
Kef�laio 1

ArijmoÐ kai AkoloujÐec

MerikoÐ sumbolismoÐ pou ja qrhsimopoioÔme polÔ suqn�:
R To sÔnolo twn pragmatik¸n arijm¸n.
Q To sÔnolo twn rht¸n arijm¸n.
Z To sÔnolo twn akeraÐwn arijm¸n.
N To sÔnolo twn fusik¸n arijm¸n {1, 2, . . . }.

1.1 PragmatikoÐ arijmoÐ

'Estw E ⊂ R. To E onom�zetai �nw fragmèno an up�rqei arijmìc b ∈ R
tètoioc ¸ste

∀x ∈ E, x ≤ b.

K�je tètoioc arijmìc b onom�zetai �nw fr�gma toÔ E. O arijmìc M ∈ R
onom�zetai mègisto toÔ E an eÐnai �nw fr�gma toÔ E kai M ∈ E. To mègisto
toÔ E sumbolÐzetai me maxE.

To E onom�zetai k�tw fragmèno an up�rqei arijmìc a ∈ R tètoioc ¸ste

∀x ∈ E, x ≥ a.

K�je tètoioc arijmìc a onom�zetai k�tw fr�gma toÔ E. O arijmìc m ∈ R
onom�zetai el�qisto toÔ E an eÐnai k�tw fr�gma toÔ E kai m ∈ E. To
el�qisto toÔ E sumbolÐzetai me minE.

To E onom�zetai fragmèno an eÐnai �nw kai k�tw fragmèno.

Gi� par�deigma to di�sthma E = (0, 1] eÐnai fragmèno sÔnolo kai isqÔei
supE = max E = 1 kai inf E = 0; to E den èqei el�qisto.

To sÔnolo twn pragmatik¸n arijm¸n ikanopoieÐ to parak�tw axÐwma:

AxÐwma thc plhrìthtac: 'Estw E èna mh kenì, �nw fragmèno uposÔnolo
toÔ R. To sÔnolo twn �nw fragm�twn toÔ E èqei el�qisto.

Orismìc 1.1.1 An E eÐnai èna mh keno, �nw fragmèno sÔnolo, to el�qisto
�nw fr�gma tou (pou up�rqei lìgw toÔ axi¸matoc thc plhrìthtac) onom�zetai
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supremum   �nw pèrac toÔ E kai sumbolÐzetai me supE. An to E eÐnai mh
kenì all� den eÐnai �nw fragmèno, orÐzoume supE = +∞. Tèloc orÐzoume
sup∅ = −∞.

Prìtash 1.1.2 'Estw E èna mh kenì, k�tw fragmèno uposÔnolo toÔ R. To
sÔnolo twn k�tw fragm�twn toÔ E èqei mègisto.

Apìdeixh. JewroÔme to sÔnolo −E = {−x : x ∈ E}. To −E eÐnai �nw
fragmèno; èstw S = sup(−E). Ja deÐxoume ìti to −S eÐnai k�tw fr�gma
toÔ E. 'Estw x ∈ E. Tìte −x ∈ −E. Epeid  S = sup(−E), isqÔei −x ≤ S.
'Ara x ≥ −S, dhlad  to −S eÐnai k�tw fr�gma toÔ E. Tèloc apodeiknÔoume
ìti to −S eÐnai to mègisto k�tw fr�gma toÔ E. 'Estw a èna k�tw fr�gma
tou E. Tìte to −a eÐnai �nw fr�gma toÔ −E. Epeid  S = sup(−E), isqÔei
S ≤ −a, dhlad  a ≤ −S. ¤

Orismìc 1.1.3 An E eÐnai èna mh kenì, k�tw fragmèno sÔnolo, to mègi-
sto k�tw fr�gma tou (pou up�rqei lìgw toÔ Jewr matoc 1.1.2) onom�zetai
infimum   k�tw pèrac toÔ E kai sumbolÐzetai me inf E. An to E eÐnai mh
kenì all� den eÐnai k�tw fragmèno, orÐzoume inf E = −∞. EpÐshc orÐzoume
inf ∅ = +∞.

Parat rhsh 1.1.4 'Ena uposÔnolo toÔ R mporeÐ na mhn èqei mègisto  
el�qisto; ìmwc k�je uposÔnolo toÔ R èqei supremum kai infimum. An èna
sÔnolo E èqei mègisto tìte maxE = supE; an to E èqei el�qisto, tìte
minE = inf E.

Prìtash 1.1.5 (Arqim deia idiìthta toÔ R) An x, y eÐnai jetikoÐ pragmati-
koÐ arijmoÐ, tìte up�rqei n ∈ N, tètoio ¸ste nx > y.

Apìdeixh. Ac upojèsoume ìti h prìtash eÐnai yeud c. Tìte to y eÐnai �nw
fr�gma toÔ sunìlou A = {nx : n ∈ N}. 'Estw S := supA ∈ R. Epeid 
S − x < S, to S − x den eÐnai �nw fr�gma toÔ A. 'Ara up�rqei m ∈ N tètoio
¸ste S − x < mx, dhlad  S < (m + 1)x ∈ A. 'Atopo. ¤

Par�deigma 1.1.6 'Estw E = N ∪ {−1 + n−1 : n ∈ N}. To E den eÐnai
�nw fragmèno; �ra supE = +∞. EpÐshc inf E = −1. To E den èqei oÔte
el�qisto, oÔte mègisto.

Par�deigma 1.1.7 An E = (0, 1)∪{2 1
n : n ∈ N}, tìte supE = maxE = 2

kai inf E = 0. To E den èqei el�qisto.

Prìtash 1.1.8 (a) An E eÐnai èna mh kenì, �nw fragmèno sÔnolo kai S ∈ R,
tìte

(1.1) S = supE ⇐⇒
{
∀x ∈ E, x ≤ S,

∀ε > 0, ∃a ∈ E tètoio ¸ste a > S − ε.
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(b) An E eÐnai èna mh kenì, k�tw fragmèno sÔnolo kai s ∈ R, tìte

(1.2) s = inf E ⇐⇒
{
∀x ∈ E, x ≥ s,

∀ε > 0, ∃b ∈ E tètoio ¸ste b < s + ε.

Apìdeixh. Ja apodeÐxoume mìno to (a). H apìdeixh toÔ (b) eÐnai parìmoia.
'Estw ìti S = supE. Tìte to S eÐnai �nw fr�gma toÔ E. 'Ara ∀x ∈ E, x ≤
S. 'Estw ε > 0. Epeid  to S eÐnai to el�qisto �nw fr�gma toÔ E, o arijmìc
S − ε den eÐnai �nw fr�gma tou E. 'Ara up�rqei a ∈ E me a > S − ε.

Antistrìfwc, upojètoume: (i) ∀x ∈ E, x ≤ S kai (ii) ∀ε > 0, ∃a ∈ E tètoio
¸ste a > S − ε. H (i) lèei ìti to S eÐnai �nw fr�gma toÔ E. Ac upojèsoume
ìti to S den eÐnai to el�qisto �nw fr�gma tou E. Tìte up�rqei èna �nw
fr�gma S′ toÔ E me S′ < S. Jètoume ε = S − S′. Lìgw thc (ii) ∃a ∈ E
tètoio ¸ste a > S− ε = S′. 'Atopo diìti to S′ eÐnai �nw fr�gma toÔ E. 'Ara
S = supE. ¤

Prìtash 1.1.9 Gia to perÐblhma E toÔ E isqÔei

supE = supE kai inf E = inf E.

Apìdeixh. Ja apodeÐxoume thn isìthta gia ta �nw pèrata. 'An to E eÐnai to
kenì sÔnolo, tìte supE = supE = −∞. An to E den eÐnai �nw fragmèno
tìte kai to E den eÐnai �nw fragmèno. 'Ara supE = supE = +∞. 'Estw
S := supE ∈ R. Tìte gi� k�je x ∈ E ⊂ E, isqÔei x ≤ S. 'Estw ε > 0. Tìte
up�rqei a ∈ E me a > S− ε. Epeid  a ∈ E, uparqei akoloujÐa {xn} shmeÐwn
toÔ E me xn → a. 'Ara up�rqei no ∈ N tètoio ¸ste |a− xno | < a− (S − ε)
to ìpoÐo sunep�getai ìti xno > a− [a− (S − ε)] = S − ε. Apì thn Prìtash
1.1.8 prokÔptei ìti S = supE. ParomoÐwc apodeiknÔetai ìti inf E = inf E.
¤

Prìtash 1.1.10 An E eÐnai èna mh kenì sÔnolo, tìte up�rqoun akoloujÐec
{an}∞n=1 ⊂ E kai {bn}∞n=1 ⊂ E tètoiec ¸ste

lim
n→∞ an = supE kai lim

n→∞ bn = inf E.

Apìdeixh. Pr¸ta exet�zoume thn perÐptwsh pou to E den eÐnai k�tw frag-
mèno. Tìte gia k�je n ∈ N, up�rqei bn ∈ E me bn ≤ −n. 'Ara bn → −∞ =
inf E.

Upojètoume t¸ra ìti to E eÐnai k�tw fragmèno. 'Estw s := inf E ∈ R.
Efarmìzoume thn Prìtash 1.1.8(b) gia ε = 1

n , n ∈ N kai brÐskoume arijmoÔc
bn ∈ E me bn < s + 1

n . Epeid  s = inf E kai bn ∈ E, èqoume s ≤ bn. 'Ara

s ≤ bn ≤ s +
1
n

, n ∈ N.

Epomènwc limn→∞ bn = s.

H apìdeixh gia to supE eÐnai parìmoia. ¤

To epìmeno je¸rhma deÐqnei ìti to Q eÐnai puknì uposÔnolo toÔ R, dhlad 
Q = R; to Ðdio isqÔei kai gia to sÔnolo twn �rrhtwn arijm¸n R \Q.
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Je¸rhma 1.1.11 (a) An a, b ∈ R kai a < b, tìte up�rqoun q ∈ Q kai
r ∈ R \Q tètoia ¸ste q, r ∈ (a, b).
(b) Gia k�je a ∈ R up�rqei akoloujÐa {qn} ⊂ Q tètoia ¸ste limn→∞ qn = a.
(g) Gia k�je a ∈ R up�rqei akoloujÐa {rn} ⊂ R\Q tètoia ¸ste limn→∞ rn =
a.

Apìdeixh. (a) Efarmìzontac thn Prìtash 1.1.5 gia x = b − a kai y = 1,
brÐskoume n ∈ N me n(b − a) > 1, dhlad  nb − na > 1. Epeid  oi arijmoÐ
èqoun diafor� megalÔterh toÔ 1, ja up�rqei m ∈ N me na < m < nb, dhlad 
a < m/n < b. 'Ara gia to rhtì arijmì q := m/n isqÔei q ∈ (a, b). Gia na
broÔme �rrhto sto (a, b) efarmìzoume thn Prìtash 1.1.5 gia x = (b− a)

√
2

kai y = 1 kai ergazìmaste ìpwc parap�nw.
(b) Efarmìzontac to (a) gia b = a + 1

n , n ∈ N, brÐskoume mi� akoloujÐa
rht¸n {qn} me a < qn < a + 1

n . Profan¸c qn → a.
(g) H apìdeixh eÐnai parìmoia me toÔ (b). ¤

Orismìc 1.1.12 'Estw f : E → R mi� sunarthsh. OrÐzoume to supremum
kai to infimum thc f sto E me tic isìthtec

sup
x∈E

f(x) = sup{f(x) : x ∈ E} kai inf
x∈E

f(x) = inf{f(x) : x ∈ E}.

QrhsimopoioÔme epÐshc touc sumbolismoÔc supE f kai infE f . Eidik� gia
akoloujÐec {an} qrhsimopoioÔme touc sumbolismoÔc

sup
n

an := sup{an : n ∈ N} kai inf
n

an := inf{an : n ∈ N}.

An h sun�rthsh f : E → R èqei mègisto (el�qisto), tìte maxE f(x) =
sup f(x) (minE f(x) = inf f(x)). Gi� par�deigma, k�je suneq c sun�rthsh
orismènh se kleistì di�sthma èqeo mègisto kai el�qisto.

Par�deigma 1.1.13 JewroÔme th sun�rthsh

f(x) =
1

1 + x2
, x ∈ R.

H f èqei mègisto sto 0. 'Ara supR f(x) = maxR f(x) = f(0) = 1. Epeid 
f(x) > 0, ∀x ∈ R kai limx→∞ f(x) = 0, isqÔei infE f(x) = 0. H f den èqei
el�qisto.

Prìtash 1.1.14 An f : E → R eÐnai mi� sun�rthsh, ξ ∈ R ∪ {+∞,−∞}
èna shmeÐo suss¸reushc toÔ E kai an tì ìrio limx→ξ f(x) up�rqei tìte

inf
E

f ≤ lim
x→ξ

f(x) ≤ sup
E

f.

Apìdeixh. JewroÔme to sÔnolo Rf := {f(x) : x ∈ E}. IsqÔei limx→ξ f(x) ∈
Rf . Lìgw thc Prìtashc 1.1.9,

inf
E

f = inf Rf = inf Rf ≤ lim
x→ξ

f(x) ≤ supRf = supRf = sup
E

f.

¤
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Je¸rhma 1.1.15 (a) An {an} eÐnai mi� aÔxousa akoloujÐa pragmatik¸n a-
rijm¸n, tìte limn→∞ an = supn an.
(b)An {bn} eÐnai mi� fjÐnousa akoloujÐa pragmatik¸n arijm¸n, tìte limn→∞ bn =
infn an.

Apìdeixh. Ja apodeÐxoume to (a); h apìdeixh tou (b) eÐnai parìmoia.

Upojètoume pr¸ta ìti h {an} den eÐnai �nw fragmènh. 'Estw M > 0. Up�rqei
no ∈ N tètoio ¸ste ano > M . Epeid  h {an} eÐnai �uxousa an > M gia k�je
n ≥ no. 'Ara

lim
n→∞ an = +∞ = sup

n
an.

An h {an} eÐnai �nw fragmènh, tìte supn an = S ∈ R. 'Estw ε > 0. Lìgw
thc Prìtashc 1.1.8, up�rqei no ∈ N tètoio ¸ste ano > S − ε. Epeid  h {an}
eÐnai �uxousa, isqÔei S ≥ an > S−ε, ∀n ≥ no, dhlad  |an−S| < ε, ∀n ≥ no.
'Ara limn→∞ an = S. ¤

Je¸rhma 1.1.16 (Arq  toÔ kibwtismoÔ) An In = [an, bn], n ∈ N, eÐnai
kleist� diast mata me I1 ⊃ I2 ⊃ I3 ⊃ . . . , tìte ∩∞n=1In 6= ∅. An epiplèon
limn→∞(bn − an) = 0, tìte h tom  ∩∞n=1In perièqei akrib¸c èna shmeÐo.

Apìdeixh. IsqÔei an ≤ an+1 ≤ bn+1 ≤ bn gia k�je n ∈ N. Epomènwc, lìgw
kai toÔ Jewr matoc 1.1.15, up�rqoun ta ìria a := limn→∞ an = supn an ∈ R
kai b := limn→∞ bn = infn bn ∈ R, kai m�lista isqÔei a ≤ b. Ja deÐxoume
ìti ∩∞n=1In = [a, b]. Pr�gmati, an x ∈ In, ∀n ∈ N, tìte an ≤ x ≤ bn, ∀n
kai epomènwc a ≤ x ≤ b. Antistrìfwc, an x ∈ [a, b], tìte x ∈ [an, bn], ∀n,
dhlad  x ∈ ∩∞n=1In. Tèloc, an limn→∞(bn − an) = 0, tìte a = b. 'Ara
∩∞n=1In = {a}. ¤

1.2 Arijm sima sÔnola kai uperarijm sima sÔno-
la

Orismìc 1.2.1 Duì sÔnola A, B onom�zontai isodÔnama an up�rqei sun�r-
thsh f : A → B poÔ eÐnai 1− 1 kai epÐ. An ta A,B eÐnai isodÔnama sÔnola,
gr�foume A ∼ B.

ApodeiknÔetai eÔkola ìti h sqèsh ∼ eÐnai sqèsh isodunamÐac.

Par�deigma 1.2.2 IsqÔei R ∼ (−π/2, π/2) diìti h sun�rthsh x 7→ tan−1 x
apeikonÐzei amfimonìtima to R epÐ toÔ (−π/2, π/2).

Prìtash 1.2.3 An f : A → B eÐnai mi� sun�rthsh, tìte to f(A) eÐnai
isodÔnamo me èna uposÔnolo toÔ A.

Apìdeixh. 'Estw y ∈ f(A). Tìte to sÔnolo f−1({y}) eÐnai mh kenì. Epilè-
goume èna stoiqeÐo tou x kai orÐzoume g(y) := x. 'Etsi orÐzetai mia 1 − 1
sun�rthsh g : f(A) → A. 'Estw A1 := g(f(A)) ⊂ A. H g eÐnai 1 − 1
sun�rthsh toÔ f(A) epÐ toÔ A1. 'Ara f(A) ∼ A1. ¤
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Orismìc 1.2.4 'Ena sÔnolo A onom�zetai peperasmèno an A = ∅   A ∼
{1, 2, . . . , n} gia k�poio n ∈ N. Alli¸c to A onom�zetai �peiro. 'Ena sÔnolo
A onom�zetai arijm simo an A ∼ N. 'Ena sÔnolo poÔ den eÐnai oÔte pepe-
rasmèno oÔte arijm simo onom�zetai uperarijm simo. An èna sÔnolo eÐnai
peperasmèno   arijm simo tìte lème ìti eÐnai to polÔ arijm simo.

Par�deigma 1.2.5 To Z eÐnai arijm simo. Pr�gmati, jewroÔme th sun�r-
thsh f : Z → N me f(n) = 2n an n ≥ 1 kai f(n) = −2n + 1 an n ≤ 0. H f
eÐnai 1− 1 kai epÐ. 'Ara Z ∼ N.

Par�deigma 1.2.6 IsqÔei N × N ∼ N. Gia na apodeÐxoume aut  thn iso-
dunamÐa qrhsimopoioÔme to jemeli¸dec je¸rhma thc jewrÐac arijm¸n. K�je
k ∈ N gr�fetai me monadikì trìpo ¸c k = 2m−1(2n − 1), ìpou m,n kat�l-
lhloi fusikoÐ. OrÐzoume f : N× N → N me f(m,n) = 2m−1(2n− 1). Lìgw
thc parap�nw parat rhshc h f eÐnai epÐ. EÔkola faÐnetai ìti eÐnai kai 1− 1.

Prìtash 1.2.7 An A ⊂ N kai A �peiro, tìte A ∼ N.

Apìdeixh. To A eÐnai �peiro, �ra mh kenì. 'Estw x1 = minA. To A \
{x1} eÐnai mh keno. 'Estw x2 = min(A \ {x1}). To A \ {x1, x2} eÐnai mh
keno. 'Estw x3 = min(A \ {x1, x2}). Suneqizontac epagwgik� brÐskoume
x1, x2, . . . , xn, · · · ∈ A me xn = min(A \ {x1, . . . , xn−1}). Epeid  to A eÐnai
�peiro, to sÔnolo {x1, x2, . . . } eÐnai epÐshc �peiro.

Ja deÐxoume ìti A = {x1, x2, . . . }. 'Estw x ∈ A \ {x1, x2, . . . }. Up�rqei èna
toul�qiston xk me xk > x (diìti an xk ≤ x, ∀k ∈ N, tìte to {x1, x2, . . . } ja
 tan fragmèno). 'Ara up�rqei n ∈ N tètoio ¸ste x1 < · · · < xn−1 < x < xn.
'Atopo diìti xn = minA \ {x1, . . . , xn−1}.
DeÐxame loipìn ìti A = {x1, x2, . . . }. OrÐzoume f : A → N me f(xk) = k. H
f eÐnai profan¸c 1− 1 kai epÐ; �ra A ∼ N. ¤

Parat rhsh 1.2.8 An A eÐnai èna arijm simo sÔnolo, tìte up�rqei f :
N → A pou eÐnai 1 − 1 kai epÐ. Jètoume an = f(n), n ∈ N. Epomènwc
A = {a1, a2, . . . }. Mi� tètoia graf  toÔ A onom�zetai arÐjmhsh toÔ A.

Oi parak�tw prot�seic apodeiknÔontai me th mèjodo thc apìdeixhc thc Prì-
tashc 1.2.7. H apodeÐxeic af nontai gi� �skhsh.

Prìtash 1.2.9 An A eÐnai èna arijm simo sÔnolo kai B ⊂ A, tìte to B
eÐnai to polÔ arijm simo.

Prìtash 1.2.10 K�je �peiro sÔnolo perièqei èna arijm simo uposÔnolo.

Prìtash 1.2.11 An A,B eÐnai dÔo to polÔ arijm sima sÔnola, tìte to A×B
eÐnai to polÔ arijm simo.
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Apìdeixh. An A = ∅   B = ∅ tìte h Prìtash eÐnai profan c. Upojètoume
ìti A 6= ∅ kai B 6= ∅ kai gr�foume

A = {a1, a2, . . . } kai B = {b1, b2, . . . }.
OrÐzoume f : A×B → N me f(ai, bj) = 2i3j . H f eÐnai 1− 1. 'Ara to A×B
eÐnai isodÔnamo me èna uposÔnolo toÔ N. Epomènwc to A× B eÐnai to polÔ
arijm simo. ¤

Je¸rhma 1.2.12 An ta sÔnola Aj , j = 1, 2, . . . eÐnai to polÔ arijm sima,
tìte h ènws  touc ∪∞j=1Aj eÐnai to polÔ arijm simo sÔnolo.

Apìdeixh. 'Estw ìti

Aj = {aj1, aj2, . . . }, j = 1, 2, . . .

JewroÔme to sÔnolo X := {(j, i) ∈ N × N : aji ∈ ∪∞j=1Aj}. OrÐzoume
f : X → ∪∞j=1Aj me f(j, i) = aji. H f eÐnai sun�rthsh epÐ. (H f den eÐnai
kat' an�gkh sun�rthsh 1−1 diìti ta sÔnola Aj en gènei den eÐnai xèna). Apì
thn Prìtash 1.2.3 to sÔnolo ∪∞j=1Aj eÐnai isodÔnamo me èna uposÔnolo tou
X, �ra kai toÔ N× N to opoÐo eÐnai arijm simo. Epomènwc to ∪∞j=1Aj eÐnai
to polÔ arijm simo. ¤

Par�deigma 1.2.13 An n ∈ N, to sÔnolo {m
n : m ∈ Z} eÐnai profan¸c

arijm simo. 'Omwc
Q =

⋃

n∈N

{m

n
: m ∈ Z

}
.

Lìgw toÔ Jewr matoc 1.2.12, to Q eÐnai arijm simo.

Je¸rhma 1.2.14 To di�sthma (0, 1) eÐnai uperarijm simo.

Apìdeixh. ArkeÐ na deÐxoume ìti to kleistì di�sthma [0, 1] eÐnai uperarijm -
simo. Ac upojèsoume ìti to [0, 1] eÐnai arijm simo. 'Estw

[0, 1] = {x1, x2, . . . }
mi� arÐjmhs  tou. QwrÐzoume to [0, 1] se trÐa kleist� diast mata Ðsou m -
kouc: [0, 1] = [0, 1/3] ∪ [1/3, 2/3] ∪ [2/3, 1]. 'Estw I1 èna apì aut� ta dia-
st mata pou den perièqei to x1. QwrÐzoume to I1 se trÐa isom kh kleist�
diast mata kai onom�zoume I2 èna apì aut� pou den perièqei to x2. SuneqÐ-
zontac ètsi kataskeu�zoume mi� fjÐnousa akoloujÐa kleist¸n diasthm�twn
{In}. To m koc toÔ In eÐnai 1/3n → 0 ìtan n → ∞. Apì thn arq  toÔ
kibwtismoÔ up�rqei monadikì x ∈ ∩∞n=1In. Tìte x = xm gia k�poio m ∈ N.
'Atopo, diìti xm /∈ Im. ¤

Par�deigma 1.2.15 An a < b, to di�sthma (a, b) eÐnai uperarijm simo sÔ-
nolo diìti h sun�rthsh

f(x) =
x− a

b− a

apeikonÐzei amfimonìtima to (a, b) epÐ toÔ (0, 1).
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Pìrisma 1.2.16 K�je uposÔnolo toÔ R poÔ perièqei èna di�sthma eÐnai
uperarijmÐshmo.

Prìtash 1.2.17 DÐnontai dÔo xèna sÔnola A kai B. An to A eÐnai to polÔ
arijm simo kai to B eÐnai �peiro sÔnolo, tìte A ∪B ∼ B.

Apìdeixh. Lìgw t c Prìtashc 1.2.10, to B perièqei èna arijm simo uposÔ-
nolo B1. Jètoume B2 = B \B1. Tìte

B = B1 ∪B2 kai A ∪B = A ∪B1 ∪B2.

To sÔnolo A ∪ B1 eÐnai arijm simo (ènwsh to polÔ arijm simou me arij-
m simo). 'Ara A ∪ B1 ∼ B1, dhlad  up�rqei 1 − 1 kai epÐ sun�rthsh
f : B1 → A ∪B1. OrÐzoume g : B → A ∪B me

g(x) =

{
f(x), x ∈ B1.

x, x ∈ B2.

H g eÐnai sun�rthsh 1− 1 kai epÐ. 'Ara B ∼ A ∪B. ¤

1.3 UpakoloujÐec

Orismìc 1.3.1 Mi� akoloujÐa {bk}∞k=1 onom�zetai upakoloujÐa thc akolou-
jÐac {an}∞n=1 an up�rqoun fusikoÐ arijmoÐ n1 < n2 < · · · < nk < . . . tètoioi
¸ste bk = ank

gia k�je k ∈ N.

Gia par�deigma, oi akoloujÐec { 1
n2 }, { 1

n!} kai { 1
2n} eÐnai ìlec upakoloujÐ-

ec thc { 1
n}. H akoloujÐa {a1, a2, a4, a8, a16, . . . } kai oi akoloujÐec {a2n},

{a2n−1} eÐnai upakoloujÐec thc {an}.

Je¸rhma 1.3.2 (Bolzano-Weierstrass) K�je fragmènh akoloujÐa pragma-
tik¸n arijm¸n èqei upakoloujÐa pou sugklÐnei se èna pragmatikì arijmì.

Apìdeixh. 'Estw {an} mi� fragmènh akoloujÐa. Tìte up�rqoun arijmoÐ
m1,M1 ∈ R tètoioi ¸ste

m1 ≤ an ≤ M1, ∀n ∈ N.

Jètoume I1 = [m1,M1]. DiairoÔme to I1 se dÔo isom kh kleist� diast mata
[
m1,

m1 + M1

2

]
kai

[
m1 + M1

2
, M1

]
.

Se èna toul�qiston apì aut� ta dÔo diast mata up�rqoun �peiroi ìroi thc
{an}. Onom�zoume I2 autì to di�sthma. DiqotomoÔme to I2 kai parathroÔme
p�li ìti se toul�qisto èna apì ta upodiast mata poÔ prokÔptoun up�rqoun
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�peiroi ìroi thc {an}. Onom�zoume I3 autì to upodi�sthma. SuneqÐzontac
aut  th diadik�sÐa kataskeu�zoume mi� akoloujÐa diasthm�twn

I1 ⊃ I2 ⊃ I3 ⊃ · · · ⊃ Ij ⊃ . . .

kai parathroÔme ìti h akoloujÐa twn diamètrwn touc teÐnei sto 0 kai ìti to
Ij perièqei �peirouc ìrouc thc {an}.
Apì thc arq  tou kibwtismoÔ (Je¸rhma 1.1.16), up�rqei manadikì l ∈ ∩∞j=1Ij .
Ja deÐxoume ìti mi� upakoloujÐa {ank

}∞k=1 thc {an} sugklÐnei sto l. An
k ∈ N, to di�sthma (l−1/k, l+1/k) perièqei èna toul�qiston apì ta diast -
mata I1, I2, . . . (diìti ìla perièqoun to l kai h di�metrìc touc teÐnei sto 0).
K�taskeu�zoume t¸ra thn {ank

}∞k=1 epagwgik� wc ex c:

'Estw n1 := min{n ≥ 1 : an ∈ (l − 1, l + 1)} kai

nk := min
{

n ≥ nk−1 + 1 : an ∈
(

l − 1
k
, l +

1
k

)}
.

Tìte |ank
− l| < 1

k , ∀k ∈ N. 'Ara

lim
k→∞

ank
= l.

¤

1.4 AkoloujÐec Cauchy

Orismìc 1.4.1 Mi� akoloujÐa pragmatik¸n arijm¸n {an} onom�zetai ako-
loujÐa Cauchy an gia k�je ε > 0 up�rqei no ∈ N tètoioc ¸ste

∀m,n ≥ no, |an − am| < ε.

Prìtash 1.4.2 K�je akoloujÐa Cauchy eÐnai fragmènh.

Apìdeixh. Efarmìzontac ton orismì gia ε = 1 brÐskoume no tètoio ¸ste

∀m,n ≥ no, |an − am| < 1.

Autì sunep�getai ìti eidikìtera

∀n ≥ no, |an − ano | < 1,

dhlad 
∀n ≥ no, |an| < 1 + |ano |.

Jètoume M = max{|a1|, |a2|, . . . , |ano−1|, 1 + |ano |} kai parathroÔme ìti

∀n ∈ N, |an| ≤ M.

¤
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Prìtash 1.4.3 An mi� akoloujÐa Cauchy {an} èqei mi� upakoloujÐa {ank
}

me limk→∞ ank
= l ∈ R, tìte limn→∞ an = l.

Apìdeixh. 'Estw ε > 0. Tìte up�rqoun ko, k1 ∈ N tètoioi ¸ste

∀k ≥ ko, |ank
− l| < ε

2

kai
∀m,n ≥ k1, |am − an| < ε

2
.

Jètoume k2 = max{ko, k1}. 'Estw k ≥ k2. Tìte nk ≥ k ≥ k2 ≥ ko. 'Ara
|ank

− l| < ε
2 . EpÐshc nk, k ≥ k2 ≥ k1. Epomènwc |ank

− ak| < ε
2 .

Telik� loipìn, an k ≥ k2, tìte

|ak − l| ≤ |ak − ank
|+ |ank

− l| < ε

2
+

ε

2
= ε

to opoÐo shmaÐnei ìti limk→∞ ak = l. ¤

Je¸rhma 1.4.4 Mi� akoloujÐa sugklÐnei se èna pragmatikì arijmì an kai
mìno an eÐnai akoloujÐa Cauchy.

Apìdeixh. Upojètoume pr¸ta ìti h akoloujÐa {an} sugklÐnei sto l ∈ R.
'Estw ε > 0. Up�rqei no ∈ N tètoio ¸ste

∀n ≥ no, |an − l| < ε

2
.

'Estw m,n ≥ no. Tìte

|an − am| ≤ |an − l|+ |am − l| ≤ ε

2
+

ε

2
= ε.

'Ara h {an} eÐnai akoloujÐa Cauchy.

Antistrìfwc, èstw {an} mi� akoloujÐa Cauchy. Apì thn Prìtash 1.4.2,
h {an} eÐnai fragmènh. 'Ara ja èqei sugklÐnousa upakoloujÐa (Je¸rhma
Bolzano-Weierstrass). Lìgw thc Prìtashc 1.4.3 kai h Ðdia h {an} eÐnai su-
gklÐnousa. ¤

1.5 OriakoÐ arijmoÐ akoloujÐac

Orismìc 1.5.1 Lème ìti o arijmìc x ∈ R eÐnai oriakìc arijmìc thc akolou-
jÐac {an} an up�rqei upakoloujÐa {ank

} thc {an} me limk→∞ ank
= x.

Prìtash 1.5.2 O arijmìc x ∈ R eÐnai oriakìc arijmìc thc akoloujÐac {an}
an kai mìno an gia k�je ε > 0 kai gia k�je m ∈ N, up�rqei n ≥ m tètoio
¸ste |an − x| < ε.
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Apìdeixh. Upojètoume pr¸ta ìti o x eÐnai oriakìc arijmìc thc {an}, dhlad 
ìti up�rqei upakoloujÐa {ank

} t c {an} me ank
→ x. 'Estw ε > 0 kai m ∈ N.

Up�rqei ko ∈ N tètoio ¸ste

∀k ≥ ko, |ank
− x| < ε.

Jètoume k1 = max{m, ko}. Tìte nk1 ≥ k1 ≥ ko. 'Ara |ank1
− x| < ε.

Antistrìfwc: Efarmìzontac thn upìjesh gia ε = 1 kai m = 1, brÐskoume
n1 ≥ 1 me |an1 − x| < 1. Sth sunèqeia efarmìzoume thn upìjesh gia ε = 1

2
kai m = n1 + 1 kai brÐskoume n2 ≥ n1 + 1 > n1 tètoio ¸ste |an2 − x| < 1

2 .
SuneqÐzontac aut  th diadikasÐa brÐskoume fusikoÔc n1 < n2 < . . . nk < . . .
tètoiouc ¸ste

|ank
− x| < 1

k
.

'Etsi kataskeu�same mi� upakoloujÐa {ank
} thc {an} gi� thn opoÐa isqÔei

limk→∞ ank
= x. 'Ara o x eÐnai oriakìc arijmìc thc {an}. ¤

Je¸rhma 1.5.3 'Estw {an} mi� fragmènh akoloujÐa. JewroÔme to sÔnolo
K ìlwn twn oriak¸n arijm¸n thc {an}. Tì K eÐnai mh kenì, fragmèno sÔnolo
pou èqei mègisto kai el�qisto.

Apìdeixh. To K eÐnai mh kenì lìgw tou Jewr matoc Bolzano-Weierstrass.
Epeid  h {an} eÐnai fragmènh, up�rqei M > 0 tètoio ¸ste |an| ≤ M, ∀n ∈ N.
An x ∈ K, tìte up�rqei upakoloujÐa {ank

} thc {an} me ank
→ x. 'Omwc

−M ≤ ank
≤ M, ∀k ∈ N. 'Ara −M ≤ x ≤ M . Epomènwc to K eÐnai

fragmèno sÔnolo.

Jètoume supK = a ∈ R. Ja deÐxoume ìti a ∈ K me qr sh thc Prìtashc
1.5.2. 'Estw ε > 0 kai m ∈ N. Epeid  a = supK, up�rqei x ∈ K tètoioc
¸ste a− ε

2 < x ≤ a. O x eÐnai oriakìc arijmìc thc {an}. 'Ara up�rqei n ≥ m
me |an − x| < ε

2 . SumperaÐnoume loipìn ìti

|an − a| ≤ |an − x|+ |x− a| < ε

2
+

ε

2
= ε.

Lìgw thc Prìtashc 1.5.2, autì shmaÐnei ìti to a eÐnai oriakì shmeÐo thc
{an}, dhlad  a ∈ K. Epomènwc a = maxK.

Me an�logo trìpo apodeiknÔetai ìti inf K = minK. ¤

Orismìc 1.5.4 (a) 'Estw {an} mi� fragmènh akoloujÐa. O megalÔteroc
oriakìc arijmìc thc {an} onom�zetai an¸tero ìrio thc {an} kai sumbolÐzetai
me lim sup an.
(b) 'Estw {an} mi� fragmènh akoloujÐa. O mikrìteroc oriakìc arijmìc thc
{an} onom�zetai kat¸tero ìrio thc {an} kai sumbolÐzetai me lim inf an.
(g) 'Estw {an} mi� akoloujÐa poÔ den eÐnai �nw fragmènh. Jètoume lim sup an =
+∞.
(d) 'Estw {an} mi� akoloujÐa poÔ den eÐnai k�tw fragmènh. Jètoume lim inf an =
−∞.
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Sqetik  me ton parap�nw orismì eÐnai h 'Askhsh 1.6.34.

Par�deigma 1.5.5 H akoloujÐa

an = 2(−1)n +
1
2n

eÐnai fragmènh kai èqei dÔo oriakoÔc arijmìuc: to 2 kai to −2 diìti isqÔei
a2n → 2 kai a2n−1 → −2. 'Ara h akoloujÐa aut  èqei dÔo oriakoÔc arijmoÔc
to 2 kai to −2. Epomènwc

lim sup an = 2, lim inf an = −2.

Par�deigma 1.5.6 To sÔnolo Q twn rht¸n arijm¸n eÐnai arijm simo. 'E-
stw {q1, q2, . . . } mia arÐjmhs  tou. JewroÔme thn akoloujÐa {qn}∞n=1 h opoÐa
den eÐnai oÔte �nw, oÔte k�tw fragmènh. 'Ara

lim sup qn = +∞, lim inf qn = −∞.

Je¸rhma 1.5.7 'Estw {an} fragmènh akoloujÐa kai èstw x ∈ R. Tìte
(i) x ≤ lim sup an an kai mìno an gia k�je ε > 0 to {n ∈ N : x − ε < an}
eÐnai �peiro.
(ii) x ≥ lim sup an an kai mìno an gia k�je ε > 0 to {n ∈ N : x + ε < an}
eÐnai peperasmèno.
(iii) x ≥ lim inf an an kai mìno an gia k�je ε > 0 to {n ∈ N : an < x + ε}
eÐnai �peiro.
(iv) x ≤ lim inf an an kai mìno an gia k�je ε > 0 to {n ∈ N : an < x − ε}
eÐnai peperasmèno.

Apìdeixh. Ja apodeÐxoume mìno to (i). H apìdeixh twn (ii), (iii) kai (iv) eÐnai
an�logh. Gi� thn apìdeixh toÔ (i) upìjètoume pr¸ta ìti x ≤ lim sup an kai
paÐrnoume tuqaÐo ε > 0. Up�rqei upakoloujÐa {ank

} me ank
→ lim sup an.

'Ara up�rqei ko ∈ N tètoioc ¸ste gia k�je k ≥ ko,

ank
> lim sup an − ε ≥ x− ε.

'Epetai ìti to sÔnolo {n ∈ N : x− ε < an} eÐnai �peiro.

Antistrìfwc, upojètoume ìti gia k�je ε > 0 to {n ∈ N : x − ε < an}
eÐnai �peiro. 'Estw ìti x > lim sup an. Efarmìzontac thn upìjesh gia
ε = 1

2(x − lim sup an), sumperaÐnoume ìti �peiroi ìroi thc akoloujÐac (�ra
kai ìloi oi ìroi mi�c upakoloujÐac) eÐnai megalÔteroi apì x − ε. Apì to
je¸rhma Bolzano-Weierstrass, up�rqei upakoloujÐa {ank

} thc {an} me ank
→

y ≥ x− ε. Tìte o y eÐnai oriakìc arijmìc thc {an} kai

y ≥ x− ε = x− 1
2
(x− lim sup an) =

1
2
(x + lim sup an) > lim sup an.

'Atopo.

'Etsi to (i) apodeÐqthke. ¤
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Je¸rhma 1.5.8 'Estw {an} fragmènh akoloujÐa.
(i) Jètoume bn = sup{ak : k ≥ n}. Tìte lim sup an = inf{bn : n ∈ N}.
(ii) Jètoume cn = inf{ak : k ≥ n}. Tìte lim inf an = sup{cn : n ∈ N}.

Apìdeixh. H {bn} eÐnai fjÐnousa akoloujÐa. 'Ara bn → inf bn := b. Prèpei
na deÐxoume ìti lim sup an = b.

Up�rqei upakoloujÐa {ank
} thc {an} me ank

→ lim sup an. 'Omwc ank
≤ bnk

kai bnk
→ b. 'Ara

lim sup an = lim ank
≤ lim bnk

= b.

Gia thn antÐstrofh anisìthta ja efarmìsoume to (i) toÔ Jewr matoc 1.5.7.
'Estw ε > 0. Epeid  bn → b, up�rqei no ∈ N tètoioc ¸ste

(1.3) bn > b− ε, ∀n ≥ no.

Eidikìtera
bno = sup{ak : k ≥ no} > b− ε.

'Ara up�rqei k1 ≥ no tètoio ¸ste ak1 > b− ε. Efarmìzoume t¸ra thn (1.3)
gia n = k1 + 1 kai paÐrnoume

bk1+1 = sup{ak : k ≥ k1 + 1} > b− ε.

'Ara up�rqei k2 ≥ k1 + 1 tètoio ¸ste ak2 > b − ε. SuneqÐzontac ètsi ka-
taskeu�zoume upakoloujÐa {akj} thc {ak} me akj > b − ε. 'Ara to sÔnolo
{n ∈ N : an > b − ε} eÐnai �peiro. Apì to (i) toÔ Jewr matoc 1.5.7,
lim sup an ≥ b. 'Etsi to (i) apodeÐqthke. To (ii) apodeiknÔetai me parìmoio
trìpo. ¤

1.6 Ask seic

sup kai inf

1.6.1 'Estw E èna fragmèno uposÔnolo toÔ R me dÔo toul�qiston shmeÐa. DeÐxte
ìti:
(a) −∞ < inf E < sup E < +∞.
(b) An to A eÐnai mh kenì uposÔnolo toÔ E, deÐxte ìti

inf E ≤ inf A ≤ sup A ≤ supE.

1.6.2 An to limn→∞ an up�rqei (wc pragmatikìc arijmìc), deÐxte ìti h akoloujÐa
{an} eÐnai fragmènh kai isqÔei infn an ≤ limn→∞ an ≤ sup an.

1.6.3 DeÐxte ìti an lim an = l ∈ R, tìte to sÔnolo {l, a1, a2, . . . } èqei mègisto kai
el�qisto.
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1.6.4 DÐnontai dÔo mh ken�, �nw fragmèna sÔnola A kai B. OrÐzoume A + B :=
{x + y : x ∈ A, y ∈ B} kai A ·B := {xy : x ∈ A, y ∈ B}. DeÐxte ìti

sup(A + B) = supA + sup B.

An epiplèon A,B ⊂ {x ∈ R : x > 0} tìte

sup(A ·B) = (sup A) · (sup B).

1.6.5 Gi� A,B ⊂ R, deÐxte ìti

sup(A ∪B) = max{supA, sup B} kai inf(A ∪B) = min{inf A, inf B}.

1.6.6 Gia E ⊂ R kai t ∈ R, orÐzome tE := {tx : x ∈ E}. DeÐxte ìti:
(a) An t ≥ 0, tìte sup(tE) = t supE kai inf(tE) = t inf E.
(b) An t < 0, tìte sup(tE) = t inf E kai inf(tE) = t sup E.

1.6.7 An f, g eÐnai duì pragmatikèc sunart seic orismènec sto E, deÐxte ìti

inf
E

(f + g) ≥ inf
E

f + inf
E

g kai sup
E

(f + g) ≤ sup
E

f + sup
E

g.

1.6.8 An S kai T eÐnai duì uposÔnola toÔ R kai s ≤ t gia k�je s ∈ S kai t ∈ T ,
deÐxte ìti supS ≤ inf T .

1.6.9 BreÐte to �nw kai to k�tw pèrac twn parak�tw sunìlwn.
(a) A = {2−p + 3−q + 5−r : p, q, r ∈ N}.
(b) B = {x : 3x2 − 10x + 3 < 0}.
(g) C = {x : (x− a)(x− b)(x− c)(x− d) < 0}.

1.6.10 An In = [an, bn], n ∈ N, eÐnai kleist� diast mata me I1 ⊃ I2 ⊃ I3 ⊃ . . .
kai limn→∞(bn−an) = 0, tìte apì thn Arq  toÔ KibwtismoÔ up�rqei x ∈ R tètoio
¸ste ∩∞n=1In = {x}. JewroÔme mi� akoloujÐa {xn} me xn ∈ In, ∀n ∈ N. DeÐxte
ìti limn→∞ xn = x.

Arijm sima kai uperarijm sima sÔnola

1.6.11 DeÐxte ìti h sqèsh ∼ eÐnai sqèsh isodunamÐac.

1.6.12 ApodeÐxte tic Prot�seic 1.2.9 kai 1.2.10.

1.6.13 DeÐxte ìti èna sÔnolo eÐnai �peiro an kai mìno an eÐnai isodÔnamo me èna
gn sio uposÔnolì tou.

1.6.14 DeÐxte ìti to di�sthma (0, 1) eÐnai isodÔnamo me to sÔnolo ìlwn twn su-
nart sewn f : N→ {0, 1}.

1.6.15 DeÐxte ìti k�je sÔnolo xènwn an� dÔo anoikt¸n diasthm�twn eÐnai arij-
m simo.



1.6. ASK�HSEIS 15

1.6.16 DeÐxte ìti to sÔnolo twn kÔklwn sto epÐpedo me rht  aktÐna kai kèntra
poÔ èqoun rhtèc suntetagmènec eÐnai arijm simo.

1.6.17 DeÐxte ìti to sÔnolo twn poluwnÔmwn me akèraiouc suntelestèc eÐnai a-
rijm simo.

1.6.18 'Enac arijmìc onom�zetai algebrikìc an eÐnai rÐza enìc poluwnÔmou me
akèraiouc suntelestèc. DeÐxte ìti to sÔnolo twn algebrik¸n arijm¸n eÐnai arij-
m simo.

1.6.19 DeÐxte ìti k�je di�sthma perièqei �rrhtouc arijmoÔc kai m�lista to sÔ-
nolo twn �rrhtwn se k�je di�sthma eÐnai uperarijm simo.

1.6.20 DeÐxte ìti an to A eÐnai uperarijm simo kai to B eÐnai to polÔ arijm simo
uposÔnolo toÔ A, tìte A \B ∼ A.

1.6.21? (Je¸rhma toÔ Cantor). To dunamosÔnolo P(A) enìc sunìlou A eÐnai to
sÔnolo ìlwn twn uposunìlwn toÔ A. DeÐxte ìti kanèna sÔnolo den eÐnai isodÔnamo
me to dunamosÔnolì tou.

AkoloujÐec

1.6.22 BreÐte to an¸tero kai to kat¸tero ìrio twn parak�tw akolouji¸n:
(a) {2(−1)n + 1

n!}, (b) {3 + (−1)n

n }.

1.6.23 DÐnontai dÔo akoloujÐec {sn} kai {tn} kai ènac fusikìc N . An sn ≤ tn
gia k�je n ≥ N , deÐxte ìti

lim inf sn ≤ lim inf tn kai lim sup sn ≤ lim sup tn.

1.6.24 DeÐxte ìti an mi� fragmènh akoloujÐa èqei monadikì oriakì arijmì l ∈ R,
tìte an → l.

1.6.25 DeÐxte ìti an mi� akoloujÐa {an} sugklÐnei sto l ∈ R, tìte k�je upako-
loujÐa thc sugklÐnei sto l.

1.6.26 'Estw {an} mi� akoloujÐa. DeÐxte ìti an → l an kai mìno an oi upakolou-
jÐec {a2k} kai {a2k−1} sugklÐnoun sto l ∈ R.

1.6.27 An {an}, {bn} eÐnai dÔo fragmènec akoloujÐec, deÐxte ìti

lim inf an + lim inf bn ≤ lim inf(an + bn) ≤ lim inf an + lim sup bn

≤ lim sup(an + bn) ≤ lim sup an + lim sup bn.

1.6.28 An {an}, {bn} eÐnai dÔo fragmènec akoloujÐec me jetikoÔc ìrouc, deÐxte
ìti

lim inf an · lim inf bn ≤ lim inf(anbn) ≤ lim inf an · lim sup bn

≤ lim sup(anbn) ≤ lim sup an · lim sup bn.
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1.6.29 DÐnontai dÔo fragmènec akoloujÐec {an}, {bn}. An h {an} sugklÐnei,
deÐxte ìti

lim sup(an + bn) = lim an + lim sup bn

kai
lim inf(an + bn) = lim an + lim inf bn.

1.6.30 'Estw {an} mi� fragmènh akoloujÐa. DeÐxte ìti

lim sup(−an) = − lim inf an

kai
lim inf(−an) = − lim sup an.

1.6.31 'Estw {an} mi� akoloujÐa me an > 0, ∀n ∈ N. DeÐxte ìti

lim inf
an+1

an
≤ lim inf n

√
an ≤ lim sup n

√
an ≤ lim sup

an+1

an
.

1.6.32 'Estw {an} fragmènh akoloujÐa kai èstw x ∈ R. DeÐxte ìti lim sup an = x
an kai mìno an gia k�je ε > 0, �peiroi ìroi thc akoloujÐac eÐnai megalÔteroi apì
x− ε kai peperasmènou pl jouc ìroi eÐnai megalÔteroi apì x + ε. Diatup¸ste kai
apodeÐxte an�logh prìtash gia to kat¸tero ìrio.

1.6.33 (a) DeÐxte ìti an mi� akoloujÐa den eÐnai �nw fragmènh, tìte èqei upako-
loujÐa pou teÐnei sto +∞.
(b) DeÐxte ìti an mi� akoloujÐa den eÐnai k�tw fragmènh, tìte èqei upakoloujÐa
pou teÐnei sto −∞.

1.6.34 'Estw {an} mi� akoloujÐa. Ta lim sup an kai lim inf an èqoun oristeÐ stic
akìloujec peript¸seic:
1. 'Otan h {an} eÐnai fragmènh.
2. 'Otan h {an} den eÐnai �nw fragmènh.
3. 'Otan h {an} den eÐnai k�tw fragmènh.
Exet�ste an kai p¸c mporoÔn na oristoÔn ta lim sup an kai lim inf an:
4. 'Otan h {an} eÐnai �nw fragmènh all� ìqi k�tw fragmènh.
5. 'Otan h {an} eÐnai k�tw fragmènh all� ìqi �nw fragmènh.
BreÐte paradeÐgmata akolouji¸n gia tic parap�nw pènte peript¸seic.

1.6.35 Diatup¸ste kai apodeÐxte èna je¸rhma an�logo toÔ Jewr matoc 1.5.7 gia
mh fragmènec akoloujÐec.

1.6.36 Diatup¸ste kai apodeÐxte èna je¸rhma an�logo toÔ Jewr matoc 1.5.8 gia
mh fragmènec akoloujÐec.

1.6.37 DeÐxte ìti mi� akoloujÐa {an} sugklÐnei (se arijmì   sta ±∞) an kai
mìno an lim sup an = lim inf an.

1.6.38 Swstì   L�joc?
(a) An {an} eÐnai mi� aÔxousa akoloujÐa, tìte k�je upakoloujÐa thc eÐnai aÔxousa.
(b) Up�rqei akoloujÐa pou èqei �peirouc sto pl joc oriakoÔc arijmoÔc.
(g) An h {bn} eÐnai upakoloujÐa thc {an} kai h {cn} eÐnai upakoloujÐa thc {bn},
tìte h {cn} eÐnai upakoloujÐa thc {an}.
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1.6.39 DÐnetai mi� akoloujÐa {an}. OrÐzoume thn akoloujÐa {bn} jètontac

bn =
a1 + a2 + · · ·+ an

n
.

(a) DeÐxte ìti an an → a, tìte bn → a.
(b) Swstì   L�joc? An bn → a, tìte an → a.
(g) DeÐxte ìti an bn → a kai h {an} eÐnai aÔxousa, tìte an → a.

1.6.40? DeÐxte ìti k�je akoloujÐa èqei toul�qiston mÐa monìtonh upakoloujÐa.

1.6.41? DÐnetai mi� akoloujÐa {an} pou èqei thn idiìthta an+1−an → 0. Upojè-
toume ìti h {an} èqei dÔo oriakoÔc arijmoÔc a, b me a < b. DeÐxte ìti k�je arijmìc
tou diast matoc [a, b] eÐnai oriakìc arijmìc thc {an}.

1.6.42? 'Estw {an} fragmènh akoloujÐa kai èstw x ∈ R. DeÐxte ìti an k�je
sugklÐnousa upakoloujÐa t c {an} sugklÐnei sto x, tìte an → x.
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Kef�laio 2

Seirèc pragmatik¸n arijm¸n

2.1 SÔgklish seir¸n

Orismìc 2.1.1 'Estw {an}∞n=1 mi� akoloujÐa pragmatik¸n arijm¸n. Jew-
roÔme thn akoloujÐa {sn}∞n=1 me

sn = a1 + a2 + · · ·+ an.

H akoloujÐa {sn} onom�zetai akoloujÐa twn merik¸n ajroism�twn thc seir�c∑∞
n=1 an. An sn → s ∈ R, tìte lème ìti h seir�

∑∞
n=1 an sugklÐnei ston

arijmì s kai gr�foume

s =
∞∑

n=1

an.

An sn → +∞   sn → −∞, tìte lème ìti h seir�
∑∞

n=1 an apoklÐnei sto +∞
  sto −∞ kai gr�foume

∞∑

n=1

an = +∞   −∞.

Pollèc forèc asqoloÔmaste kai me seirèc thc morf c
∑∞

n=N an, ìpou N ∈ Z.
Tìte gia n ≥ N , orÐzoume sn = sN + sN+1 + · · · + an. Lème ìti h seir�
sugklÐnei an h sn sugklÐnei.

Efarmìzontac to krit rio Cauchy (Je¸rhma 1.4.4) sthn akoloujÐa {sn} pro-
kÔptei �mesa to akìloujo je¸rhma.

Je¸rhma 2.1.2 H seir�
∑∞

n=1 an sugklÐnei an kai mìno an gia k�je ε > 0,
up�rqei no ∈ N tètoio ¸ste

∣∣∣
m∑

k=n

ak

∣∣∣ < ε, ∀m ≥ n ≥ no.

19
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An an ≥ 0, ∀n ∈ N, tìte h akoloujÐa {sn} twn merik¸n ajroism�twn eÐnai
aÔxousa. Epomènwc apì to Je¸rhma 1.1.15 prokÔptei to parak�tw je¸rhma.

Je¸rhma 2.1.3 Upojètoume ìti an ≥ 0, ∀n ∈ N. H seir�
∑∞

n=1 an sugklÐ-
nei an kai mìno an h akoloujÐa twn merik¸n ajroism�twn {sn} eÐnai fragmènh.

Par�deigma 2.1.4 (H gewmetrik  seir�) Gi� x ∈ R jewroÔme th seir�∑∞
n=0 xn; dhlad  an = xn, n = 0, 1, . . . . IsqÔei

(1− x)
n∑

k=0

xk =
n∑

k=0

(xk − xk+1) = 1− xn+1.

'Ara

sn = 1 + x + x2 + · · ·+ xn =

{
1−xn+1

1−x , x 6= 1,

n + 1, x = 1.

An x = 1, tìte sn = n + 1 → +∞. An x = −1, tìte sn → +∞. An x = −1,
h {sn} den sugklÐnei kai m�lista isqÔei lim sup sn = 1 kai lim inf sn = 0. An
x < −1, tìte h {sn} de sugklÐnei kai m�lista isqÔei lim sup sn = +∞ kai
lim inf sn = −∞.

H piì endiafèrousa perÐptwsh eÐnai ìtan −1 < x < 1. Tìte sn → 1
1−x . 'Ara

∞∑

n=1

xn =
1

1− x
, −1 < x < 1.

Orismìc 2.1.5 Lème ìti mi� seir�
∑∞

n=1 an sugklÐnei apolÔtwc an h seir�∑∞
n=1 |an| sugklÐnei.

2.2 Krit ria sÔgklishc seir¸n

Je¸rhma 2.2.1 (Krit rio sumpÔknwshc toÔ Caychy) Upojètoume ìti a1 ≥
a2 ≥ a3 ≥ · · · ≥ 0. Tìte h seir�

∑∞
n=1 an sugklÐnei an kai mìno an h seir�

∞∑

k=0

2ka2k = a1 + 2a2 + 4a4 + 8a8 + . . .

sugklÐnei.

Apìdeixh. JewroÔme tic akoloujÐec twn merik¸n ajroism�twn twn seir¸n∑∞
n=1 an kai

∑∞
k=0 2ka2k :

sn = a1 + a2 + · · ·+ an,

tk = a1 + 2a2 + 4a4 + · · ·+ 2ka2k .
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Gi� n < 2k,

sn ≤ a1 + (a2 + a3) + · · ·+ (a2k + · · ·+ a2k+1−1)
≤ a1 + 2a2 + · · ·+ 2ka2k

= tk.

'Ara

(2.1) sn ≤ tk, gi� n < 2k.

Apì thn �llh meri�, an n > 2k,

sn ≥ a1 + a2 + (a3 + a4) + · · ·+ (a2k−1+1 + · · ·+ a2k)

≥ 1
2
a1 + a2 + 2a4 + · · ·+ 2k−1a2k

=
1
2
tk.

'Ara

(2.2) tk ≤ 2sn, gi� n > 2k.

An h seir�
∑∞

k=0 2ka2k sugklÐnei, tìte h akoloujÐa {tk} eÐnai fragmènh.
Lìgw thc anisìthtac (2.1) kai h akoloujÐa {sn} eÐnai tìte fragmènh. 'Omwc
h {sn} eÐnai aÔxousa, afoÔ an ≥ 0. 'Ara h {sn} eÐnai sugklÐnousa, dhlad  h
seir�

∑∞
n=1 an sugklÐnei.

Antistrìfwc, an h seir�
∑∞

n=1 an sugklÐnei, tìte h {sn} eÐnai fragmènh.
Lìgw thc (2.2) kai h {tk} eÐnai fragmènh, �ra kai sugklÐnousa. Epomènwc h
seir�

∑∞
k=0 2ka2k sugklÐnei. ¤

Par�deigma 2.2.2 Gia p ∈ R, jewroÔme th seir�
∞∑

n=1

1
np

.

An p ≤ 0, h seir� profan¸c apoklÐnei sto +∞. An p > 0, to krit rio
sumpÔknwshc toÔ Caychy mporeÐ na efarmosteÐ. KoitoÔme loipìn th seir�

∞∑

k=0

2k 1
2kp

=
∞∑

k=0

1
2(p−1)k

.

An 2p−1 > 1, h seir� aut  eÐnai sugklÐnousa gewmetrik  seir�, en¸ an
2p−1 ≤ 1, h seir� apoklÐnei. Katal goume loipìn sto sumpèrasma ìti h
seir�

∑∞
n=1

1
np sugklÐnei an kai mìno an p > 1.

Par�deigma 2.2.3 Gia p ∈ R, meletoÔme th seir�
∞∑

n=1

1
n(log n)p

.
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Epeid  o log�rijmoc eÐnai aÔxousa sun�rthsh, h akoloujÐa { 1
n(log n)p } eÐnai

fjÐnousa kai to krit rio sumpÔknwshc toÔ Caychy mporeÐ na efarmosteÐ.
'Etsi odhgoÔmaste sth seir�

∞∑

k=1

2k 1
2k(log 2k)p

=
∞∑

k=1

1
(k log 2)p

=
1

(log 2)p

∞∑

k=1

1
kp

.

Apì to Par�deigma 2.2.2 prokÔptei ìti h seir�
∑∞

n=1
1

n(log n)p sugklÐnei an
kai mìno an p > 1.

Je¸rhma 2.2.4 (Krit rio sÔgkrishc)DÐnontai oi seirèc
∑∞

n=1 an kai
∑∞

n=1 bn

me bn > 0, ∀n ∈ N.
(a) An up�rqoun M > 0 kai no ∈ N tètoia ¸ste gia k�je n ≥ no, |an| ≤ Mbn

kai an h seir�
∑∞

n=1 bn sugklÐnei, tìte h seir�
∑∞

n=1 an sugklÐnei apolÔtwc.
(b) An up�rqoun δ > 0 kai no ∈ N tètoia ¸ste 0 ≤ δan ≤ bn, ∀n ≥ no kai an
h seir�

∑∞
n=1 an apoklÐnei, tìte h seir�

∑∞
n=1 bn apoklÐnei.

Apìdeixh. JewroÔme ta merik� ajroÐsmata

qn =
n∑

k=no

ak, sn =
n∑

k=no

|ak|, tn =
n∑

k=no

bk, n ∈ N, n ≥ no.

(a) Apì thn upìjesh isqÔei sn ≤ Mtn, ∀n ≥ no. An h seir�
∑∞

n=1 bn

sugklÐnei, tìte h akoloujÐa {tn} eÐnai fragmènh. 'Ara kai h {sn} eÐnai frag-
mènh. H {sn} eÐnai kai aÔxousa; �ra sugklÐnei. Epomènwc h seir�

∑∞
n=no

|an|
sugklÐnei. Profan¸c kai h seir�

∑∞
n=1 |an| sugklÐnei , to opoÐo shmaÐnei ìti

h seir�
∑∞

n=1 an sugklÐnei apolÔtwc.
(b) An h seir�

∑∞
n=1 an apoklÐnei, tìte h {qn} den eÐnai �nw fragmènh. Apì

thn upìjesh 0 ≤ δan ≤ bn, ∀n ≥ no; �ra kai h {tn} den eÐnai �nw fragmènh,
�ra oÔte kai sugklÐnousa. ¤

Par�deigma 2.2.5 Oi seirèc

∞∑

n=1

cosnx

k2
kai

∞∑

n=1

sinnx

k2

sugklÐnoun gia k�je x ∈ R, diìti
∣∣∣cosnx

n2

∣∣∣ ≤ 1
n2

kai
∣∣∣sinnx

n2

∣∣∣ ≤ 1
n2

, n ∈ N, x ∈ R,

kai h seir�
∑∞

n=1
1
n2 sugklÐnei.

Se pollèc peript¸seic eÐnai dÔskolo na elègxoume an h upìjesh toÔ krith-
rÐou sÔgkrishc isqÔei. Se autèc tic peript¸seic mporeÐ na faneÐ qr simo to
parak�tw je¸rhma.
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Je¸rhma 2.2.6 (Krit rio oriak c sÔgkrishc)DÐnontai duì akoloujÐec {an}
kai {bn} jetik¸n arijm¸n.
(a) An

lim sup
an

bn
∈ R,

kai an h seir�
∑∞

n=1 bn sugklÐnei, tìte h seir�
∑∞

n=1 an sugklÐnei.
(b) An

lim inf
an

bn
> 0,

kai an
∑∞

n=1 bn = ∞, tìte
∑∞

n=1 an = ∞.

Apìdeixh. (a) Efìson lim sup an
bn
∈ R, mporoÔme na broÔme M ∈ R tètoio

¸ste lim sup an
bn

< M . Tìte (bl. Je¸rhma 1.5.7) up�rqei no ∈ N tètoio ¸ste
an

bn
< M, ∀n ≥ no.

Apì to krit rio sÔgkrishc, an h
∑∞

n=1 bn sugklÐnei, tìte h
∑∞

n=1 an sugklÐ-
nei.
(b) Efìson lim inf an

bn
> 0, mporoÔme na broÔme δ > 0 tètoio ¸ste 0 < δ <

lim inf an
bn

. Tìte (bl. Je¸rhma 1.5.7) up�rqei no ∈ N tètoio ¸ste
an

bn
> δ, ∀n ≥ no.

Apì to krit rio sÔgkrishc, an h
∑∞

n=1 bn apoklÐnei, tìte h
∑∞

n=1 an apoklÐ-
nei. ¤

Par�deigma 2.2.7 H seir�
∞∑

n=1

√
n + 1

2n2 − 5

sugklÐnei. Pr�gmati, efarmìzoume to krit rio oriak c sÔgkrishc me

an =
√

n + 1
2n2 − 5

kai bn =
1

n3/2
.

Epeid 

lim
an

bn
=

1
2

kai
∞∑

n=1

1
n3/2

< ∞,

h seir�
∑∞

n=1 an sugklÐnei.

Par�deigma 2.2.8 H seir�
∞∑

n=1

√
n + 1

2n− 5

apoklÐnei. Autì prokÔptei apì thn efarmog  toÔ krithrÐou oriak c sÔgkrishc
me

an =
√

n + 1
2n− 5

kai bn =
1
n

.
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Je¸rhma 2.2.9 (Krit rio t c rÐzac) DÐnetai h seir�
∑∞

n=1 an.
(a) An lim sup n

√
|an| < 1, h seir� sugklÐnei apolÔtwc.

(b) An lim sup n
√
|an| > 1, h seir� apoklÐnei.

Apìdeixh. (a) An lim sup n
√
|an| < 1, mporoÔme na dialèxoume b tètoio ¸ste

lim sup n
√
|an| < b < 1. Apì to Je¸rhma 1.5.7, up�rqei N ∈ N tètoio ¸ste

n
√
|an| < b, ∀n ≥ N.

'Ara |an| < bn, ∀n ≥ N . H seir�
∑∞

n=1 bn sugklÐnei. Apì to krit rio
sÔgkrishc kai h

∑∞
n=1 an sugklÐnei.

(b) An lim sup n
√
|an| > 1, tìte |an| > 1 gi� �peira n. 'Ara h akoloujÐa {an}

de sugklÐnei sto 0. Epomènwc h seir�
∑∞

n=1 an apoklÐnei. ¤

Je¸rhma 2.2.10 (Krit rio toÔ lìgou) DÐnetai h seir�
∑∞

n=1 an.
(a) An

lim sup
∣∣∣an+1

an

∣∣∣ < 1,

h seir� sugklÐnei apolÔtwc.
(b) An

lim inf
∣∣∣an+1

an

∣∣∣ > 1,

h seir� apoklÐnei.

Apìdeixh. Apì thn 'Askhsh 1.6.31 èqoume

lim inf
∣∣∣an+1

an

∣∣∣ ≤ lim inf n
√
|an| ≤ lim sup n

√
|an| ≤ lim sup

∣∣∣an+1

an

∣∣∣.

'Etsi to krit rio toÔ lìgou eÐnai �mesh sunèpeia toÔ krithrÐou thc rÐzac. ¤

Par�deigma 2.2.11 Gia th seir�

1
2

+
1
3

+
1
22

+
1
32

+
1
23

+
1
33

+
1
24

+
1
34

+ . . .

èqoume

lim inf
an+1

an
= lim

(
2
3

)n

= 0,

lim inf n
√

an = lim 2n

√
1
3n

=
1√
3
,

lim sup n
√

an = lim 2n

√
1
2n

=
1√
2
,

lim sup
an+1

an
= lim

(
3
2

)n

= +∞,

To krit rio toÔ lìgou den mporeÐ na efarmosteÐ, en¸ apì to krit rio thc
rÐzac sumperaÐnoume ìti h seir� sugklÐnei.
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Parat rhsh 2.2.12 To krit rio toÔ lìgou eÐnai suqn� piì eÔqrhsto, piì
eÔkolo sthn efarmog  tou. 'Omwc to krit rio thc rÐzac eÐnai isqurìtero:
ìpote to krit rio toÔ lìgou dÐnei sÔgklish kai to krit rio thc rÐzac dÐnei
sÔgklish; ìpote to krit rio thc rÐzac den odhgeÐ se sumpèrasma, oÔte to
krit rio toÔ lìgou odhgeÐ se sumpèrasma (bl. apìdeixh toÔ krithrÐou toÔ
lìgou). Tèloc, up�rqoun peript¸seic pou to krit rio tou lìgou den odhgeÐ
se sumpèrasma , en¸ to krit rio thc rÐzac dÐnei sÔgklish; bl. Par�deigma
2.2.11.

Je¸rhma 2.2.13 (Krit rio gi� enall�ssousec seirèc) Upojètoume ìti a1 ≥
a2 ≥ a3 ≥ · · · ≥ 0 kai ìti lim an = 0. Tìte h seir�

∞∑

n=1

(−1)n+1an

sugklÐnei. Epiplèon, an sn eÐnai ta merik� ajroÐsmata thc seir�c kai s to
�jroism� thc, tìte

|s− sn| ≤ an+1, ∀n ∈ N.

Apìdeixh. ParathroÔme ìti gia n ∈ N,
s2n+2 − s2n = a2n+1 − a2n+2 ≥ 0,

s2n+1 − s2n−1 = a2n+1 − a2n ≤ 0,

dhlad  h akoloujÐa {s2n} eÐnai aÔxousa en¸ h akoloujÐa {s2n−1} eÐnai fjÐ-
nousa.

EpÐshc, gi� n ∈ N,
s2n = a1 − a2 + a3 − · · · − a2n

= a1 − [(a2 − a3) + · · ·+ (a2n−2 − a2n−1) + a2n]
≤ a1,

dhlad  h {s2n} eÐnai �nw fragmènh. Jètoume s := lim s2n. Tìte

lim s2n+1 = lim(s2n + a2n+1) = s + 0 = s.

DeÐxame loipìn ìti
lim s2n+1 = lim s2n = s.

Apì thn 'Askhsh 1.6.26 prokÔptei ìti h {sn} eÐnai suklÐnousa kai lim sn = s.
Epiplèon, epeid  h {s2n} eÐnai aÔxousa kai h {s2n−1} eÐnai fjÐnousa, ja
èqoume

(2.3) s2n ≤ s ≤ s2n+1 ≤ s2n−1, ∀n ∈ N.

ApodeiknÔoume, tèloc, thn anisìthta |s−sn| ≤ an+1, n ∈ N. StejeropoioÔme
n ∈ N.
PerÐptwsh 1: n =�rtioc= 2k, k ∈ N. Tìte h (2.3) dÐnei

|s− sn| = |s− s2k| ≤ |s2k+1 − s2k| = a2k+1 = an+1.
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PerÐptwsh 2: n =perittìc= 2k − 1, k ∈ N. Tìte h (2.3) dÐnei

|s− sn| = |s− s2k−1| ≤ |s2k−1 − s2k| = a2k = an+1.

¤

Je¸rhma 2.2.14 (Krit rio toÔ oloklhr¸matoc) Upojètoume ìti h sun�r-
thsh f : [m,∞) → [0,∞), m ∈ N eÐnai fjÐnousa. Tìte h seir�

∑∞
n=m f(n)

sugklÐnei an kai mìno an to genikeumèno olokl rwma
∫∞
m f(x) dx sugklÐnei.

Apìdeixh. Jètoume

S(x) :=
∫ x

m
f, x ∈ [m,∞)

kai

sn =
n∑

k=m

f(k), n ≥ m.

Epeid  h f eÐnai fjÐnousa, ja èqoume gia k�je k ≥ m

f(k + 1) ≤
∫ k+1

k
f ≤ f(k).

Prosjètontac tic pr¸tec anisìthtec apì k = m èwc k = n− 1 prokÔptei

sn − f(m) ≤
∫ n

m
f = S(n), n ≥ m.

Prosjètontac tic deÔterec anisìthtec apì k = m èwc k = n prokÔptei

S(n + 1) =
∫ n+1

m
f ≤ sn, n ≥ m.

'Ara S(n+1) ≤ sn ≤ S(n)+f(m), ∀n ≥ m. Apì tic anisìthtec autèc èpetai
ìti h akoloujÐa {sn} eÐnai �nw fragmènh an kai mìno an h sun�rthsh S eÐnai
�nw fragmènh. Epeid  ∫ ∞

m
f = lim

x→∞S(x),

sumperaÐnoume ìti h seir�
∑∞

n=m f(n) sugklÐnei an kai mìno an to genikeu-
mèno olokl rwma

∫∞
m f(x) dx sugklÐnei. ¤

Par�deigma 2.2.15 Qrhsimopoi¸ntac th sun�rthsh

f(x) =
1
xp

, x ∈ [1,∞)

sto krit rio toÔ oloklhr¸matoc eÔkola brÐskoume ìti h h seir�
∑∞

n=1
1
np

sugklÐnei an kai mìno an p > 1. To apotèlesma autì prokÔptei kai apì to
krit rio sumpÔknwshc toÔ Cauchy (bl. Par�deigma 2.2.2).
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Par�deigma 2.2.16 Jètoume

f(x) =
1

x log x(log log x)p
, x ∈ [3,∞),

ìpou p pragmatik  par�metroc. Epeid  o log�rijmoc eÐnai aÔxousa sun�r-
thsh, h f eÐnai austhr� fjÐnousa kai jetik  gia x ≥ 3 > e. K�nontac thn
antikat�stash u = log log x, brÐskoume ìti

∫ n

3
f(x) dx =

∫ log log n

log log 3

1
up

du.

'Ara to genikeumèno olokl rwma
∫∞
3 f sugklÐnei an kai mìno an p > 1. Apì

to krit rio toÔ oloklhr¸matoc sumperaÐnoume ìti h seir�

∞∑

n=3

1
n log n(log log n)p

sugklÐnei an kai mìno an p > 1.

2.3 Anadiat�xeic seir¸n

Orismìc 2.3.1 DÐnetai mi� akoloujÐa {an}∞n=1. Mi� akoloujÐa {a′n}∞n=1

onom�zetai anadi�taxh t c {an}∞n=1 an up�rqei 1-1 kai epÐ sun�rthsh N 3
n 7→ k(n) ∈ N tètoia ¸ste

a′n = ak(n), ∀n ∈ N.

An h {a′n}∞n=1 eÐnai anadi�taxh t c {an}∞n=1 tìte h seir�
∑∞

n=1 a′n onom�zetai
anadi�taxh thc seir�c

∑∞
n=1 an

Par�deigma 2.3.2 H akoloujÐa

1,
1
3
,
1
2
,
1
5
,
1
4
,
1
7
,
1
6
,
1
9
,
1
8
, . . .

kai h akoloujÐa

1,
1
2
,
1
4
,
1
3
,
1
6
,
1
8
,
1
5
,

1
10

,
1
12

,
1
7
, . . .

eÐnai kai oi dÔo anadiat�xeic thc akoloujÐac { 1
n}.

Par�deigma 2.3.3 JewroÔme thn enall�ssousa armonik  seir�

1− 1
2

+
1
3
− 1

4
+

1
5
−+ . . .

'Opwc eÐnai gnwstì (bl. Je¸rhma 2.2.13), h seir� aut  sugklÐnei all� de
sugklÐnei apìluta; epÐshc gia to �jroism� thc s isqÔei 0 < s < 1.
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JewroÔme kai thn anadi�taxh

(2.4) 1− 1
2
− 1

4
+

1
3
− 1

6
− 1

8
+

1
5
−−+ . . .

poÔ prokÔptei me thn diadoqik  �jroish enìc jetikoÔ ìrou kai dÔo arnhtik¸n.
SumbolÐzoume me sn kai me s′n ta merik� ajroÐsmata thc arqik c seir�c kai
thc anadi�tax c thc, antÐstoÐqwc. IsqÔei

s′3n = (1− 1
2
)− 1

4
+ (

1
3
− 1

6
)− 1

8
+ · · ·+ (

1
2n− 1

− 1
4n− 2

)− 1
4n

=
1
2
− 1

4
+

1
6
− 1

8
+ · · ·+ 1

4n− 2
− 1

4n

=
1
2

(
1− 1

2
+

1
3
− 1

4
+ · · ·+ 1

2n− 1
− 1

2n

)

=
1
2
s2n.

'Ara lim s′3n = 1
2 lim s2n = 1

2s.
Me parìmoio trìpo apodeiknÔetai ìti

lim s′3n−1 = lim s′3n−2 = lim s′3n =
1
2
s.

Sunep¸c (giatÐ?) h seir� (2.4) sugklÐnei kai m�lista to �jroism� thc eÐnai
1
2s 6= s.

To parap�nw par�deigma deÐqnei ìti h anadi�taxh mi�c seir�c mporeÐ na èqei
�jroisma diaforetikì apì autì thc arqik c seir�c. To fainìmeno autì-
ìpwc deÐqnoun ta akìlouja jewr mata-eÐnai qarakthristikì twn seir¸n pou
sugklÐnoun all� den sugklÐnoun apolÔtwc.

Je¸rhma 2.3.4 An h seir�
∑∞

n=1 an sugklÐnei apolÔtwc, tìte ìlec oi ana-
diat�xeic thc sugklÐnoun ston Ðdio arijmì.

Apìdeixh. 'Estw sn ta merik� ajroÐsmata thc seir�c
∑∞

n=1 an kai èstw∑∞
n=1 ak(n) mi� anadi�tax  thc me merik� ajroÐsmata s′n.

Apì to krit rio toÔ Cauchy up�rqei no ∈ N tètoio ¸ste gia m ≥ n ≥ no,

(2.5)
m∑

k=n

|ak| < ε.

Dialègoume p ∈ N arkoÔntwc meg�lo ¸ste oi fusikoÐ 1, 2, . . . , no na periè-
qontai ìloi sto sÔnolo

{k(1), k(2), . . . , k(p)}.
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Exet�zoume t¸ra th diafor� |s′n − sn| gia n ≥ p. Oi arijmoÐ a1, a2, . . . , ano

aplopoioÔntai ki ètsi, lìgw thc (2.5), prokÔptei

|s′n − sn| = |ak(1) + · · ·+ ak(n) − (a1 + · · ·+ an)|
≤ |ano+1|+ |ano+2|+ · · · ≤ ε

2
.

DeÐxame loipìn ìti up�rqei p ∈ N tètoioc ¸ste gia n ≥ p, isqÔei |sn−s′n| < ε,
dhlad 

lim
n→∞(sn − s′n) = 0.

Efìson h {sn} sugklÐnei, kai h {s′n} ja sugklÐnei kai m�lista sto Ðdio ìrio.
¤

Je¸rhma 2.3.5 (Riemann) 'Estw
∑∞

n=1 an mi� seir� poÔ sugklÐnei all�
den sugklÐnei apolÔtwc. An −∞ ≤ s ≤ t ≤ +∞, tìte up�rqrei anadi�tax 
thc

∑∞
n=1 a′n me merik� ajroÐsmata s′n tètoia ¸ste

lim inf s′n = s, lim sup s′n = t.

Gia thn apìdeixh tou jewr matoc parapèmpoume sta biblÐa [?], [?], [?].

2.4 Parast�seic arijm¸n

Prìtash 2.4.1 'Estw p ∈ N me p ≥ 2. An gia touc ìrouc thc akoloujÐac
{kn}∞n=1 isqÔei 0 ≤ kn ≤ p− 1, tìte h seir�

∞∑

n=1

kn

pn

sugklÐnei proc ènan arijmì poÔ an kei sto di�sthma [0, 1].

Apìdeixh. Epeid  o genikìc ìroc thc seir�c eÐnai mh arnhtikìc, arkeÐ na
deÐxoume ìti o arijmìc 1 eÐnai �nw fr�gma thc akoloujÐac twn merik¸n a-
jroism�twn. Pr�gmati

N∑

n=1

kn

pn
≤

N∑

n=1

p− 1
pn

≤ (p− 1)
∞∑

n=1

1
pn

= 1.

¤

Prìtash 2.4.2 'Estw p ∈ N me p ≥ 2 kai èstw x ∈ (0, 1]. Up�rqei akolou-
jÐa akeraÐwn arijm¸n {kn} tèoia ¸ste:
(a) 0 ≤ kn ≤ p− 1, ∀n ∈ N,
(b)

x =
∞∑

n=1

kn

pn
,

(g) kn 6= 0 gia �peira n.
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Apìdeixh. Kataskeu�zoume thn akoloujÐa {kn} epagwgik�: 'Estw k1 o mega-
lÔteroc akèraioc me k1/p < x. Tìte 0 ≤ k1 ≤ p−1 kai k1/p < x ≤ (k1+1)/p.
'Estw k2 o megalÔteroc akèraioc me

k1

p
+

k2

p2
< x.

Tìte isqÔei 0 ≤ k2 ≤ p− 1 kai

k1

p
+

k2

p2
< x ≤ k1

p
+

k2 + 1
p2

.

SuneqÐzontac ètsi prokÔptei mia akoloujÐa akeraÐwn {kn} tètoia ¸ste 0 ≤
kn ≤ p− 1 kai

(2.6)
k1

p
+

k2

p2
+ . . .

kn

pn
< x ≤ k1

p
+

k2

p2
+ · · ·+ kn + 1

pn
.

PaÐrnontac t¸ra ìria gia n →∞ prokÔptei ìti

(2.7) x =
∞∑

n=1

kn

pn
.

H (2.6) dÐnei

(2.8) 0 < x−
n∑

j=1

kj

pj
≤ 1

pn
.

An up rqe jo ∈ N tètoio ¸ste kj = 0, ∀j ≥ jo, tìte h (2.8) ja erqìtan se
antÐjesh me thn (2.7). 'Ara up�rqoun �peira n gia ta opoÐa kn 6= 0. ¤
Gia ènan arijmì x ∈ (0, 1], an iqÔei

x =
∞∑

n=1

kn

pn

me p ∈ N, p ≥ 2 kai 0 ≤ kn ≤ p − 1, ∀n ∈ N, h parap�nw seir� onom�zetai
p-adik  par�stash toÔ x. Sun jwc gr�foume x = 0.k1k2k3 . . . (b�sh p)  
x = 0.pk1k2k3 . . . . An kn = 0 apì èna deÐkth kai pèra, tìte h par�stash
lègetai termatizìmenh. H Prìtash 2.4.2 eggu�tai gia k�je x ∈ (0, 1] thn
Ôparxh mi�c mh termatizìmenhc par�stashc toÔ x. H p-adik  par�stash
enìc x ∈ (0, 1) den eÐnai p�nta monadik . Gia par�deigma, isqÔei

1
2

=
5
10

=
4
10

+
∞∑

n=2

9
10n

,

dhlad  1/2 = 0.5000 · · · = 0.4999 . . . (b�sh 10). Ja apodeÐxoume ìti h mh
termatizìmenh par�stash enìc arijmoÔ eÐnai monadik . Ja qreiastoÔme to
akìloujo l mma.
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L mma 2.4.3 An x = 0.k1k2 . . . eÐnai mi� mh termatizìmenh p-adik  par�-
stash enìc arijmoÔ x ∈ (0, 1), tìte gia k�je n ∈ N, isqÔei

(2.9)
k1

p
+

k2

p2
+ . . .

kn

pn
< x ≤ k1

p
+

k2

p2
+ · · ·+ kn + 1

pn
.

Apìdeixh. IsqÔei

(2.9) ⇐⇒ 0.k1k2 . . . kn < x ≤ 0.k1k2 . . . (kn + 1)
⇐⇒ 0 < x− 0.k1k2 . . . kn ≤ 0.0 . . . 1
⇐⇒ 0 < 0.0 . . . 0kn+1 · · · ≤ 0.0 . . . 1 (b�sh p)

⇐⇒ 0 <
∞∑

j=n+1

kj

pj
≤ 1

pn
.

Oi teleutaÐec anisìthtec isqÔoun kai �ra to l mma apodeÐqjhke. ¤

Prìtash 2.4.4 'Estw p ∈ N me p ≥ 2. K�je x ∈ (0, 1] èqei monadik  mh
termatizìmenh p-adik  par�stash.

Apìdeixh. H Prìtash 2.4.2 lèei ìti k�je x ∈ (0, 1) èqei mi� mh termatizìmenh
p-adik  par�stash. 'Estw ìti to x èqei dÔo mh termatozìmenec p-adikèc
parast�seic: x = 0.a1a2 . . . = 0.b1b2 . . . . 'Estw m o pr¸toc deÐkthc gia ton
opoÐo am 6= bm. MporoÔme na upojèsoume ìti am > bm. Apì to L mma 2.4.3
prokÔptei

(2.10)
a1

p
+

a2

p2
+ . . .

am

pm
< x ≤ a1

p
+

a2

p2
+ · · ·+ am + 1

pm
.

kai

(2.11)
b1

p
+

b2

p2
+ . . .

bm

pm
< x ≤ b1

p
+

b2

p2
+ · · ·+ bm + 1

pm
.

Apì tic parap�nw anisìthtec kai apì tic isìthtec aj = bj , j = 1, 2, . . .m− 1
paÐrnoume tic anisìthtec

0 < x− y − am

pm
≤ 1

pm

kai
0 < x− y − bm

pm
≤ 1

pm
,

ìpou

y =
m−1∑

j=1

aj

pj
=

m−1∑

j=1

bj

pj
.

'Ara

0 <
am − bm

pm
≤ 1

pm
.

kai epomènwc am = bm + 1. Antikajist¸ntac am = bm + 1 stic (2.10) kai
(2.11) katal goume se �topo. ¤
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Prìtash 2.4.5 'Estw p ∈ N me p ≥ 2 kai èstw x ∈ (0, 1). O x èqei
termatizìmenh p-adik  par�stash an kai mìno an eÐnai thc morf c x = m

pn ,
ìpou m, n ∈ N.
Apìdeixh. An to x èqei termatizìmenh par�stash tìte

x =
k1

p
+

k2

p2
+ . . .

kN

pN
,

dhlad  x = m
pN me m = k1p

N−1 + · · ·+ kN−1p + aN ∈ N.
Antistrìfwc, èstw ìti x = m

pn . Apì ton algìrijmo toÔ EukleÐdh m =
k1p

N−1+· · ·+kN−1p+aN ∈ N gia kat�llhlouc akeraÐouc kj , j = 1, 2, . . . , N .
'Ara

x =
k1

p
+

k2

p2
+ . . .

kN

pN
,

dhlad  x = 0.k1 . . . kN (b�sh p). ¤

MporeÐ na apodeiqjeÐ epipleìn (bl. 'Askhsh 2.6.17) ìti oi arijmoÐ thc morf c
x = m

pn èqoun monadik  termatizìmenh p-adik  par�stash.

Par�deigma 2.4.6 Qrhsimopoi¸ntac tic dekadikèc parast�seic arijm¸n mpo-
roÔme na d¸soume mi� deÔterh apìdeixh toÔ Jewr matoc 1.2.14 (to di�sthma
(0, 1) eÐnai uperarijm simo).

Apìdeixh: To (0, 1) den eÐnai peperasmèno sÔnolo afoÔ perièqei ìlouc touc
arijmoÔc thc morf c 1

n , n = 2, 3, . . . . Ac upojèsoume ìti to (0, 1) eÐnai
arijm simo. 'Estw

(0, 1) = {a1, a2, . . . }
mi� arÐjmhs  tou. 'Estw

aj = 0.aj1aj2aj3 . . .

h mh termatizìmenh dekadik  par�stash tou aj , j = 1, 2, . . . . JewroÔme ton
arijmì b ∈ (0, 1) me mh termatizìmenh dekadik  par�stash

b = 0.b1b2 . . . ,

ìpou bk = 3 an akk 6= 3 kai bk = 5 an akk = 3. Tìte b 6= aj , ∀j ∈ N
diìti oi b kai aj diafèroun sto k-sto dekadikì yhfÐo; ed¸ qrhsimopoieÐtai h
monadikìthta thc mh termatizìmenhc dekadik c par�stashc (Prìtash 2.4.4).
Katal xame loipìn se �topo. 'Ara to (0, 1) eÐnai uperarijm simo. ¤

2.5 To sÔnolo kai h sun�rthsh toÔ Cantor

'Estw I0 = [0, 1]. AfairoÔme apì to I0 to di�sthma (1
3 , 2

3) kai jètoume

I1 = I0 \
(

1
3
,
2
3

)
=

[
0,

1
3

]
∪

[
2
3
, 1

]
.
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AfairoÔme apì ta diast mata [0, 1
3 ] kai [23 , 1] to mesaÐo touc anoiktì di�sthma

kai prokÔptei to sÔnolo

I2 =
[
0,

1
9

]
∪

[
2
9
,
3
9

]
∪

[
6
9
,
7
9

]
∪

[
8
9
, 1

]
.

SuneqÐzontac aut  th diadikasÐa prokÔptei mi� akoloujÐa kleist¸n sunìlwn
In, n = 0, 1, 2, . . . tètoia ¸ste
(a) I0 ⊃ I1 ⊃ I2 ⊃ . . . .
(b) To In eÐnai ènwsh 2n kleist¸n diasthm�twn m kouc 1

3n to kajèna.

Jètoume

C =
∞⋂

n=1

In.

Orismìc 2.5.1 To sÔnolo C onom�zetai (triadikì) sÔnolo toÔ Cantor.

Jètoume Jn = In−1 \ In, n = 1, 2, . . . , dhlad  to Jn eÐnai to sÔnolo poÔ
afairoÔme apì to In−1 ¸ste na prokÔyei to In. To Jn eÐnai ènwsh 2n−1

xènwn an� dÔo, anoikt¸n mesaÐwn diast m�twn. Kajèna apì aut� èqei m koc
1
3n . 'Etsi isqÔei

[0, 1] \ In = J1 ∪ J2 ∪ · · · ∪ Jn.

Parat rhsh 2.5.2 1. To C eÐnai kleistì sÔnolo wc tom  kleist¸n sunì-
lwn.
2. To C den eÐnai to kenì sÔnolo diìti 0 ∈ C kai 1 ∈ C. M�lista to
C eÐnai �peiro sÔnolo. Pragmatik� ta �kra twn diasthm�twn In oudèpote
afairoÔntai kat� thn kataskeu  toÔ C. Dhlad  ta shmeÐa

0,
1
3
,

2
3
,

1
9
,

2
9
, . . .

an koun ìla sto C. Onom�zoume aut� ta shmeÐa akraÐa shmeÐa toÔ C.
(g) Ta akraÐa shmeÐa toÔ C eÐnai shmeÐa thc morf c m

3n , ìpou m,n ∈ N∪{0}.
ParathroÔme ìti, an exairèsoume to 0 kai to 1, aut� eÐnai shmeÐa pou èqoun
dÔo triadikèc parast�seic.

Je¸rhma 2.5.3 To sÔnolo [0, 1]\C eÐnai ènwsh arijmhsÐmou pl jouc, xènwn
an� dÔo, anoikt¸n diasthm�twn sunolikoÔ m kouc 1.

Apìdeixh. 'Opwc eÐdame parap�nw [0, 1] \ In = J1 ∪ J2 ∪ · · · ∪ Jn. 'Ara

[0, 1] \ C = [0, 1] \
( ∞⋂

n=1

In

)
=

∞⋃

n=1

([0, 1] \ In)

=
∞⋃

n=1

(J1 ∪ J2 ∪ · · · ∪ Jn) =
∞⋃

n=1

Jn.
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Ta Jn eÐnai xèna an� dÔo anoikt� sÔnola. K�je Jn eÐnai ènwsh 2n−1 xènwn an�
dÔo anoikt¸n diasthm�twn m kouc 1

3n to kajèna. 'Ara to [0, 1]\C eÐnai ènwsh
arijmhsÐmou pl jouc, xènwn an� dÔo, anoikt¸n diasthm�twn. To sunolikì
m koc twn diasthm�twn aut¸n eÐnai

∞∑

n=1

2n−1

3n
=

1
3

∞∑

n=1

(
2
3

)n−1

=
1
3

1
1− 2

3

= 1.

¤

MeletoÔme t¸ra tic triadikèc (me b�sh 3 dhlad ) parast�seic twn stoiqeÐwn
toÔ C. BrÐskoume pr¸ta tic triadikèc parast�seic twn akraÐwn shmeÐwn toÔ
I1 = [0, 1

3 ] ∪ [23 , 1].

0 = 0.3000 . . .
1
3

= 0.31 = 0.30222 . . .

2
3

= 0.32 = 0.31222 . . .

1 = 1.300 · · · = 0.3222 . . .

'Ara ta akraÐa shmeÐa toÔ I1 èqoun mÐa toul�qiston triadik  par�stash me
yhfÐa mìno 0 kai 2 (kai ìqi 1).

'Estw x ∈ (0, 1
3) kai x = 0.3a1a2 . . . mi� triadik  par�stash toÔ x. An

a1 = 1, tìte x = 0.31a2a3 · · · ≥ 0.31 = 1
3 . 'Atopo. An a1 = 2, tìte

x = 0.32a2a3 · · · > 0.31 = 1
3 . 'Atopo. 'Ara a1 = 0. Antistrìfwc: an a1 = 0,

tìte
0 ≤ x = 0.30a2a3 · · · ≤ 0.30222 · · · = 1

3
,

dhlad  x ∈ [0, 1
3 ].

Me parìmoio trìpo brÐskoume ìti x ∈ [23 , 1] an kai mìno an gia mi� triadik 
par�stash tou x isqÔei a1 = 2. SumperaÐnoume loipìn ìti x ∈ I1 an kai mìno
an gia mi� triadik  par�stash tou x isqÔei a1 = 0   a1 = 2.

Ergazìmaste an�loga kai gia to deÔtero yhfÐo a2 kai brÐskoume ìti x ∈ I2

an kai mìno an aj = 0   aj = 2 gia j = 1, 2. Me epagwg  apodeiknÔetai ìti
genikìtera isqÔei x ∈ In an kai mìno an aj = 0   aj = 2 gia j = 1, 2, . . . , n.
Katal goume epomènwc sto parak�tw je¸rhma.

Je¸rhma 2.5.4 'Enac arijmìc x ∈ [0, 1] an kei sto sÔnolo C an kai mìno
an x = 0.3a1a2 . . . me ak ∈ {0, 2}, k ∈ N.

Ja qrhsimopoi soume t¸ra autìn ton qarakthrismì twn shmeÐwn tou C gia
na apodeÐxoume ìti to sÔnolo toÔ Cantor eÐnai uperarijm simo.

Je¸rhma 2.5.5 To C eÐnai uperarijm simo.
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Apìdeixh. OrÐzoume th sun�rthsh f : C → [0, 1] wc ex c: 'Estw x ∈ C. To
x èqei mi� triadik  par�stash x = 0.3k1k2 . . . me kj ∈ {0, 2}, j = 1, 2, . . . .
OrÐzoume

f(x) = f(0.3k1k2 . . . ) = 0.2
k1

2
k2

2
. . .

H f apeikonÐzei to C epÐ toÔ [0, 1]. 'Ara (bl. Prìtash 1.2.3) to [0, 1] eÐnai
isodÔnamo me èna uposÔnolo toÔ C. Epomènwc to C eÐnai uperarijm simo.
¤
H sun�rthsh f sthn parap�nw apìdeixh den eÐnai 1 − 1. Gia par�deigma,
isqÔei

f

(
1
3

)
= f(0.30222 . . . ) = 0.20111 · · · = 0.21.

kai
f

(
2
3

)
= f(0.32) = 0.21.

Genikìtera h f paÐrnei thn Ðdia tim  sta �kra k�je mesaÐou anoiktoÔ diast -
matoc pou afaireÐtai kat� thn kataskeu  toÔ C. Pr�gmati, eÐnai eÔkolo na
deÐ kaneÐc ìti aut� ta afairoÔmena diast mata eÐnai thc morf c

(0.3a1a2 . . . am1, 0.3a1a2 . . . am2)

ìpou aj ∈ {0, 2}, j = 1, 2, . . . , m. Epomènwc

f(0.3a1a2 . . . am1) = f(0.3a1a2 . . . am0222 . . . ) = 0.2
a1

2
. . .

am

2
0111 . . .

= 0.2
a1

2
. . .

am

2
1

= f(0.3a1a2 . . . am2).

EpekteÐnoume t¸ra thn f sto [0, 1]: 'Estw x ∈ [0, 1]\C. Tìte to x an kei se
èna apì ta afairoÔmena mesaÐa diast mata (a, b). 'Opwc eÐdame f(a) = f(b).
Jètoume f(x) := f(a) = f(b).

Orismìc 2.5.6 H sun�rthsh f : [0, 1] → [0, 1] pou orÐsthke parap�nw ono-
m�zetai sun�rthsh toÔ Cantor.

EÐnai profanèc ìti h sun�rthsh toÔ Cantor eÐnai aÔxousa. Stic ask seic
autoÔ tou kefalaÐou all� kai sta epìmena kef�laia ja doÔme pollèc akìma
idiìthtec toÔ sunìlou kai thc sun�rthshc toÔ Cantor.

2.6 Ask seic

2.6.1 DeÐxte ìti an h seir�
∑∞

n=1 an sugklÐnei, tìte lim an = 0.

2.6.2 BreÐte to �jroisma thc seir�c
∞∑

n=1

1
n(n + 1)

.
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2.6.3 DÐnontai dÔo sugklÐnousec seirèc
∑∞

n=1 an kai
∑∞

n=1 bn kai ènac arijmìc
c ∈ R. DeÐxte ìti oi seirèc

∑∞
n=1 can kai

∑∞
n=1(an + bn) sugklÐnoun kai m�lista

∞∑
n=1

can = c

∞∑
n=1

an,

∞∑
n=1

(an + bn) =
∞∑

n=1

an +
∞∑

n=1

bn.

2.6.4 DeÐxte ìti an mi� seir� sugklÐnei apolÔtwc, tìte sugklÐnei.

2.6.5 Mi� seir� èqei merik� ajroÐsmata sn. DeÐxte ìti h sÔgklish thc {sn}
sunep�getai th sÔgklish thc {|sn|}. IsqÔei to antÐstrofo?

2.6.6? (Abel) 'Estw
∑∞

n=1 mi� seir� jetik¸n ìrwn h opoÐa apoklÐnei. 'Estw sn

ta merik� thc ajroÐsmata. DeÐxte ìti
(a) H seir�

∞∑
n=1

an

sn

apoklÐnei.
(b) H seir�

∞∑
n=1

an

s2
n

sugklÐnei.

Krit ria sÔgklishc

2.6.7 BreÐte gia poièc timèc toÔ x sugklÐnoun   apoklÐnoun oi parak�tw seirèc
arqÐzontac me ta krit ria toÔ lìgou kai thc rÐzac.
(a)

∑∞
n=1 nnxn , (b)

∑∞
n=1

2n

n! x
n , (g)

∑∞
n=1

n3

3n xn.

2.6.8 Exet�ste th sÔgklish   thn apìklish twn seir¸n
(a)

∑∞
n=1

(−1)n

n log n , (b)
∑∞

n=1
(−2)nn2

(n+2)! , (g)
∑∞

n=1
(−1)n log n

n .

2.6.9 BreÐte dÔo akoloujÐec jetik¸n arijm¸n {an} kai {bn} tètoiec ¸ste

lim sup n
√

an = lim sup n
√

bn = 1

kai h
∑∞

n=1 an sugklÐnei en¸ h
∑∞

n=1 bn apoklÐnei.

2.6.10 BreÐte dÔo akoloujÐec jetik¸n arijm¸n {an} kai {bn} tètoiec ¸ste

lim sup
an+1

an
= lim sup

bn+1

bn
= 1

kai h
∑∞

n=1 an sugklÐnei en¸ h
∑∞

n=1 bn apoklÐnei.

2.6.11 Exet�ste th sÔgklish thc seir�c

1
2

+ 1 +
1
8

+
1
4

+
1
32

+
1
16

+
1

128
+

1
64

+ . . .

me ta krit ria toÔ lìgou kai thc rÐzac.
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2.6.12 DeÐxte ìti an an > 0 gi� k�je n ∈ N kai h seir�
∑∞

n=1 an sugklÐnei, tìte
kai oi seirèc

∞∑
n=1

a2
n,

∞∑
n=1

an

1 + an
,

∞∑
n=1

a2
n

1 + a2
n

,

∞∑
n=1

√
anan+1,

∞∑
n=1

√
an

n

sugklÐnoun.

2.6.13

2.6.14 JewroÔme thn akoloujÐa

tn = 1 +
1
2

+
1
3

+ · · ·+ 1
n
− log n.

(a) DeÐxte ìti tn > 0 gia k�je n ∈ N.
(b) DeÐxte ìti tn − tn+1 > 0 gia k�je n ∈ N.
(g) DeÐxte ìti h akoloujÐa {tn} sugklÐnei. (To ìriì thc sumbolÐzetai me γ kai
onom�zetai stajer� toÔ Euler).

2.6.15 (sunèqeia thc 'Askhshc 2.6.14). 'Estw hn ta merik� ajroÐsmata thc seir�c∑∞
n=1

(−1)n−1

n kai èstw sn ta merik� ajroÐsmata thc seir�c
∑∞

n=1
1
n .

(a) DeÐxte ìti s2n = h2n − hn.
(b) DeÐxte ìti hn − log n → γ.
(g) DeÐxte ìti s2n → log 2.
(d) DeÐxte ìti

∞∑
n=1

(−1)n−1

n
= log 2.

Anadiat�xeic seir¸n

2.6.16 DeÐxte ìti an mi� seir� sugklÐnei apolÔtwc, tìte k�je anadi�tax  thc
sugklÐnei apolÔtwc.

Parast�seic arijm¸n

2.6.17? 'Estw p ∈ N me p ≥ 2 kai èstw x ∈ (0, 1). O arijmìc x èqei akrib¸c dÔo
p-adikèc parast�seic an kai mìno �n o x eÐnai thc morf c x = m

pn , ìpou m,n ∈ N.

2.6.18 'Estw x ∈ (0, 1). DeÐxte ìti to x èqei termatizìmenh dekadik  par�stash
an kai mìno an up�rqoun m,n ∈ N ∪ {0} tètoia ¸ste o arijmìc 2m5nx na eÐnai
akèraioc.

2.6.19 Mi� mh termatizìmenh p-adik  par�stash x = 0.k1k2 . . . onom�zetai pe-
riodik  me perÐodo q an up�rqoun q, k ∈ N tètoia ¸ste kn+q = kn gia k�je n > k.
'Estw x ∈ (0, 1). DeÐxte ìti h p-adik  par�stash (  oi p-adikèc parast�seic) toÔ x
eÐnai periodikèc an kai mìno an x ∈ Q.
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2.6.20 DeÐxte ìti to sÔnolo twn arijm¸n toÔ (0, 1) twn opoÐwn h dekadik  par�-
stash (  oi dekadikèc parast�seic, an èqei dÔo tètoiec) den perièqei 7�ria kai 3�ria
eÐnai uperarijm simo.

To sÔnolo kai h sun�rthsh toÔ Cantor

2.6.21 Exet�ste an o arijmìc 1
4 an kei sto C. EÐnai akraÐo shmeÐo toÔ C?

2.6.22 BreÐte to eswterikì, to perÐblhma kai to sÔnoro toÔ C (sthn topologÐa
toÔ R).

2.6.23 (a) DeÐxte ìti to sÔnolo C toÔ Cantor den perièqei kanèna di�sthma.
(b) DeÐxte ìti to C eÐnai poujen� puknì. ('Ena sÔnolo onom�zetai poujen� puknì
an (C)o = ∅).

2.6.24 DeÐxte ìti gia k�je x ∈ C \ {0} up�rqei mi� gnhsÐwc aÔxousa akoloujÐa
{xn} ⊂ C me limn→∞ xn = x.

2.6.25 DeÐxte ìti gia to sÔnolo C ′ twn shmeÐwn suss¸reushc toÔ C isqÔei C ′ =
C (dhlad  to C eÐnai tèleio sÔnolo).

2.6.26 Qrhsimopoi ste th sun�rthsh toÔ Cantor kai thn 'Askhsh 1.6.20 gi� na
deÐxete ìti C ∼ [0, 1].

2.6.27 Melet ste th sunèqeia thc qarakthristik c sun�rthshc χC toÔ C.

2.6.28 'Estw C1 to sÔnolo twn akraÐwn shmeÐwn toÔ C. DeÐxte ìti h sun�rthsh
toÔ Cantor eÐnai gnhsÐwc aÔxousa sto C \ C1.

2.6.29 DeÐxte ìti gia th sun�rthsh f toÔ Cantor isqÔei

f(x) = sup{f(y) : y ∈ C, y ≤ x}, x ∈ [0, 1].

2.6.30 'Estw 0 < α < 1. Kataskeu�zoume èna sÔnolo Cα tÔpou Cantor wc ex c:
Sto pr¸to b ma afairoÔme apì to [0, 1] èna �mesaÐo� anoiktì di�sthma m kouc
(1 − α) 3−1. Sto n b ma afairoÔme 2n−1 anoikt� diast mata m kouc (1 − α) 3−n.
DeÐxte ìti to Cα eÐnai èna tèleio, uperarijm simo, sÔnolo pou den perièqei k�nèna
di�sthma.


