
LOGISMOS I, Tmhma 1b+1g, Qeim. exam. 2011

Ask seic, Fulladio 1

1. Gia to sunolo A = { 1n −
1
m : n,m ∈ N} breite:

(i) To sunolo ΦA olwn twn anw fragmatwn tou A, dhl.

ΦA = {M ∈ R : to M einai anw fragma tou A}
(ii) To sunolo φA olwn twn katw fragmatwn tou A, dhl.

φA = {m ∈ R : to m einai katw fragma tou A}
2. Breite to inf kai sup (otan auta uparqoun) twn sunolwn

A =
⋃∞
n=1(

1
2n+1 ,

1
2n) B = (0, 1) \

⋃∞
n=1(

1
2n+1 ,

1
2n)

C = {(−1)n + (−1)n+1

n : n ∈ N} D = {
√
n+ 1

n : n ∈ N}
E = {x ∈ R : x > x2} F = { 1n −

1
m : n,m ∈ N}

3. Estw A,B mh kena fragmena sunola me B ⊂ A ⊂ R. Deixete oti

inf A ≤ inf B ≤ supB ≤ supA

4. An A ⊂ R einai tetoio wste gia kaje ε > 0 na eqome

a < 1 + ε, gia kaje a ∈ A,
deixete oti supA ≤ 1.

5. An A,B einai mh kena fragmena uposunola tou R deixete oti to A ∪B einai fragmeno kai

sup(A ∪B) = max{supA, supB} inf(A ∪B) = min{inf A, inf B}
6. An A,B einai mh kena fragmena uposunola tou R, orizome A+B = {a+ b : a ∈ A, b ∈ B}.

Deixete oti

sup(A+B) = supA+ supB inf(A+B) = inf A+ inf B.

7. Estw A,B mh kena uposunola tou R me thn idiothta: gia kaje a ∈ A kai gia kaje b ∈ B
isquei

a ≤ b.
Deixete oti supA ≤ inf B.

8. Deixete oti to ajroisma, to ginomeno kai to phliko duo rhtwn arijmwn einai rhtoi arijmoi.

9. An r einai rhtoc kai α arrhtoc, tote to ajroisma r+α, to ginomeno rα kai to phliko r
α einai

arrhtoi.

10. An α, β einai arrhtoi, ti mporoume na poume gia to ajroisma α+ β, to ginomeno αβ kai to
phliko α

β ?

11. Deixete oti an a, b ∈ R me a < b tote:
(a) sto diasthma (a, b) uparqoun apeiroi to plhjoc rhtoi arijmoi.
(b) sto diasthma (a, b) uparqoun apeiroi to plhjoc arrhtoi arijmoi.

12. Breite thn klasmatikh morfh twn rhtwn

a = 1, 232323..., b = 0, 37601601601..., c = 0, 999...

13. Gia x ∈ R kai n ∈ N deixete oti [xn ] = [ [x]n ].

14. Exetasete an uparqei eukolh apodeixh oti kajènac apo touc arijmouc

π + e, π − e, ππ

einai,   den einai, rhtoc   uperbatikoc.
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