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1. Estw (X, ‖ ‖) qwroc me norma. Deixete oti:
(a) An h {xn} einai akoloujÐa Cauchy ston X tote h akoloujÐa {λn}, λn = ‖xn‖, sugklÐnei
kai ìti h {zn}, zn = λnxn, einai akoloujÐa Cauchy ston X.
(b) An Y eÐnai grammikìc upìqwroc tou X tote kai h kleist  j kh Y eÐnai epÐshc grammikìc
upìqwroc tou X.

2. (a) Diatup¸sete thn anisìthta Minkowski gia �peira ajroÐsmata.
(b) Estw p ∈ [1,∞) kai Ap to sÔnolo twn akolouji¸n pou orÐzetai
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DeÐxete oti o Ap eÐnai grammikìc q¸roc kai h p(x) =
(∑∞
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1
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|xk|p

) 1
p einai nìrma ston Ap.

3. (a) Diatup¸sete to Je¸rhma Baire gia pl reic metrikoÔc q¸rouc.
(b) DeÐxete oti ston q¸ro c00 twn telik� mhdenikwn akolouji¸n oi nìrmec
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den eÐnai isodÔnamec.

4. Estw C[0, 1] = {f : [0, 1] → R : f suneq c} kai φ ∈ C[0, 1] mè φ(t) 6= 0 gia k�je
t ∈ [0, 1]. DeÐxete ìti:
(a) H ‖f‖φ = supt∈[0,1] |φ(t)f(t)| einai nìrma ston C[0, 1].
(b) O (C[0, 1], ‖f‖φ) eÐnai q¸roc Banach.
(g) Exet�sete an h ‖f‖φ eÐnai nìrma ìtan: (1) h φ mhdenÐzetai se ena akrib¸c shmeÐo
a ∈ (0, 1). (2) h φ mhdenÐzetai se olìklhro di�sthma [a, b] ⊂ [0, 1].

5. (proairetikì, gia epiprìsjetec mon�dec) (a) DeÐxete oti o q¸roc lp, 1 ≤ p < ∞, einai
diaqwrÐsimoc.
(b) DeÐxete oti o q¸roc B[0, 1] = {f : [0, 1] → R : f fragmènh sun�rthsh} me nìrma
‖f‖ = supt∈[0,1] |f(t)| den eÐnai diaqwrÐsimoc.

Apant sete se 3 apo ta 4 pr¸ta jèmata. K�je jèma eÐnai 3,3333... monadec
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