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1. Ston qwro C[0, 1] twn suneqwn sunarthsewn f : [0, 1] → R jewroume tic normec

‖f‖∞ = sup
0≤t≤1

|f(t)|, ‖f‖1 =

∫ 1

0

|f(t)| dt, ‖f‖2 =

(∫ 1

0

|f(t)|2 dt

) 1
2

,

kai f, fn ∈ C[0, 1], n = 1, 2, 3, · · · . Deixete oti:

(a) An fn
‖ ‖∞−→ f tote fn

‖ ‖1−→ f .

(b) An fn
‖ ‖2−→ f tote fn

‖ ‖1−→ f .
(g) Isquei to antistrofo tou (a)?

2. Estw H qwroc Hilbert kai Y gnhsioc upoqwroc tou H.
(a) An o einai Y kleistoc kai Y 6= {0} deixete oti uparqei mh mhdeniko sunarthsoeidec
F ∈ H∗ me Y ⊥ ⊂ Ker(F ).
(b) An o Y einai puknoc ston H deixete oti Y ⊥ = {0}.

3. (a) Diatup¸sete prosektika to Je¸rhma anoikthc apeikonishc.
(b) An (X, ‖ ‖) qwroc me norma kai F : X → R mh mhdeniko grammiko sunarthsoeidec
deixete oti F (X) = R.
(g) An (X, ‖ ‖) qwroc me norma kai F, G ∈ X∗ einai grammikwc anexarthta fragmena
grammika sunarthsoeidh deixete oti Ker(F ) 6=Ker(G).

4. (a) Diatupwsete prosektika kai leptomerwc to Jewrhma Riesz gia ton duiko enoc
qwrou Hilbert.
(b) Estw X qwroc me eswteriko ginomeno kai x, y ∈ X. Deixete oti ta epomena einai
isodunama:
(i) x ⊥ y
(ii) ‖x + λy‖ = ‖x− λy‖ gia kaje λ ∈ R.

5. (a) Estw X, Y qwroi Banach kai T : X → Y fragmenoc grammikoc telesthc me
T (X) = Y . Upojetome oti ‖T (x)‖ ≥ ‖x‖ gia kaje x ∈ X. Deixete oti o T−1 : Y → X
einai fragmenoc.
(b) Diatupwsete prosektika to Jewrhma Hahn-Banach.

Apant sete se 4 apo ta 5 jèmata.
Kalh epituqia.
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