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1. a) Epeidh ‖T‖ = supx∈S ‖T (x)‖ kai G ⊂ S ja eqome

sup
y∈G

‖T (y)‖ ≤ sup
x∈S

‖T (x)‖ = ‖T‖.

Ja deixome twra thn antistrofh anisothta. Estw x ∈ S, tote uparqoun yn ∈ G me yn → x.
Apo thn suneqeia tou T , T (yn) → T (x), kai apo suneqeia thc normac, ‖T (yn)‖ → ‖T (x)‖. Tote
‖T (yn)‖ ≤ supy∈G ‖T (y)‖ gia kaje n, kai pernwntac sto orio, ‖T (x)‖ ≤ supy∈G ‖T (y)‖. Auto
isquei gia to tuqaio x ∈ S ara

sup
x∈S

‖T (x)‖ ≤ sup
y∈G

‖T (y)‖,

pou einai h zhtoumenh anisothta.

(b) Oi {Tn}, {xn} einai Cauchy, ara fragmenec, dhl. uparqoun M1 kai M2 me ‖Tn‖ ≤ M1 kai
‖xn‖ ≤ M2 gia kaje n. Tote

‖yn − ym‖ =‖Tn(xn)− Tm(ym)‖ = ‖Tn(xn)− Tn(ym) + Tn(ym)− Tm(ym)‖
≤‖Tn(xn)− Tn(ym)‖+ ‖Tn(ym)− Tm(ym)‖
=‖Tn(xn − xm)‖+ ‖(Tn − Tm)(ym)‖ ≤ ‖Tn‖‖xn − xm‖+ ‖Tn − Tm‖‖xm‖
≤M1‖xn − xm‖+ M2‖Tn − Tm‖

An ε > 0, uparqei N1 wste ‖xn − xm‖ ≤ ε/2M1 gia n, m ≥ N1. Epishc uparqei N2 wste
‖Tn − Tm‖ ≤ ε/2M2 gia n, m ≥ N2. Gia N0 = max{N1, N2} kai n, m ≥ N0 ja eqome tote
‖yn − ym‖ ≤ M1(ε/2M1) + M2(ε/2M2) = ε, dhl. h {yn = Tn(xn)} einai Cauchy.

2. (a) An z1, z2 ∈ Y ⊥ kai λ, µ ∈ R tote gia y ∈ Y eqome 〈λz1 + µz2, y〉 = λ〈z1, y〉 + µ〈z2, y〉 =
λ · 0 + µ · 0 = 0. dhl. λz1 + µz2 ∈ Y ⊥ ara o Y ⊥ einai grammikoc upoqwroc.
Epishc an {zn} akoloujia apo ton Y ⊥ me zn → z ∈ H tote gia y ∈ Y , 〈z, y〉 = lim〈zn, y〉 = 0, dhl.
z ∈ Y ⊥ kai o Y ⊥ einai kleistoc grammikoc upoqwroc.

(b) O Y ⊥⊥ = (Y ⊥)⊥ einai panta kleistoc (apo to (a) ) ara an Y = Y ⊥⊥ tote o Y einai kleistoc.
Upojetome twra oti Y kleistoc. Gnwrizome oti Y ⊂ Y ⊥⊥ (an y ∈ Y tote 〈y, v〉 = 0 gia kaje v ∈ Y ⊥

opote y ∈ Y ⊥⊥) ara arkei na deixome Y ⊥⊥ ⊂ Y . Afou o Y kleistoc o H grafetai H = Y ⊕ Y ⊥.
Estw x ∈ Y ⊥⊥, tote x = y + z me y ∈ Y kai z ∈ Y ⊥. Apo thn upojesh y ∈ Y ⊂ Y ⊥⊥ ara
z = x− y ∈ Y ⊥⊥. Tote omwc z ∈ Y ⊥ ∩ Y ⊥⊥ ara z = 0 opote x = y ∈ Y . Afou to x htan tuqaio
eqome Y ⊥⊥ ⊂ Y ara Y = Y ⊥⊥.

(g) Estw x = (x1, x2, · · · ) ∈ (c00)⊥, kai jewroume ta en = (0, 0, · · · , 1, · · · ) ∈ c00 (to 1 sthn n-
uosth jesh). Tote gia kaje n ja eqome xn = 〈x, en〉 = 0 opote x = (0, 0, · · · , ), dhl. (c00)⊥ = {0}.
Epetai oti (c00)⊥⊥ = {0}⊥ = l2.

3. (b) Apo to Jewrhma Riesz uparqei monadiko v = (v1, v2, · · · ) ∈ l2 wste F (x) = 〈x, v〉 gia kaje
x = (x1, x2, · · · ) ∈ l2. Epilegontac diadoqika x = ek = (0, 0, · · · , 1, 0, · · · ) (to 1 sthn k-uosth jesh)
eqome 1/n = F (ek) = 〈ek, v〉 = vk gia 1 ≤ k ≤ n kai 0 = F (ek) = 〈ek, v〉 = vk gia k > n. Ara
v = ( 1

n , 1
n , · · · , 1

n , 0, 0, · · · ).

(g) Afou o Y kleistoc o H grafetai H = Y ⊕ Y ⊥. Estw w ∈ H \ Y tote w = y + v me
y ∈ Y kai v ∈ Y ⊥. To v 6= 0 giati alloiwc ja htan w = y ∈ Y , atopo. Orizome fv : H → R,
fv(x) = 〈x, v〉. To fv ∈ H∗ kai fv(y) = 〈y, v〉 = 0 gia kaje y ∈ Y , dhl. Y ⊂Ker(fv). Epishc
fv 6= 0 giati fv(v) = ‖v‖2 6= 0.
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4. (b) An Ker(f)=Ker(g)= X tote f = g ≡ 0 kai f = 1 · g (tetrimena).
An Ker(f)=Ker(g) einai gnhsioc upoqwroc tou X, tote uparqei x0 ∈ X me f(x0) 6= 0 (ara kai
g(x0) 6= 0). Jetome z0 = 1

f(x0)
x0 opote f(z0) = 1. Tote gia x ∈ X, x − f(x)z0 ∈Ker(f)

(giati f(x − f(x)z0) = f(x) − f(x)f(z0) = f(x) − f(x) = 0). Ara x − f(x)z0 ∈Ker(g) dhl.
g(x)− f(x)g(z0) = g(x− f(x)z0) = 0. Epetai oti g(x) = rf(x) gia kaje x ∈ X me r = g(z0) 6= 0.

(g) Ena paradeigma einai F : c00 → R me F (x1, x2, · · · ) =
∑∞

n=1 xk. Einai mh fragmeno giati
an upojesome to antijeto, gia ta dianusmata an = (1, 1, · · · 1, 0, 0, · · · ) ∈ c00 (n to plhjoc monadec
stic n prwtec jeseic) ja isquei n = F (an) ≤ C‖an‖∞ = C · 1 = C, gia mia stajera C kai ola ta
n, atopo.

5. (a) An T : X → X fragmenoc kai F : X → R fragmeno grammiko sunarthsoeidec tote h
sunjesh F ◦ T einai fragmeno grammiko sunarthsoeidec.
Antistrofa upojetome oti F ◦ T fragmeno grammiko sunarthsoeidec gia kaje F ∈ X∗. An upo-
jesome oti o T : X → X den einai fragmenoc, tote uparqoun xn me ‖xn‖ = 1 kai ‖T (xn)‖ → ∞.
Gia kaje n uparqei Fn ∈ X∗ me ‖Fn‖ = 1 kai Fn(T (xn)) = ‖T (xn)‖ (Porisma tou Hahn-Banach).
Tote

‖Fn ◦ T‖ = sup
‖x‖=1

|Fn ◦ T (x)| ≥ Fn(T (xn)) = ‖T (xn)‖ → ∞, (?)

Omwc gia x ∈ X, |Fn ◦ T (x)| ≤ ‖Fn‖‖T (x)‖ = 1 · ‖T (x)‖ = ‖T (x)‖, dhl. oi apeikoniseic
Fn◦T : X → R ikanopoioun tic sunjhkec thc arqhc tou omoiomorfou fragmatoc (me Mx = ‖T (x)‖).
Ara uparqei M wste ‖Fn ◦ T‖ ≤ M gia kaje n, to opoio antibainei sthn (?), kai eqome atopo.
Epetai oti o T fragmenoc.
2h lush (me qrhsh tou Jewrhmatoc tou kleistou grafhmatoc). Arkei na deiqjei oti o T : X → X
eqei kleisto grafhma. Estw {xn} akoloujia ston X wste xn → x kai T (xn) → y. Afou F ◦ T
suneqhc gia kaje F ∈ X∗ ja eqome F (T (xn)) → F (T (x)). Epishc afou T (xn) → y ja eqome
F (T (xn)) → F (y) gia kaje F ∈ X∗. Apo thn monadikothta twn oriwn, F (T (x)) = F (y) gia kaje
F ∈ X∗. Apo porisma tou Hahn-Banach epetai T (x) = y ara to grafhma tou T einai kleisto. Apo
to Jewrhma tou kleistou grafhmatoc epetai oti o T einai fragmenoc.

(b) Jewroume ton tautotiko telesth I : (X, ‖ ‖2) → (X, ‖ ‖1). O I einai grammikoc, 1-1, kai epi
kai einai fragmenoc apo thn upojesh, ‖I(x)‖1 = ‖x‖1 ≤ C‖x‖2. Epishc oi (X, ‖ ‖2) kai (X, ‖ ‖1)
einai Banach ara apo to porisma tou jewrhmatoc anoikthc apeikonishc o antistrofoc I−1 = I :
(X, ‖ ‖1) → (X, ‖ ‖2) einai fragmenoc. Dhl. uparqei stajera K wste ‖I(x)‖2 = ‖x‖2 ≤ K‖x‖1.
Epetai oti oi normec einai isodunamec.


