
StoiqeÐa Sunarthsiak c An�lushc.

Exetash periodou Septembriou 2005.

1. (a) Diatupwsete prosektika kai leptomerwc to Jewrhma anapar�stashc tou Riesz gia
ton duðkì enoc qwrou Hilbert.
(b) An H einai qwroc Hilbert kai xn, yn ∈ H me ‖xn‖ = ‖yn‖ = 1 gia kaje n ∈ N, kai
〈xn, yn〉 → 1, deixete oti ‖xn − yn‖ → 0.

2. (a) Estw H qwroc Hilbert kai {xn} akoloujia orjogwnÐwn ana duo dianusmatwn tou
H. Deixete oti h seira

∑∞
n=1 xn sugklinei ston H an kai monon an h arijmhtikh seira∑∞

n=1 ‖xn‖ sugklinei.
(b) An X qwroc me eswterikì ginìmeno, X 6= {0}, deÐxete oti gia kaje x ∈ X, ‖x‖ =
sup{|〈x, y〉| : y ∈ X, ‖y‖ = 1}.

3.(a) Estw l2 o qwroc twn tetragwnik� ajroisÐmwn akolouji¸n me thn sun jh nìrma.
Qrhsimopoiìntac thn akoloujÐa {xn} me xn = (0, 0, · · · 0, 1, 0, · · · ) (to 1 sthn n-uosth
jesh) deixete oti h kleisth monadiaÐa mpala tou l2 den einai sumpagèc sÔnolo.
(b) Estw X = {p(z) : p(z) polu¸numo } o grammikìc qwroc olwn twn poluwnÔmwn sto
[0, 1], me norma

‖p(z)‖ = sup
t∈[0,1]

|e−tp(t)|

DeÐxete oti h ‖ ‖ einai norma ston X. Einai o X plhrhc wc proc aut  thn nìrma?

4. (a) Diatupwsete thn arqh tou omoiìmorfa fragmenou gia qwrouc me norma.
(b) D¸sete apo ena par�deigma se kaje perÐpttwsh me pl rh dikaiolìghsh:
(b1) Qwrou me eswteriko ginomeno pou den einai qwroc Hilbert.
(b2) Grammikou telesth metaxu qwrwn me norma pou den einai fragmenoc.
(b3) Gnhsiou grammikou upoqwrou tou c0 (me thn sunhjh norma) pou einai puknoc ston c0.

5. (a) Pote duo normec panw se grammiko qwro X legontai isodunamec? Dwsete pa-
radeigma miac normac ston qwro C[0, 1] twn suneqwn sunarthsewn f : [0, 1] → R pou na
mhn einai isodunamh me thn sunhjh norma tou C[0, 1].
(b) Deixete oti h L : C[0, 1] → R,

L(f) =

∫ 1

0

f(t) sin(πt) dt

einai fragmèno grammiko sunarthsoeidec sto C[0, 1] kai upologisete thn norma tou.

Apant sete se 4 apo ta 5 jèmata.
Kalh epituqia.
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