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1. Estw (X, ‖ ‖) qwroc me norma kai B(X) o qwroc twn fragmenwn grammikwn telestwn
T : X → X.
(a) An T ∈ B(X) kai G uposunolo thc monadiaÐac sfaÐrac S = {x ∈ X : ‖x‖ = 1} pou
eÐnai puknì sthn S, deÐxete oti ‖T‖ = supy∈G ‖T (y)‖.
(b) An {Tn} einai akoloujia Cauchy ston B(X) kai {xn} akoloujia Cauchy ston X
deixete oti h {yn = Tn(xn)} einai akoloujia Cauchy ston X.
(g) Diatup¸sete to Je¸rhma (arqh) tou omoiomorfou fr�gmatoc.

2. Estw H qwroc Hilbert kai Y mh keno uposunolo tou H.
(a) Deixete oti to Y ⊥ einai kleistoc grammikoc upoqwroc tou H.
(b) An to Y einai epipleon grammikoc upoqwroc tou H deixete oti o Y einai kleistoc an
kai monon an Y = Y ⊥⊥.
(g) Sthn periptwsh H = l2 me to sunhjec eswteriko ginomeno kai Y = c00 o grammikoc
upoqwroc ìlwn twn telika mhdenikwn akolouji¸n, breite to Y ⊥ kai Y ⊥⊥.

3. (a) Diatup¸sete to Je¸rhma Riesz gia thn anaparastash twn fragmènwn grammikwn
sunarthsoeidwn se q¸ro Hilbert.
(b) Poio einai to stoiqeio tou l2 pou anaparista to sunarthsoeidec F ∈ (l2)

∗ pou orizetai:
F (x1, x2, · · · ) = x1+x2+···+xn

n
?

(g) An Y kleistoc grammikoc gnhsioc upoqwroc enoc qwrou Hilbert H, deixete oti uparqei
F ∈ H∗, F 6= 0 me Y ⊆ Ker(F ).

4. (a) D¸sete ton orismo tou duðkou qwrou X∗ enoc qwrou me norma X, kai sth sunèqeia
diatup¸sete to Je¸rhma Hahn-Banach.
(b) An X einai qwroc me norma kai f, g ∈ X∗ me Ker(f)=Ker(g) deÐxete oti uparqei r ∈ R
wste f = rg.
(g) Dwsete paradeigma enoc mh fragmenou grammikoÔ sunarthsoeidouc sto qwro c00 me
thn sunhjh sup norma.

5. (proairetikì) (a) Estw X qwroc Banach kai T : X → X grammikoc telesthc. Deixete
oti o T einai fragmenoc an kai monon an F ◦ T ∈ X∗ gia kaje F ∈ X∗.
(b) An ‖ ‖1 kai ‖ ‖2 einai duo normec se ena grammiko q¸ro X kai o X einai Banach wc
proc kaje mia apo tic duo normec kai epipleon uparqei stajera C wste ‖x‖1 ≤ C‖x‖2

gia kaje x ∈ X, deixete oti oi duo normec einai isodunamec (upodeixh: Jewrhma anoikthc
apeikonishc).

Apant sete se 3 apo ta 4 pr¸ta jèmata. To 5 einai gia prosjetec monadec
Ta jemata einai isodunama. Kalh epituqia.
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