∀x ∈ E, ∀n ≥ no, ∀p ∈ N.

Lìgw tou krithrÐou Cauchy (Je¸rhma 4.7.4), h seir� sunart sewn
∑∞

n=1 fn

sugklÐnei omoiìmorfa sto E. ¤

4.8 H omoiìmorfh sÔgklish se metrikoÔc q¸rouc

Oi ènnoiec thc shmeiak c kai thc omoiìmorfhc sÔgklishc mporoÔn na oristoÔn
kai gia akoloujÐec pragmatik¸n   migadik¸n sunart sewn pou eÐnai orismènec
se èna metrikì q¸ro (X, ρ). Lème ìti mi� akoloujÐa sunart sewn fn : X → C
sugklÐnei shmeiak� sto X proc th sun�rthsh f : X → C an

lim
n→∞ fn(x) = f(x), ∀x ∈ X.

Gi� na orÐsoume thn omoiìmorfh sÔgklish orÐzoume pr¸ta thn apìstash
sunart sewn. An f, g eÐnai dÔo migadikèc sunart seic orismènec sto X, tìte

d(f, g) = sup
x∈X

|f(x)− g(x)|.

Lème ìti h fn : X → C sugklÐnei omoiìmorfa sto X proc th sun�rthsh
f : X → C an

lim
n→∞d(fn, f) = 0.

Ta jewr mata 4.3.6, 4.3.11, 4.3.12, 4.4.1, 4.4.2, 4.7.8 (me tic profaneÐc tro-
popoi seic stÐc diatup¸seic kai stic apodeÐxeic touc) suneqÐzoun na isqÔoun
kai sto genikìtero plaÐsio twn metrik¸n q¸rwn pou perigr�yame parap�nw.



14 KEF�ALAIO 4. AKOLOUJ�IES SUNART�HSEWN

4.9 Dunamoseirèc

Oi dunamoseirèc eÐnai mi� shmantik  kathgorÐa seir¸n sunart sewn.

Orismìc 4.9.1 An {ak}∞k=0 eÐnai mi� akoloujÐa pragmatik¸n arijm¸n kai
xo ∈ R, h seir� sunart sewn

∑∞
k=0 ak(x − xo)k onom�zetai dunamoseir� me

suntelestèc ak.

Je¸rhma 4.9.2 DÐnetai mi� akoloujÐa pragmatik¸n arijm¸n {ak}∞k=0 kai
èna xo ∈ R. Jètoume

R =
(

lim sup
k→∞

k
√
|ak|

)−1

.

(a) H dunamoseir�
∑∞

k=0 ak(x − xo)k sugklÐnei shmeiak� kai apolÔtwc sto
(xo −R, xo + R).
(b) An x /∈ [xo − R, xo + R], h dunamoseir�

∑∞
k=0 ak(x− xo)k den sugklÐnei

sto x.
(g) H dunamoseir�

∑∞
k=0 ak(x − xo)k sugklÐnei omoiìmorfa se k�je kleistì

di�sthma [a, b] me [a, b] ⊂ (xo −R, xo + R).

Apìdeixh. (a) Efarmìzoume to krit rio thc rÐzac: An |x− xo| < R, tìte

lim sup
k→∞

k

√
|ak(x− xo)k| = |x− xo| lim sup

k→∞
k
√
|ak| = |x− xo|

R
< 1.

(b) An |x− xo| > R, tìte ìpwc sto (a),

lim sup
k→∞

k

√
|ak(x− xo)k| = |x− xo|

R
> 1.

(g) An x ∈ [a, b], tìte |x − xo| ≤ max{|a|, |b|} < R. Dialègoume r me
max{|a|, |b|} < r < R. Tìte

1
r

>
1
R

= lim sup
k→∞

k
√
|ak|.

'Ara up�rqei no ∈ N tètoioc ¸ste

k
√
|ak| ≤ 1

r
, ∀k ≥ no.

Epomènwc

|ak(x− xo|k| ≤ |x− xo|k
rk

≤
(

max{|a|, |b|}
r

)k

, ∀k ≥ no.

Epeid  max{|a|, |b|} < r, h gewmetrik  seir�
∑∞

k=0

(
max{|a|,|b|}

r

)k
sugklÐ-

nei. 'Ara apì to krit rio toÔ Weierstrass h dunamoseir�
∑∞

k=1 ak(x − xo)k

sugklÐnei omoiìmorfa sto [a, b]. ¤
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Orismìc 4.9.3 O arijmìc

R =
(

lim sup
k→∞

k
√
|ak|

)−1

.

onom�zetai aktÐna sÔgklishc thc dunamoseir�c
∑∞

k=0 ak(x− xo)k kai to di�-
sthma (−R, R) onom�zetai di�sthma sÔgklishc thc dunamoseir�c.

Lìgw tou Jewr matoc 4.9.2, k�je dunamoseir� orÐzei mi� sun�rthsh sto
di�sthma sÔgklis c thc.

4.10 Mi� suneq c, poujen� paragwgÐsimh sun�r-
thsh

Ja apodeÐxoume ìti up�rqei suneq c sun�rthsh f : R → R pou den eÐnai
paragwgÐsimh se kanèna shmeÐo toÔ R. O pr¸toc pou kataskeÔase tètoia
sun�rthsh  tan o Weierstrass.

Je¸rhma 4.10.1 Up�rqei sun�rthsh f : R → R pou eÐnai suneq c sto R
all� den eÐnai paragwgÐsimh se kanèna shmeÐo toÔ R.

Apìdeixh. JewroÔme th sun�rthsh

(4.18) φ(x) = |x|, x ∈ [−1, 1].

EpekteÐnoume th φ sto R jètontac

(4.19) φ(x + 2) = φ(x), x ∈ R.

'Etsi èqoume orÐsei mi� suneq  periodik  sun�rthsh φ : R→ R me perÐodo 2.
Gia th φ isqÔei

(4.20) |φ(x)− φ(y)| ≤ |x− y|, ∀x, y ∈ R.

OrÐzoume

(4.21) f(x) =
∞∑

n=0

(
3
4

)n

φ(4nx), x ∈ R.

Lìgw toÔ Jewr matoc 4.7.8, h parap�nw seir� sunart sewn sugklÐnei o-
moiìmorfa sto R kai epìmènwc h f eÐnai kal� orismènh kai suneq c sto
R.

'Estw x ∈ R. Ja deÐxoume t¸ra ìti h f den eÐnai paragwgÐsimh sto x. ArkeÐ
na brìume mi� akoloujÐa δm → 0 tètoia ¸ste h akoloujÐa

f(x + δm)− f(x)
δm
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na m  sugklÐnei, ìtan m →∞.

JewroÔme thn akoloujÐa

(4.22) δm = ±1
2

1
4m

, m ∈ N,

ìpou to prìshmo epilègetai ètsi ¸ste kanènac akèraioc na mhn eÐnai an�mesa
sto 4mx kai sto 4m(x+δm). Autì mporoÔme na to petÔqoume diìti 4m|δm| =
1
2 .

OrÐzoume

(4.23) sn =
φ(4n(x + δm))− φ(4nx)

δm

kai parathroÔme ìti
(a) sn = 0 ìtan n > m (o 4mδm eÐnai �rtioc akèraioc se aut  thn
perÐptwsh),
(b) |sn| ≤ 4n ìtan 0 ≤ n ≤ m (lìgw thc (4.20) ).
(g) |sm| = 4m.

Telik� loipìn èqoume

∣∣∣∣
f(x + δm)− f(x)

δm

∣∣∣∣ =

∣∣∣∣∣
m∑

n=0

(
3
4

)n

sn

∣∣∣∣∣ ≥ 3m −
m−1∑

n=0

3n =
1
2
(3m + 1).

¤

4.11 Ask seic

4.11.1 ApodeÐxte to Je¸rhma 4.2.6.

4.11.2 Gia mi� pragmatik  akoloujÐa {an}∞n=1 isqÔei limn→∞ an = a ∈ R. Je-
wroÔme thn akoloujÐa twn stajer¸n sunart sewn fn(x) = an, x ∈ R. DeÐxte ìti
fn−→oµ f sto R, ìpou f eÐnai h stajer  sun�rthsh f(x) = a, x ∈ R.

4.11.3 'Estw f mia pragmatik  sun�rthsh orismènh sto E ⊂ R. JewroÔme thn
akoloujÐa twn sunart sewn fn = f, ∀n ∈ N. DeÐxte ìti fn−→oµ f sto E.

4.11.4 Exet�ste th sÔgklish (shmeiak  kai omoiìmorfh) thc akoloujÐac sunar-
t sewn fn(x) = x2n/(1 + x2n), x ∈ R, n ∈ N.

4.11.5 DeÐxte ìti sto Par�deigma 4.2.2 h sÔgklish eÐnai omoiìmorfh se k�je klei-
stì di�sthma [a, b] all� den eÐnai omoiìmorfh sto R. Exet�ste epÐshc th sÔgklish
thc akoloujÐac twn parag¸gwn.

4.11.6 Swstì   L�joc?
(a) An fn−→σ f sto E kai kajemÐa apì tic sunart seic fn eÐnai fjÐnousa sto E tìte
kai h f eÐnai fjÐnousa sto E.
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(b) An fn−→σ f sto E kai kajemÐa apì tic sunart seic fn eÐnai gnhsÐwc fjÐnousa
sto E tìte kai h f eÐnai gnhsÐwc fjÐnousa sto E.
(g) An fn−→oµ f sto E kai kajemÐa apì tic sunart seic fn eÐnai fragmènh sto E
tìte h akoloujÐa sunart sewn {fn} eÐnai omoiìmorfa fragmènh sto E.
(d) An oi sunart seic fn eÐnai suneqeÐc sto R kai fn−→oµ f se k�je kleistì di�sthma
[a, b], tìte kai h f eÐnai suneq c sto R.
(e) An oi sunart seic fn eÐnai suneqeÐc sto [0, 1] kai fn−→oµ f sto [0, 1], tìte

lim
n→∞

∫ 1−1/n

0

fn =
∫ 1

0

f.

(st) An fn−→oµ f se k�je di�sthma [a, b], tìte fn−→oµ f sto R.

4.11.7 BreÐte mia akoloujÐa suneq¸n sunart sewn fn : E → R pou na sugklÐnei
shmeiak� all� ìqi omoiìmorfa sto E kai h oriak  sun�rthsh eÐnai suneq c sto E.

4.11.8 BreÐte mia akoloujÐa suneq¸n sunart sewn fn : [0, 1] → R pou na sugklÐ-
nei shmeiak� sto [0, 1] prìc th mhdenik  sun�rthsh all� isqÔei

lim
n→∞

∫ 1

0

fn 6= 0.

4.11.9 An h f : R → R eÐnai omoiìmorfa suneq c kai fn(x) := f(x + 1
n ), deÐxte

ìti fn−→oµ f sto R.

4.11.10 Melet ste wc proc th sÔgklish thn akoloujÐa sunart sewn fn : [0, 1] →
R me

fn(x) =

{
n2x, x ∈ [0, 1

n ),
1

(n+1)x−1 , x ∈ [ 1
n , 1].

4.11.11 'Estw fn(x) = npx(1 − x2)n, x ∈ [0, 1], n ∈ N, ìpou p mia pragmatik 
par�metroc. DeÐxte ìti gia k�je tim  toÔ p, h {fn} sugklÐnei shmeiak� sto [0, 1]
proc k�poia sun�rthsh f . Gia poièc timèc toÔ p h sÔgklish eÐnai omoiìmorfh? Gia
poièc timèc toÔ p isqÔei limn→∞

∫ 1

0
fn =

∫ 1

0
f ?

4.11.12 'Estw fn(x) = 1
1+n2x2 , x ∈ [0, 1], n ∈ N. DeÐxte ìti h {fn} sugklÐnei

shmeiak� all� ìqi omoiìmorfa sto [0, 1] proc mi� sun�rthsh f . Exet�ste an isqÔei
h isìthta limn→∞

∫ 1

0
fn =

∫ 1

0
f ?

4.11.13 'Estw fn(x) = x
1+nx2 , x ∈ R, n ∈ N.

(a) DeÐxte ìti h {fn} sugklÐnei omoiìmorfa sto R proc mia sun�rthsh f .
(b) DeÐxte ìti h {f ′n} sugklÐnei shmeiak� sto R proc mia sun�rthsh g.
(g) DeÐxte ìti f ′(x) = g(x) gia k�je x 6= 0 all� f ′(0) 6= g(0).
(d) Gia poi� di�sthmata [a, b] isqÔei f ′n−→oµ g sto [a, b]?

4.11.14 'Estw fn(x) = 1
nen2x2 , x ∈ R, n ∈ N.

(a) DeÐxte ìti h {fn} sugklÐnei omoiìmorfa sto R proc mia sun�rthsh f .
(b) DeÐxte ìti h {f ′n} sugklÐnei shmeiak� sto R proc th sun�rthsh f ′.
(g) DeÐxte ìti h sÔgklish thc {f ′n} den eÐnai omoiìmorfh se k�je di�sthma pou
perièqei to 0.
(d) DeÐxte ìti h sÔgklish thc {f ′n} eÐnai omoiìmorfh se k�je kèistì di�sthma pou
den perièqei to 0.
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4.11.15 DeÐxte ìti h akoloujÐa sunart sewn fn(x) = (1 + x/n)n sugklÐnei o-
moiìmorfa proc thn ex se k�je kleistì di�sthma. DeÐxte epÐshc ìti h sÔgklish
den eÐnai omoiìmorfh sto R.

4.11.16 Gia kajemi� apì tic parak�tw akoloujÐec sunart sewn, breÐte to sh-
meiakì touc ìrio kai ta diast mata sta opoÐa h sÔgklish eÐnai omoiìmorfh. EpÐshc
exet�ste th sÔgklish twn parag¸gwn kai twn oloklhrwm�twn.
(a) fn(x) = xe−nx, x ∈ [0,∞).
(b) fn(x) = nxe−nx, x ∈ [0,∞).

4.11.17? DÐnetai h akoloujÐa sunart sewn fn(x) = xn, x ∈ [0, 1], n ∈ N kai h
suneq c sun�rthsh g : [0, 1] → R me g(1) = 0. DeÐxte ìti h akoloujÐa sunart sewn
{gfn} sugklÐnei omoiìmorfa sto [0, 1].

4.11.18 Melet ste se sqèsh me to krit rio toÔ Dini (Je¸rhma 4.4.2) tic para-
k�tw akoloujÐec suanrt sewn:
(a) fn(x) = 1− xn, x ∈ [0, 1].
(b) fn(x) = −x2/n, x ∈ R.
(g)

fn(x) =

{
0, an x ∈ (0, 1/n),
1, an x ∈ {0} ∪ [1/n, 1].

(d)

fn(x) =

{
0, an x ∈ (2/n, 2],
n2x2 − 2nx, an x ∈ [0, 2/n].

4.11.19 An fn−→oµ f sto E kai kajemi� apì tic sunart seic fn eÐnai fragmènh sto
E, deÐxte ìti h akoloujÐa sunart sewn {fn} eÐnai omoiìmorfa fragmènh sto E.

4.11.20 DÐnetai mi� akoloujÐa sunart sewn fn : E → [a, b]. An fn−→oµ f sto E
kai h sun�rthsh g eÐnai suneq c sto [a, b], deÐxte ìti
g ◦ fn−→oµ g ◦ f sto E.

4.11.21? DeÐxte me èna par�deigma ìti sto Je¸rhma 4.4.2 (tou Dini) h upìjesh
thc sump�geiac toÔ K den mporeÐ na paralhfjeÐ.

4.11.22 Upojètoume ìti fn−→oµ f sto E kai ìti kajemi� apì tic fn eÐnai suneq c
sto E. An x ∈ E kai {xn} eÐnai mia akoloujÐa sto E tètoia ¸ste limn→∞ xn = x,
deÐxte ìti limn→∞ fn(xn) = f(x).
(To apotèlesma autì mporeÐ na qrhsimopoihjeÐ gia na apodeÐxoume ìti mia akolou-
jÐa sunart sewn den sugklÐnei omoiìmorfa).

4.11.23? 'Estw ìti h fn : [a, b] → R ikanopoieÐ thn anisìthta |fn(x)| ≤ 1 gia
k�je x ∈ [a, b] kai k�je n ∈ N. DeÐxte ìti up�rqei upakoloujÐa {fnk

} tètoia ¸ste
to ìrio limk→∞ fnk

(q) na up�rqei gia k�je q ∈ Q ∩ [a, b].

4.11.24? DÐnetai mi� akoloujÐa sunart sewn {fn} pou eÐnai ìlec oloklhr¸-
simec (kat� Riemann) sto di�sthma [a, b]. An fn−→oµ f sto [a, b], tìte h f eÐnai
oloklhr¸simh sto [a, b] kai isqÔei

lim
n→∞

∫ b

a

fn =
∫ b

a

f.
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4.11.25 DÐnontai sunart seic {fn} kai f pou eÐnai oloklhr¸simec (kat� Rie-
mann) sto di�sthma [a, b]. Upojètoume ìti up�rqri M > 0 tètoio ¸ste |fn(x)| ≤ M
kai |f(x)| ≤ M , gi� k�je x ∈ [a, b]. An gia k�je η > 0, fn−→oµ f sto [a + η, b − η],
tìte isqÔei

lim
n→∞

∫ b

a

fn =
∫ b

a

f.

4.11.26? BreÐte dÔo akoloujÐec sunart sewn {fn} kai {gn} pou na sugklÐnoun
omoiìmorfa se èna sÔnolo E all� h {fngn} na mhn sugklÐnei omoiìmorfa sto E.

4.11.27? BreÐte mia akoloujÐa sunart sewn fn : [0, 1] → R tètoia ¸ste: (a)
Gia k�je x ∈ [0, 1], h pragmatik  akoloujÐa {fn(x)} den sugklÐnei, kai (b) isqÔei
limn→∞

∫ 1

0
fn = 0.

4.11.28? ApodeÐxte to akìloujo je¸rhma enallag c twn orÐwn: DÐnontai mi�
akoloujÐa sunart sewn {fn} pou eÐnai orismènec sto sÔnolo E ⊂ R kai èna shmeÐo
suss¸reushc xo toÔ E. Upojètoume ìti:
(a) Gia k�je n ∈ N, up�rqei to ìrio an := limx→xo fn(x).
(b) fn−→oµ f sto E.
Tìte ta ìria limn→∞ an kai limx→xo f(x) up�rqoun kai eÐnai Ðsa, dhlad 

lim
x→xo

lim
n→∞

fn(x) = lim
n→∞

lim
x→xo

fn(x).

4.11.29? DÐnontai mi� akoloujÐa suneq¸n sunart sewn fn : E → R kai èna
puknì uposÔnolo D tou E. An fn−→σ f sto E kai fn−→oµ f sto D, deÐxte ìti h f
eÐnai suneq c sto E.

4.11.30? ('Orio dipl c akoloujÐac) DÐnetai mia dipl  akoloujÐa, dhlad  mia
sun�rthsh f : N× N→ R. Gia k�je n ∈ N, orÐzoume th sun�rthsh gn : N→ R me
thn isìthta

gn(m) = f(m, n), m ∈ N.

Upojètoume ìti gn−→oµ g sto N, ìpou g(m) = limn→∞ f(m, n). An to epanalamba-
nìmeno ìrio

lim
m→∞

lim
n→∞

f(m,n)

up�rqei, deÐxte ìti to diplì ìrio limm,n→∞ f(m,n) epÐshc up�rqei, kai isqÔei

lim
m→∞

lim
n→∞

f(m,n) = lim
m,n→∞

f(m, n).

Ask seic stic seirèc sunart sewn

4.11.31 Diatup¸ste kai apodeÐxte to an�logo tou krithrÐou tou Dini (Je¸rhma
4.4.2) gia seirèc sunart sewn.

4.11.32 DÐnetai h seir� sunart sewn
∞∑

n=1

1
1 + n2x

.

BreÐte ta sÔnola sta opoÐa sugklÐnei shmeiak� kai omoiìmorfa. Exet�ste an h
sun�rthsh-ìrio eÐnai suneq c kai fragmènh.
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4.11.33 DeÐxte ìti h seir� sunart sewn
∞∑

n=1

(−1)n x2 + n

n2

sugklÐnei omoiìmorfa se k�je kleistì di�sthma.

4.11.34 An oi seirèc
∑∞

n=1 an kai
∑∞

n=1 bn sugklÐnoun apolÔtwc, deÐxte ìti h
seir� sunart sewn

∞∑
n=1

(an cosnx + bn sin nx)

sugklÐnei omoiìmorfa sto R.

4.11.35 Exet�ste th sÔgklish thc seir�c
∞∑

n=1

2x

1 + n3x2
.

4.11.36 ApodeÐxte ìti an α > 1
2 , h seir�

∞∑
n=1

x

nα(1 + nx2)

sugklÐnei omoiìmorfa se k�je di�sthma [a, b]. EÐnai h sÔgklish omoiìmorfh sto
R?

4.11.37 (a) Gia poi� x h seir�
∑∞

n=1 ne−nx sugklÐnei? Se poi� diast mata eÐnai
h sÔgklish omoiìmorfh?
(b) DeÐxte ìti ∫ 2

1

∞∑
n=1

ne−nx dx =
e

e2 − 1
.

4.11.38 DÐnetai mi� dunamoseir�
∑∞

k=0 ak(x − xo)k me aktÐna sÔgklishc R > 0.
JewroÔme th sun�rthsh

f(x) =
∞∑

k=0

ak(x− xo)k, x ∈ (xo −R, xo + R).

(a) DeÐxte ìti h f eÐnai suneq c sto (xo −R, xo + R).
(b) DeÐxte ìti h f eÐnai paragwgÐsimh sto (xo−R, xo +R) kai m�lista h par�gwgìc
thc upologÐzetai me parag¸gish thc dunamoseir�c ìro proc ìro, dhlad 

f ′(x) =
∞∑

k=1

kak(x− xo)k−1, x ∈ (xo −R, xo + R).

(g) An [a, b] ⊂ (xo−R, xo+R), deÐxte ìti h f eÐnai oloklhr¸simh kata Riemann sto
[a, b] kai m�lista to olokl rwm� thc upologÐzetai me olokl rwsh thc dunamoseir�c
ìro proc ìro, dhlad 

∫ b

a

f =
∞∑

k=0

ak

k + 1
(
(b− xo)k+1 − (a− xo)k+1

)
.
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4.11.39 DÐnetai mi� dunamoseir� f(x) :=
∑∞

k=0 ak(x− xo)k me aktÐna sÔgklishc
R > 0. DeÐxte ìti gia k�je k ∈ N, isqÔei f (k)(xo) = k!ak.

4.11.40? OrÐzoume th suneq  sun�rthsh f1 : [0, 1] → [0, 1] wc ex c: Jètoume
f1(0) = 0, f1(1/3) = 1/2 = f(2/3), f1(1) = 1 kai sth sunèqeia epekteÐnoume
grammik� sta diast mata [0, 1/3], [1/3, 2/3], [2/3, 1].
OrÐzoume th suneq  sun�rthsh f2 : [0, 1] → [0, 1] wc ex c: Jètoume f2(x) = f1(x)
gia x = 0, 1/3, 2/3, 1 kai f2(1/9) = 1/4 = f2(2/9), f2(7/9) = 3/4 = f(8/9) kai
sth sunèqeia epekteÐnoume grammik� sta diast mata [0, 1/9], [1/9, 2/9], [2/9, 1/3],
[1/3, 2/3], [2/3, 7/9], [7/9, 8/9], [8/9, 1].
SuneqÐzontac aut  th diadikasÐa kataskeu�zoume mÐa akoloujÐa sunart sewn {fn}.
(a) DeÐxte ìti

‖fn+1 − fn‖∞ ≤ 1
2n+1

.

(b) DeÐxte ìti h seir� sunart sewn

f1 +
∞∑

n=1

(fn+1 − fn)

sugklÐnei omoiìmorfa sto [0, 1] proc th sun�rthsh toÔ Cantor.


