
(lp)
∗ = lq

Je¸rhma An 1 < p < ∞, o duikoc (lp)
∗ eÐnai isometrik� isìmorfoc me ton lq opou 1

p
+ 1

q
= 1.

Apìdeixh. Ja ergastoÔme sthn perÐptwsh twn pragmatik¸n qwrwn lp (h perÐptwsh migadik¸n
lp einai analogh). Estw F : lp → R fragmnèno grammikì sunarthsoeidèc. QrhsimopoioÔme ta
stoiqeÐa

en = (0, 0, · · · 0, 1, 0, · · · ) ∈ lp, (to 1 sthn n-usth jesh)

kai kataskeu�zome thn akoloujÐa me orouc yk = F (ek), dhlad ,

y = yF = (F (e1), F (e2), F (e3), · · · ).

Jetome

γk =

{
|F (ek)|q
F (ek)

, an F (ek) 6= 0

0, an F (ek) = 0

kai ja eqome

N∑
k=1

|yk|q =
N∑

k=1

γkF (ek)

=F

(
N∑

k=1

γkek

)

≤‖F‖

(
N∑

k=1

|γk|p
) 1

p

=‖F‖

(
N∑

k=1

|F (ek)|(q−1)p

) 1
p

=‖F‖

(
N∑

k=1

|yk|q
) 1

p

,

ara (
N∑

k=1

|yk|q
)1− 1

p

≤ ‖F‖, dhl.

(
N∑

k=1

|yk|q
) 1

q

≤ ‖F‖.

Af nontac N →∞, (
∞∑

k=1

|yk|q
) 1

q

≤ ‖F‖,

ara yF = (y1, y2, · · · ) ∈ lq kai

(1) ‖yF‖q ≤ ‖F‖.
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Ex allou gia x = (x1, x2, · · · ) ∈ lp

‖x−
m∑

k=1

xkek‖p =‖(x1, x2, · · · )− (x1, x2, · · · , xm, 0, 0, · · · )‖p

=

(
∞∑

k=m+1

|xk|p
) 1

p

→ 0 kajwc m →∞,

ara h seira
∑∞

k=1 xkek sugklinei kai
∑∞

k=1 xkek = x. Apo thn suneqeia tou F ja eqome

(2) F (x) =
∞∑

k=1

xkF (ek)

kai

|F (x)| =

∣∣∣∣∣
∞∑

k=1

xkF (ek)

∣∣∣∣∣ =

∣∣∣∣∣
∞∑

k=1

xkyk

∣∣∣∣∣
Holder

≤

(
∞∑

k=1

|xk|p
) 1

p
(

∞∑
k=1

|yk|q
) 1

q

= ‖yF‖q‖x‖p,

epomenwc ‖F‖ ≤ ‖yF‖q. Apo thn (1) eqome isìthta:

(3) ‖F‖ = ‖yF‖q.

Mèqri t¸ra eqome deÐxei oti gia kaje F ∈ (lp)
∗ uparqei akoloujÐa y = yF ∈ lq me ‖yF‖ = ‖F‖.

OrÐzome thn apeikìnish

T : (lp)
∗ → lq, T (F ) = yF ,

kai parathroÔme oti
1. H T einai grammik . Pragmati

T (λF1 + µF2) =((λF1 + µF2)(e1), (λF1 + µF2)(e2), · · · )
=(λF1(e1) + µF2(e1), λF1(e2) + µF2(e2), · · · )
=(λF1(e1), λF1(e2), · · · ) + (µF2(e1), µF2(e2), · · · )
=λ(F1(e1), F1(e2), · · · ) + µ(F2(e1), F2(e2), · · · )
=λyF1 + µyF2

=λT (F1) + µT (F2), (λ, µ ∈ R, F1, F2 ∈ (lp)
∗).

2. H T einai 1-1. Pr�gmati an yF = T (F ) = 0 h mhdenik  akoloujÐa ston lq, tote F (ek) = 0 gia
k = 1, 2, · · · . Epeid , ìpwc parathr same parap�nw, gia to tuqon x ∈ lp isqÔei h (2), ja eqome
F (x) = 0 gia kaje x ∈ lp, dhl. F ≡ 0. Epetai oti Ker(T ) = 0 kai o T einai 1-1.
3. Ja deÐxome oti h T eÐnai kai epi. Pr�gnati an y = (y1, y2, · · · ) ∈ lq orÐzome

F = Fy : lp → R, F (x) =
∞∑

k=1

xkyk, (x = (x1, x2, · · · ) ∈ lp).
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Gia x ∈ lp h anisìthta Hölder dÐnei

|F (x)| =

∣∣∣∣∣
∞∑

k=1

xkyk

∣∣∣∣∣ ≤
(

∞∑
k=1

|xk|p
) 1

p
(

∞∑
k=1

|yk|q
) 1

q

= ‖x‖p‖y‖q < ∞,

dhl. h F einai kala orismènh. EÐnai epÐshc kai grammik  (elegxete). H Ðdia parap�nw anisìthta,
|F (x)| ≤ ‖x‖p‖y‖q, x ∈ lp, deÐqnei oti h F einai kai fragmènh, epomenwc h F einai ena fragmèno
grammikì sunarthsoeidèc epi tou lp. Apo ton orismì thc F eqome yk = T (ek) gia kaje k =
1, 2, · · · ara T (F ) = y, kai eqome deÐxei oti h T : (lp)

∗ → lq eÐnai epÐ.
SunoyÐzontac, h apeikìnish

T : (lp)
∗ → lq, T (F ) = yF ,

eqei tic idiothtec:

(a) einai grammik ,
(b) einai 1-1 kai epÐ,
(g) ‖T (F )‖ = ‖F‖ gia kaje F ∈ (lp)

∗.

H T einai epomènwc enac isometrikìc isomorfismoc metaxu twn q¸rwn (lp)
∗ kai lq.

−−−−−−−−−−−−−−−−

Me analogo tropo apodeiknÔetai: (c0)
∗ = l1 kai (l1)

∗ = l∞.


