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1. (a) |λn − λm| = |‖xn‖ − ‖xm‖| ≤ ‖xn − xm‖. Sunep¸c h {λn} eÐnai akoloujÐa Cauchy sto R
epomenwc sugklinei.
Gia thn {zn}: H {xn} einai Cauchy ara fragmenh dhl. uparqei M < ∞ wste ‖xn‖ ≤ M gia kaje
n. Tote

‖zn − zm‖ =‖λnxn − λmxm‖ = ‖λnxn − λnxm + λnxm − λmxm‖
≤λn‖xn − xm‖+ |λn − λm|‖xm‖ ≤ λn‖xn − xm‖+ λm‖xn − xm‖
=(λn + λm)‖xn − xm‖ ≤ 2M‖xn − xm‖.

Ara h {zn} einai Cauchy.
(b) An x, y ∈ Y kai λ ∈ F jelome na deixome x + y ∈ Y kai λx ∈ Y . Afou x, y ∈ Y up�rqoun {xn}
kai {yn} akoloujÐec sto Y me xn → x, yn → y. Tote xn + yn ∈ Y (giati Y grammikoc upoqwroc)
kai xn + yn → x + y. Ara x + y ∈ Y .
Epishc λxn → λx kai λxn ∈ Y ara λx ∈ Y .
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Ara {an + bn} ∈ Ap. Epishc gia λ ∈ F,
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k |ak|p < ∞, dhl. {λan} ∈ Ap.

O idioc parapanw upologismoc dinei thn trigwnikh anisothta gia thn norma p(x) (oi allec idiothtec
normac einai amesec).
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An uphrqe stajera C wste ‖x‖1 ≤ C‖x‖2 gia kaje x ∈ c00 ja eiqame

n∑
k=1

1
k
≤ C

(
n∑

k=1

1
k2

) 1
2

≤ C

( ∞∑
k=1

1
k2

) 1
2

= C

(
π2

6

) 1
2

, n = 1, 2, · · ·

dhl.
n∑

k=1

1
k
≤ C

(
π2

6

) 1
2

, n = 1, 2, · · ·

�topo, giati h armonik  seira den sugklinei.

4. (a) Oi idiothtec thc normac epalhjeuontai amesa afou h |φ(t)| den mhdenizetai poujena.
(b) H |φ(t)| einai suneqhc kai den mhdenizetai ara uparqoun 0 < m, M < ∞ me

m ≤ |φ(t)| ≤ M gia kaje t ∈ [0, 1].

Tote gia tic normec ‖f‖φ kai ‖f‖∞ = supt∈[0,1] |f(t)| ja isquei

m‖f‖∞ ≤ ‖f‖φ ≤ M‖f‖∞ gia kaje f ∈ C[0, 1],

dhl. oi ‖f‖∞ kai ‖f‖φ einai isodunamec normec. Afou o (C[0, 1], ‖f‖∞) einai q¸roc Banach, o
C[0, 1] me thn norma ‖f‖φ ja einai epishc Banach.
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(g) (1) An h φ mhdenizetai akribwc sto a tote ‖f‖φ = 0 shmainei supt∈[0,1] |φ(t)f(t)| = 0, dhl.
φ(t)f(t) = 0 gia kaje t ∈ [0, 1]. Epeidh φ(t) 6= 0 gia t ∈ [0, 1] \ {a} ja prèpei f(t) = 0 gia
t ∈ [0, 1] \ {a}. Alla h f suneqhc ara f(a) = 0 dhl. f ≡ 0, kai h ‖f‖φ einai norma.
(2) An h φ mhdenizetai sto [a, b] tote h ‖f‖φ den einai norma. Pragmati, uparqei suneqhc sunarthsh
f me f(t) = 0 gia x ∈ [0, 1] \ (a, b) kai f(t) 6= 0 gia x ∈ (a, b). Mia tetoia f einai

f(x) =


x− a an x ∈ [a, a+b

2 )
−x + b an x ∈ [a+b

2 , b]
0 an x ∈ [0, 1] \ (a, b).

Tote ‖f‖φ = 0 enw h f den einai tautotika mhden.

5. (a) Estw x = (x1, x2, · · · ) ∈ lp kai ε > 0. Tote
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2 . Uparqoun rhtoÐ ri wste |xi − ri| < ε
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dhl. r ∈ D(x, ε). Ara to sunolo

Q = {(q1, q2, · · · , qn, 0, 0, · · · ) : qi ∈ Q, n ∈ N}
einai puknì ston lp. To sunolo auto einai arijmhsimo,

Q =
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Qn, Qn ∼
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Q×Q× · · · ×Q,

wc arijmhsimh enwsh arijmhsimwn sunolwn.
(b) Gia s ∈ (0, 1) jewroume thn sunarthsh

fs(x) =

{
0 an 0 ≤ x < s

1 an s ≤ x ≤ 1

Gia kaje s ∈ (0, 1), fs ∈ B[0, 1] kai an r, s ∈ (0, 1) me r 6= s eqome

‖fr − fs‖ = 1.

Sunepwc oi mpalec {D(fs,
1
3 ) : s ∈ (0, 1)} einai xenec metaxu touc kai einai uperarimjhsimec to

plhjoc (osa ta stoiqeia tou (0, 1)). An A einai tuqon pukno uposunolo tou B[0, 1] tote to A ja
eqei toulaqiston ena stoiqeio se kaje mia apo tic D(fs,

1
3 ) kai afou oi mpalec einai xenec metaxu

touc to A ja prepei na eqei toulaqiston tosa stoiqeia osec kai oi mpalec. Ara to A den mporei na
einai arijmhsimo, epomenwc o B[0, 1] den einai diaqwrisimoc.


