
n



n

n

n



n

n

n







U = 0

θ1 − θ3

θ4 − θ6

ω1 − ω3

ω4 − ω6

θ1 − θ4

θ5 − θ8

ω1 − ω4

ω5 − ω8

θ1 − θ5

θ6 − θ10

ω1 − ω5

ω6 − ω10

θ1 − θ5

θ6 − θ10



ω1 − ω5

ω6 − ω10







θ1

θ2

θn

l1

l2

ln

mn

m2

m1

bẋc

u

xc

mc



li mi i = 1, 2, . . . , n

x u

b

X

Y

XO

U = 0

U = 0

q =
[
xc x1 y1 . . . xn yn

]T
xc yc

xk yk

∀k ∈ {1, 2, . . . , n}

xk = xc +
k∑

j=1

lj θj

yk = yc +
k∑

j=1

lj θj

q



x2k + y2k = fk(xc, yc, x1, y1, . . . , xn, yn) = 0

q

Tc =
1

2
mcẋ

2
c

Tk =
1

2
mk(ẋ

2
k + ẏ2k)

Uk = mkgyk

ẋk = ẋc +
k∑

j=1

lj θ̇j θj

ẏk = !!✒
0

ẏc −
k∑

j=1

lj θ̇j θj

Tk =
1

2
mk{ẋ2c + 2ẋ2c

k∑

j=1

lj θ̇j θj +
k∑

i=1

[l2i θ̇
2
i + 2

k∑

j=1
j ̸=i

lilj θ̇iθ̇j (θi − θj)]}

L = T − V = Tc +
n∑

k=1

Tk −
n∑

k=1

Uk

n∑

k=1

k∑

i=1

=
n∑

i=1

n∑

k=i

,
n∑

k=i

k∑

j=1

=
n∑

j=1

n∑

k=
max(i,j)



Ml =
n∑

k=l

mk

ml

L =
1

2
(mc+

n∑

k=1

mk)ẋ
2
c+ẋc

k∑

j=1

Mjlj θ̇j θj+
1

2

n∑

i=1

[Mil
2
i θ̇

2
i+2

n∑

j=1
j ̸=i

Mmax(i,j)lilj θ̇iθ̇j (θi−θj)]

− g
n∑

i=1

Mili θi

q =
[
xc θ1 θ2 . . . θn

]T

q̇

d

dt
(
∂L

∂q̇j
)− ∂L

∂qj
= Qnc

j

Qnc
j

qj

∂L

∂ẋc
= (mc +M1)ẋc +

n∑

j=1

Mjlj θ̇j θj

d

dt
(
∂L

∂ẋc
) = (mc +M1)ẍc +

n∑

j=1

Mjlj(θ̈j θj − θ̇j θj)

∂L

∂xc
= 0

Qnc
xc

= u− bẋc

d

dt
(
∂L

∂ẋc
)− ∂L

∂xc
= Qnc

xc

(mc +M1)ẍc +
n∑

j=1

Mjlj(θ̈j θj − θ̇2j θj)− u+ bẋc = 0



∂L

∂θ̇k
= Mklkẋc θk +Mkl

2
kθ̇k +

n∑

j=1
j ̸=i

Mmax(k,j)lklj θ̇j (θk − θj)

d

dt
(
∂L

∂θ̇k
) = Mklkẍc θk −Mklkẋcθ̇k θk +Mkl

2
kθ̈k

+
n∑

j=1
j ̸=i

Mmax(k,j)lklj [θ̈j (θk − θj)− θ̇kθ̇j (θk − θj) + θ̇2j (θk − θj)]

∂L

∂θk
= −Mklkẋcθ̇k θk −

n∑

j=1
j ̸=i

Mmax(k,j)lklj θ̇kθ̇j (θk − θj) +Mklkg θk

Qnc
θk = 0

d

dt
(
∂L

∂θ̇k
)− ∂L

∂θk
= Mklkẍc θk +Mkl

2
kθ̈k

+
n∑

j=1
j ̸=i

Mmax(k,j)lklj [θ̈j (θk − θj) + θ̇2j (θk − θj)] = 0

(q) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

mc +M1 M1l1 θ1 M2l2 θ2 . . . Mnln θn

M1l1 θ1 M1l21 M2l1l2 (θ1 − θ2) . . . Mnl1ln (θ1 − θn)

M2l2 θ2 M2l1l2 (θ2 − θ1) M2l22 . . . Mnl2ln (θ2 − θn)

Mnln θn Mnl1ln (θn − θ1) Mnl2ln (θn − θ2) . . . Mnl2n

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

(q, q̇) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

b −M1l1θ̇1 θ1 −M2l2θ̇2 θ2 . . . −Mnlnθ̇n θn

0 0 M2l1l2θ̇2 (θ1 − θ2) . . . Mnl1lnθ̇nsin(θ1 − θn)

0 M2l2l1 (θ2 − θ1) 0 . . . Mnl2ln (θ2 − θn)

0 Mnlnl1θ̇1 (θn − θ1) Mnlnl2 (θn − θ2) . . . 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎦



(q) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 . . . 0

0 M1l1g θ1 0 . . . 0

0 0 M2l2g θ2 . . . 0

0 0 0 . . . Mnlngsinθn

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

e1 =

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

1

0

0

0

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

: Rn+1 → R(n+1)×(n+1), : Rn+1 × Rn+1 → R(n+1)×(n+1), : Rn+1 →
R(n+1)×(n+1), e1 ∈ Rn+1

(q)q̈ +B(q, q̇)q̇ + C(q)− e1u = 0

2 1

v = q̇ =

⎡

⎢⎢⎢⎢⎣

ẋc

θ̇1

θ̇n

⎤

⎥⎥⎥⎥⎦
v̇ = q̈

(q)v̇ +B(q,v)v + C(q)− e1u = 0

q̇ = v



1

[
(q) n+1

n+1 n+1

][
v̇

q̇

]
+

[
(v, q) n+1

− n+1 n+1

][
v

q

]
+

[
(q)

n+1

]
− e1u = 0

n+1 n+1

(n+ 1)× (n+ 1)

x =

[
v

q

]

(x)ẋ+ (x)x+ (x)− e1u = 0



x(n) ∈ = Rd

tn, n ∈ {0, 1, 2, . . . }
tn u(n) ∈ = Rm

x+ = h(x,u)

f : × →

x(n)

u(0), u(1), . . . , u(Nh − 1)

xu

xu(k + 1) = h(xu(k),u(k)), k = 0, 1, . . . , Nh − 1

xu(0) = x(n) Nh

u∗(k)



f(δxu, δu) =
Nh−1∑

k=0

L(δxu(k), δu(k))

L(δxu(k), δu(k)) =

[
δxu(k)

δu(k)

]T [
x xu

T
xu u

][
δxu(k)

δu(k)

]

xsp(t)

δxu(k) = xu(k)− xsp(n+ k) xsp(n+ k)

tn+k

δu(k) = u(k) − u(k − 1) x, u, xu

x

u xu

δxu(k) δu(k)

f(δxu, δu) = δxu(Nh)
T

fδxu(Nh) +
Nh−1∑

k=0

L(δxu(k), δu(k))

Qf

x(i), i ∈
{n+1, n+2, . . . , Nt} Nt

δu
f(δxu, δu)

xu(k + 1) = h(xu(k),u(k))

xu(0) = x(n)

u∗(0)

tn



| | |
tn tn+1 tn+Nh

t

past prediction horizon

current time

u∗(k)

xsp(t)

xu(k)xn

δxu(k)

u∗(0)

xn−1

xn−2

xn−3

xn−4

xn−5

Nh

Nh

u∗(0)

Nh

Qu



u
f(y, u) = y(tf )

T ′y(tf ) +

∫ tf

t0

[
y(t)

u(t)

]T [

T Qu

][
y(t)

u(t)

]
dt

(x)ẋ+ (x)x+ (x)− e1u = 0

y = x

f(x,u)

u θsp = 0

θ̇sp = 0

y

x

y(tf )
T ′y(tf ) = x(tf )

T T ′ x(tf ) = x(tf )
T x(tf )

[
y(t)

u(t)

]T [

T

][
y(t)

u(t)

]
= y(t)T y(t) + y(t)T u(t) + u(t) Ty(t) +Quu(t)

2

= x(t)T T x(t) + x(t)T T u(t) + u(t) T x(t) +Quu(t)
2

= xT x+ xT u(t) + u(t) Tx+Quu(t)
2

=

[
x(t)

u(t)

]T [

T

][
x(t)

u(t)

]

u
f(x, u) = x(tf )

T x(tf ) +

∫ tf

t0

[
x(t)

u(t)

]T [

T Qu

][
x(t)

u(t)

]
dt

(x)ẋ+ (x)x+ (x)− e1u = 0



Qx ∈ Rns×ns , Qxu ∈ Rns , Qf ∈ Rns×ns

ns = 2n+2

u,Qu ∈ R

(q)v̇ +B(q,v)v + C(q)− e1u = 0

q ∈ Rn+1, v ∈ Rn+1, u ∈ R

τ ∈ [0, 1]

τ =
t− t0
tf − t0

=
t− t0
δt

dτ =
dt

δt

t0 tf (̃·)
t (̄·)

τ



v̄(τ) = ṽ(t)

dv̄(τ)

dt
=

dṽ(t)

dτ

dτ

dt

˙̄v(τ) = ˙̃v(t)
1

δt

v̇

¯̇v(τ) = δt (q̄)−1(− (q̄, v̄)v̄ − (q̄)− e1u) = δt h(x̄, ū, τ)

x =

[
v

q

]
,x ∈ R2n+2 (q)

T = 1
2q

T q > 0 q ̸= 0

v(τ) =
k∑

i=0

viφi(τ) = φ(τ)

=
[
v0 v1 . . . vk

]
∈ R(n+1)×(k+1) φ(τ)

k

φi(τ) =
τ − τ0
τi − τ0

. . .
τ − τi−1

τi − τi−1

τ − τi+1

τi − τi+1
. . .

τ − τk
τi − τk

=
k∏

j=0
j ̸=i

τ − τj
τi − τj

φ(τ) =

⎡

⎢⎢⎣

φ0(τ)

φk(τ)

⎤

⎥⎥⎦

φ̇i(τ) =
k∑

p=0
p ̸=i

1

τi − τp

k∏

j=0
j ̸=i

τ − τk
τi − τj

φi(τj) = δij =

⎧
⎨

⎩
0 , i ̸= j

1 , i = j



δij

Rn+1

r(τ) = δth(x̄, ū, τ)− φ̇(τ)

∫ 1

0
wjr(τ)dτ, j ∈ {0, 1, . . . , k}

wj

wj = δ̂(τ−τj) δ̂(τ−τj)

∫ 1

0
δ̂(τ − τj)r(τ)dτ = r(τj) = δt h(v̄(τj), ū(τj), τ)− φ̇(τj) = 0

[0, 1]

Pk(x) =
1

k!

dk

dxk
[(x2 − x)k]

r(t)

t τ

δti, i ∈ {1, 2, . . . , ne} ne



k

ci ≥ k

δti

δt

Όρια πεπερασμένων στοιχείων

Στοιχεία ταξιθεσίας

˙̄vi(τ) = δt hi(x̄i, ūi, τ), τ ∈ [0, 1], i ∈ {1, 2, . . . , ne}

k

ci

v̄i(0) = v̄i−1(1)



f(x, u) = x(tf )
T x(tf ) +

∫ tf

t0

[
x(t)

u(t)

]T [

T Qu

][
x(t)

u(t)

]
dt

=
1

2
x(tf )

T x(tf ) +
ne∑

i=1

∫ ti

ti−1

[
x(t)

u(t)

]T [

T Qu

][
x(t)

u(t)

]
dt

=
1

2
xne(1)

T xne(1) +
ne∑

i=1

δti

∫ 1

0

[
xi(τ)

δui

]T [

T Qu

][
xi(τ)

δui

]
dτ

i =
[
xi0 xi1 . . . xici

]
∈ Rns×(ci+1)

φi(τ) =

⎡

⎢⎢⎣

φi0(τ)

φici(τ)

⎤

⎥⎥⎦ ∈ Rci , i ∈ {1, . . . , ne}

xi(τ) = iφi(τ)

f(x, u) = xne(1)
T xne(1) +

ne∑

i=1

δti

∫ 1

0
Li(xi, δui)dτ

Li(xi, δui) = φi(τ)
T T + φi(τ)

T TQxuδui + δuiQxu
T φi(τ) +Quδu

2
i

:=
[
a0 a1 . . . an

]
∈ Rn×n ai

x =

⎡

⎢⎢⎢⎢⎣

x0

x1

xn

⎤

⎥⎥⎥⎥⎦
∈ Rn

xT x = xT
[
x0a0 + x1a1 + · · ·+ xnan

]
= x0x

Ta0 + x1x
Ta1 + · · ·+ xnx

Tan

=
[
x0xT x1xT . . . xnxT

]

⎡

⎢⎢⎢⎢⎣

a0

a1

an

⎤

⎥⎥⎥⎥⎦

= (xxT )T ( )



f(x, u) = φne(1)
T T

ne neφne(1) +
ne∑

i=1

δti

∫ 1

0
Li(xi, δui)dτ

= (φne(1)φne(1)
T )T ( T

ne ne) +
ne∑

i=1

δti

∫ 1

0
Li(xi, δui)dτ

Li(xi, δui) = φi(τ)
T T

i iφi(τ) + δuiφi(τ)
T T

i Qxu + δuiQux iφi(τ) +Quδu
2
i

= (φi(τ)φi(τ)
T )T ( i i) + δuiφi(τ)

T
iQxu + δuiQxu

T φi(τ) +Quδu
2
i

f(x, δu) = ζT ( T
ne ne) +

ne∑

i=1

δti
[
ψT
i ( i i) + γTi δui

T
i Qxu + δuiQxu

T
iγi +Quδu

2
i

]

= ζT ( T
ne ne) +

ne∑

i=1

δti
[
ψT
i ( i i) + 2δuiQux iγi +Quδu

2
i

]

ζ = (φne(1)φne(1)
T ) =

⎡

⎢⎢⎢⎢⎣

φ0(1)2 φ0(1)φ1(1) . . . φ0(1)φcne
(1)

φ0(1)φ1(1) φ1(1)2 . . . φ1(1)φcne
(1)

φcne
(1)φ0(1) φcne

(1)φ1(1) . . . φcne
(1)2

⎤

⎥⎥⎥⎥⎦

ψi =

∫ 1

0
(φi(τ)φi(τ)

T )dτ =

⎡

⎢⎢⎢⎢⎣

∫ 1
0 φ

2
i0dτ

∫ 1
0 φi0φi1dτ . . .

∫ 1
0 φi0φicidτ∫ 1

0 φi0φi1dτ
∫ 1
0 φ

2
i1dτ . . .

∫ 1
0 φi1φicidτ

∫ 1
0 φiciφi0dτ

∫ 1
0 φiciφi1dτ . . .

∫ 1
0 φ

2
ici
dτ

⎤

⎥⎥⎥⎥⎦

γi =

∫ 1

0
φi(τ)dτ =

⎡

⎢⎢⎢⎢⎣

∫ 1
0 φi0(τ)dτ∫ 1
0 φi1(τ)dτ

∫ 1
0 φici(τ)dτ

⎤

⎥⎥⎥⎥⎦



u
f(x,u)

g(x,u) = 0

x ∈ Rn, u ∈ Rm

g : Rn × Rm → Rn

Λ(x,u,λ) = f(x,u)+λTg(x,u) λ =
[
λ1 λ2 . . . λn

]T

∇x,u,λΛ(x,u,λ) = 0



f(x,u)

g(x,u)

gnij

j i

gnij =
1

δti
(qij) iφ̇i(τ) + (xij) iφi(τ) + (qij)− e1ui

gnij =
1

δti
(qij) iφ̇i(τ) + (xij)vij + (qij)− e1ui

τ

t

x(τij) = xij

j i

i, j

i ∈ {1, 2, . . . , ne}

j ∈ {1, 2, . . . , ci}

glij

1

δti
q̇i(τ) = ui(τ) = iφi(τ) qi(τ) = qi(0) + δti i

∫ τ

0
φi(τ)dτ

glij = qij − qi0 − δti iαij

αij =

∫ τij

0
φi(τ)dτ =

⎡

⎢⎢⎣

∫ τij
0 φi0(τ)dτ

∫ τij
0 φici(τ)dτ

⎤

⎥⎥⎦

gci

vi+1(0) = vi(1) = iφi(1)

qi+1(0) = qi(1) = qi(0) + δti γi

gci =

[
vi+1(0)− iφi(1)

qi+1(0)− qi(0)− δti iγi

]



γi =

⎡

⎢⎢⎢⎢⎣

∫ 1
0 φi0(τ)dτ∫ 1
0 φi1(τ)dτ

∫ 1
0 φici(τ)dτ

⎤

⎥⎥⎥⎥⎦

g1(x1,x20, u1) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

gn11

gn12

gn1c1

gl10

gl11

gl1c1

gc1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

g1 : Rns(c1+2) × R → Rns(c1+2)

gl10 = p0 − x10 p0

gi(xi,x(i+1)0, ui) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

gni1

gni2

gnici

gli1

glici

gci

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

gi : Rns(ci+2) × R → Rns(ci+1)



gne
(xne , une) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

gnne0

gnne1

gnneci

glne1

glneci

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

gne
: Rns(cne+1) × R → Rnscne

(ci +1)

xi0

p0

Λ(x,u,λ) = f(x, δu) + λTg(x,u)

g(x,u) =

⎡

⎢⎢⎣

g1(x1, u1)

gne(xne , une)

⎤

⎥⎥⎦ , g : Rnx × Rne → Rnx

nx = ns

ne∑

i=1

(ci + 1)

λ =

⎡

⎢⎢⎣

λ1

λnx

⎤

⎥⎥⎦ ∈ Rnx

x

u



X =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x1

x2

xne

u1

u2

une

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ Rnx+ne

xi = ( ) =

⎡

⎢⎢⎣

xi0

xici

⎤

⎥⎥⎦

∂Λ(x,u,λ)

∂X
=
∂f(x, δu)

∂X
+ λT

∂g(x,u)

∂X

∂f(x, δu)

∂X
=
[
∂f(x,δu)
∂x1

. . . ∂f(x,δu)
∂xne

∂f(x,δu)
∂u1

. . . ∂f(x,δu)
∂une

]

∂f(x, δu)

∂xi
=
∂δtiψi

T (τ) ( T )

∂xi
+
∂2δuiQux γi(τ)

∂xi

= δtiψi
T (τ)

∂ ( T )

∂xi
+ 2δuiQux

∂ γi(τ)

∂xi

T =

⎡

⎢⎢⎢⎢⎣

xi0
T

xi1
T

xici
T

⎤

⎥⎥⎥⎥⎦

[
xi0 xi1 . . . xici

]
=

⎡

⎢⎢⎢⎢⎣

xi0
T

xi1
T

xici
T

⎤

⎥⎥⎥⎥⎦

[
xi0 xi1 . . . xici

]



T =

⎡

⎢⎢⎢⎢⎣

⎡

⎢⎢⎢⎢⎣

xi0
T

xi1
T

xici
T

⎤

⎥⎥⎥⎥⎦
xi0 . . .

⎡

⎢⎢⎢⎢⎣

xi0
T

xi1
T

xici
T

⎤

⎥⎥⎥⎥⎦
xici

⎤

⎥⎥⎥⎥⎦
=
[
ˆ( )xi0 . . . ˆ( )xici

]

( T ) =

⎡

⎢⎢⎣

ˆ( )xi0

ˆ( )xici

⎤

⎥⎥⎦ = ¯( )

∂ ( T )

∂xi
=
∂¯( )

∂xi
=

⎡

⎢⎢⎢⎣

∂ˆxi0
∂xi0

. . . ∂ˆxi0
∂xici

∂ˆxici
∂xi0

. . .
∂ˆxici
∂xici

⎤

⎥⎥⎥⎦

∂ˆxi0

∂xi0
=

⎡

⎢⎢⎢⎢⎢⎣

xi0
T xi0
∂xi0

xi1
T xi0
∂xi0

xici
T xi0

∂xi0

⎤

⎥⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎣

2xi0
T

xi1
T

xici
T

⎤

⎥⎥⎥⎥⎦

∂ˆxi0

∂xi1
=

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

01×ns

xi0
T

01×ns

01×ns

⎤

⎥⎥⎥⎥⎥⎥⎥⎦



∂¯( )

∂xi
= =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡

⎢⎢⎢⎢⎣

2xi0
T

xi1
T

xici
T

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

01×ns

xi0
T

01×ns

01×ns

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

. . .

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

01×ns

01×ns

01×ns

xi0
T

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

xi1
T

01×ns

01×ns

01×ns

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎣

xi0
T

2xi1
T

xici
T

⎤

⎥⎥⎥⎥⎦
. . .

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

01×ns

01×ns

01×ns

xi1
T

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

xici
T

01×ns

01×ns

01×ns

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

01×ns

xici
T

01×ns

01×ns

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

. . .

⎡

⎢⎢⎢⎢⎣

xi0
T

xi1
T

2xici
T

⎤

⎥⎥⎥⎥⎦

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

2δuiQux
∂ γi
∂xi

= 2δuiQux
∂(xi0γi0 + xi1γi1 + · · ·+ xiciγici)

∂xi

= 2δuiQux

[
∂(xi0γi0+xi1γi1+···+xici

γici )
∂xi0

. . .
∂(xi0γi0+xi1γi1+···+xici

γici )
∂xici

]

= 2δuiQux

[
γi0 γi1 . . . γici

]

∂f(x, δu)

∂xi
= δti

(
ψi

T + 2δuiQux

[
γi0 γi1 . . . γici

] )

∂f(x, δu)

∂xne

= ζT + δtne

(
ψne

T + 2δuneQux

[
γne0 γne1 . . . γnecne

] )

ui

δui = ui − ui−1 δui+1 = ui+1 − ui f

∂f(x, δu)

∂ui
= 2δti

∂δuiQux γi
∂ui

+ 2δti+1
∂δui+1Qux + γi+1

∂ui
+ δti

∂Quδu2i
∂ui

+ δti+1
∂Quδu2i+1

∂ui

2
∂δuiQux γi

∂ui
= 2

∂Qux γi(ui − ui−1)

∂ui
= 2Qux γi



2
∂δui+1Qux + γi+1

∂ui
= 2

∂Qux + γi+1(ui+1 − ui)

∂ui
= 2Qux + γi+1

∂Quδu2i
∂ui

= 2δuiQu

∂Quδu2i+1

∂ui
= −2δui+1Qu

∂f(x, δu)

∂ui
= 2δti

(
Qux γi + δuiQu

)
− 2δti+1

(
Qux + γi+1 + δui+1Qu

)

δu1 = u1 − u0 u0

u1, u2, . . . , une

uin

G(ẏ,y, t) = 0 ẏ0,y0, t0

G(ẏ0,y0, t0) = 0

uin = u0

n

=
∂gni(xi)

∂xi
=

⎡

⎢⎢⎣

∂gni1
∂xi

∂gnici
∂xi

⎤

⎥⎥⎦

∂gnij

∂xi
=

1

δti

∂ (qij) φi(τ)

∂xi
+
∂ (xij)vij

∂xi
+
∂ (qij)

∂xi
− e1ui



(qij) φi(τ) = A(qij)
[
vi0 vi1 . . . vici

]

⎡

⎢⎢⎢⎢⎣

φ̇0(τij)

φ̇1(τij)

φ̇ci(τij)

⎤

⎥⎥⎥⎥⎦

= A(qij)
[
φ̇0(τij)vi0 + φ̇1(τij)vi1 + · · ·+ φ̇ci(τij)xici

]

= φ̇0(τij) (qij)vi0 + φ̇1(τij) (qij)vi1 + · · ·+ φ̇ci(τij) (qij)vici

ci = θi, si =

θi, cij = (θi − θj), sij = (θi − θj) i, j

∂ (qij) φ̇i(τ)

∂xiw
=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ci∑

h=0

φ̇h(τij)
∂ (qij)vih
∂xiw

, w = j

φ̇w(τij)
∂ (qij)viw

∂xiw
, w ̸= j

∂ (qij)viw
∂xiw

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

[
(qij)

∂ (qij)viw

∂qiw

]
, w = j

[
(qij) n+1

]
, w ̸= j

∂ (qij)viw
∂qij

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

0 −M1l1θ̇1ws1 −M2l2θ̇2ws2 . . . −Mnlnθ̇nwsn

0 k1w M2l1l2θ̇2ws12 . . . Mnl1lnθ̇nws1n

0 M2l1l2θ̇1ws21 k2w . . . Mnlnl2θ̇nws2n

0 Mnl1lnθ̇1wsn1 Mnl2lnθ̇2wsn2 . . . knw

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

ki = −Miliẋcsi −
n∑

j=1

Mmax(i,j)lilj θ̇jwsij

∂ (xij)vij
∂xij

=
[
∂ (xij)vij

∂vij

∂ (xij)vij

∂qij

]



∂ (xij)vij
∂vij

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

b −2M1l1θ̇1s1 −2M2l2θ̇2s2 . . . −2Mnlnθ̇nsn

0 0 2M2l1l2θ̇2s12 . . . 2Mnl1lnθ̇ns1n

0 2M2l1l2θ̇1s21 0 . . . 2Mnlnl2θ̇ns2n

0 2Mnl1lnθ̇1sn1 2Mnl2lnθ̇2sn2 . . . 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

∂ (xij)vij
∂qij

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

0 −M1l1θ̇21c1 −M2l2θ̇22c2 . . . −Mnlnθ̇2ncn

0 p1 −M2l1l2θ̇22c12 . . . −Mnl1lnθ̇2nc1n

0 −M2l1l2θ̇21c21 p2 . . . −Mnlnl2θ̇2nc2n

0 −Mnl1lnθ̇21cn1 −Mnl2lnθ̇22cn2 . . . pn

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

pi =
n∑

j=1
j ̸=i

Mmax(i,j)lilj θ̇
2
j cij

∂ (qij)

∂xij
=
[

+
∂ (qij)
∂qij

]

∂ (qij)

∂qij
=

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 . . . 0

0 M1l1gc1 0 . . . 0

0 0 M2l2gc2 . . . 0

0 0 0 . . . Mnlngcn

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

∂ (xij)vij
∂xiw

=
∂ (qij)

∂xiw
= + , w ̸= j

i =

⎡

⎢⎢⎢⎣

φ̇0(τi1)
[

(qi1) n+1

]
∂gni1
∂xi1

. . . φ̇ci(τi1)
[

(qi1) n+1

]

φ̇0(τici)
[

(qici) n+1

]
φ̇1(τici)

[
(qici) n+1

]
. . .

∂gnici
∂xici

⎤

⎥⎥⎥⎦

ui

∂gnij

∂ui
= e1



1 =

⎡

⎢⎢⎣

∂gl10
∂x1

∂gl1c1
∂x1

⎤

⎥⎥⎦

i =

⎡

⎢⎢⎣

∂gli1
∂xi

∂glici
∂xi

⎤

⎥⎥⎦

˜
i =

∂gci
∂xi

gl10 = p0 − x10

glij = qij − qi0 − δti iαij

gci =

[
vi+1(0)− iφi(1)

qi+1(0)− qi(0)− δti iγi

]

xi0

i

i =

⎡

⎢⎢⎢⎢⎢⎣

− 2n+2 2n+2 . . . 2n+2[
−αi10 n+1 − n+1

] [
−αi11 n+1 n+1

]
. . .

[
−αi1ci n+1 n+1

]

[
−αici0 n+1 − n+1

] [
−αici1 n+1 n+1

]
. . .

[
−αici0 n+1 n+1

]

⎤

⎥⎥⎥⎥⎥⎦

˜
i =

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

[
n+1 n+1

γi1 n+1 n+1

] [
n+1φ1(1) n+1

γi2 n+1 n+1

]
. . .

[
n+1φci(1) n+1

γici n+1 n+1

]

2n+2 2n+2 . . . 2n+2

2n+2 2n+2 . . . 2n+2

⎤

⎥⎥⎥⎥⎥⎥⎥⎦



αijk k αij

˜
i

i

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 . . . ê1 0 . . . 0

2 . . . 0 ê2 . . . 0

. . . ne 0 0 . . . êne

1 . . . 0 0 . . . 0
˜
1 2 . . . 0 0 . . . 0

. . . ne 0 0 . . . 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

êi =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

0

0

1

0

0

1

0

0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ Rcins/2

∂Λ(x,u,λ)

∂X
=
∂f(x, δu)

∂X
+ λT



∂(∇XΛ(x,u,λ))T

∂X
=
∂(∇Xf(x, δu))T

∂X
+ λ1

∂Gi11

∂X
+ · · ·+ λnx

∂Gnecne (n+1)

∂X

∂2glij

∂X2 =
∂2gci

∂X2 = nx , i, j

i =

⎡

⎢⎢⎣

∇Xgni1

∇Xgnici

⎤

⎥⎥⎦ ≡

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

GT
i11

GT
i1(n+1)

GT
ici1

GT
ici(n+1)

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Gijk k

j i k = 1

(k− 1)

∂f(x, δu)T

∂X
=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂fT

∂x1

∂fT

∂xne
∂fT

∂u0

∂fT

∂une

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≡

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

f̃x1

f̃xne

f̃u1

f̃une

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∂f̃xi

∂xi
= δti

∂ T
i ψi

∂xi

i



i =

⎡

⎢⎢⎣

Pri0

Pri(2ci+2)

⎤

⎥⎥⎦
T
i =

[
PrTi1 . . . PrTi(2ci+2)

]

∂ T
i ψi

∂xi
=

⎡

⎢⎢⎢⎢⎢⎣

∂Pri0ψi
∂xi0

∂Pri0ψi
∂xi1

. . . ∂Pri0ψi
∂xici

∂Pri1ψi
∂xi0

∂Pri1ψi
∂xi1

. . . ∂Pri1ψi
∂xici

∂Priciψi

∂xi0

∂Priciψi

∂xi1
. . .

∂Priciψi

∂xici

⎤

⎥⎥⎥⎥⎥⎦

i

∂Prikψi

∂xij
= 2 x nsψijk

ψijk =
∫ 1
0 φijφikdτ

∂ T
i ψi

∂xi
= 2

⎡

⎢⎢⎢⎢⎢⎢⎣

x

[
nsψi00 nsψi01 . . . nsψi0ci

]

x

[
nsψi10 nsψi11 . . . nsψi1ci

]

x

[
nsψici0 nsψici1 . . . nsψicici

]

⎤

⎥⎥⎥⎥⎥⎥⎦
= 2 i

∂f̃xi

∂xi
= 2δti i

∂f̃xne

∂xne

=
∂ T

ne
ζne

∂xne

+ δtne

∂ T
ne
ψne

∂xne

∂f̃xne

∂xne

= 2

⎡

⎢⎢⎢⎢⎢⎢⎣

x

[
ns(ζi00 + δtneψi00) ns(ζi01 + δtneψi01) . . . ns(ζi0ci + δtneψi0ci)

]

x

[
ns(ζi10 + δtneψi10) ns(ζi11 + δtneψi11) . . . ns(ζi1ci + δtneψi1ci)

]

x

[
ns(ζici0 + δtneψici0) ns(ζici1 + δtneψici1) . . . ns(ζicici + δtneψicici)

]

⎤

⎥⎥⎥⎥⎥⎥⎦
= 2 ne



ζijk = φij(1)φik(1)
∂∇XfT

∂X

∂f̃ui

∂xi
= 2δtiQux

∂ iγi
∂xi

= 2δtiQux

[
nsγi0 nsγi1 . . . nsγici

]

= 2δti
[
γi0Qux γi1Qux . . . γiciQux

]
= 2δtiΞi

∂f̃ui

∂xi+1
= −2δti+1Qux

∂ i+1γi
∂xi+1

= −2δti+1Ξi+1

∂f̃xi

∂ui
= 2δti

[
nsγi0 nsγi1 . . . nsγici

]T
QT

ux
∂δui
∂ui

= 2δtiΞ
T
i

∂f̃xi

∂ui−1
= 2δti

[
nsγi0 nsγi1 . . . nsγici

]T
QT

ux
∂δui
∂ui−1

= −2δtiΞ
T
i

∂f̃ui

∂ui
= 2δtiQu

∂δui
∂ui

− 2δti+1Qu
∂δui+1

∂ui
= 2Qu(δti + δti+1)

∂f̃ui

∂ui−1
= 2δti−1Qu

∂δui
∂ui−1

= −2δtiQu

∂f̃ui

∂ui+1
= −2δti+1Qu

∂δui+1

∂ui+1
= −2δti+1Qu

∂∇XfT

∂X
=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2δt1 1 . . . 2δt1ΞT
1 . . .

0 2δt2 2 . . . −2δt2Ξ2 2δt2Ξ2 . . .

. . . 2δtne ne . . . 2δtneΞ
T
ne

2δt1Ξ1 −2δt2ΞT
2 . . . 2(δt1 + δt2)Qu −2δt2Qu . . .

2δt2Ξ2 . . . −2δt2Qu 2(δt2 + δt3)Qu . . .

. . . 2δtneΞne . . . 2δtneQu

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦



i =

⎡

⎢⎢⎢⎣

φ̇0(τi1)
[

(qi1) n+1

]
∂gni1
∂xi1

. . . φ̇ci(τi1)
[

(qi1) n+1

]

φ̇0(τici)
[

(qici) n+1

]
φ̇1(τici)

[
(qici) n+1

]
. . .

∂gnici
∂xici

⎤

⎥⎥⎥⎦
≡

≡

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

φ̇0(τi1)

⎡

⎢⎢⎣

ArTi11

ArTi1(n+1)

⎤

⎥⎥⎦

⎡

⎢⎢⎣

grTi11

grTi1(n+1)

⎤

⎥⎥⎦ . . . φ̇ci(τi1)

⎡

⎢⎢⎣

ArTi11

ArTi1(n+1)

⎤

⎥⎥⎦

φ̇0(τici)

⎡

⎢⎢⎣

ArTici1

ArTici(n+1)

⎤

⎥⎥⎦ φ̇1(τici)

⎡

⎢⎢⎣

ArTici1

ArTici(n+1)

⎤

⎥⎥⎦ . . .

⎡

⎢⎢⎣

grTi11

grTi1(n+1)

⎤

⎥⎥⎦

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∂gnij

∂xij
=

1

δti

[ [
(qij)

∂ (qij)vij

∂qij

]
+

ci∑

h=0
h ̸=j

[
n+1

∂ (qij)vih

∂qij

] ]
+
∂ (xij)

∂xij
+
[

n+1
∂ (qij)
∂qij

]

n

∂Gi11

∂xi
=

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

φ0(τi1)
∂Ari11
∂xi1

. . .
∂grT

i11
∂xi0

∂gri11
∂xi1

∂gri11
∂xi2

. . .
∂grT

i11
∂xici

φ2(τi1)
∂Ari11
∂xi1

. . .

φci(τi1)
∂Ari11
∂xi1

. . .

⎤

⎥⎥⎥⎥⎥⎥⎥⎦



∂Arij1
∂xij

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

0 0 . . . 0 0 0 0 . . . 0

0 0 . . . 0 0 −M1l1s1 0 . . . 0

0 0 . . . 0 0 0 −M2l2s2 . . . 0

0 0 . . . 0 0 0 0 . . . −Mnlnsn

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

∂grij1
∂xij

=
[
∂grij1

∂vij

∂grij1

∂qij

]

∂grij1
∂vij

= φ̇ij(τij)

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 . . . 0

0 −2M1l1s1 0 . . . 0

0 0 −2M2l2s2 . . . 0

0 0 0 . . . −2Mnlnsn

0 0 0 . . . 0

0 −M1l1(2θ̇1c1 + s1) 0 . . . 0

0 0 −M2l2(2θ̇2c2 + s2) . . . 0

0 0 0 . . . −Mnln(2θ̇ncn + sn)

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∂grij1
∂qij

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 . . . 0

0 −φ̇ij(τij)M1l1(2θ̇1c1 + s1) . . . 0

0 0 . . . −φ̇ij(τij)Mnln(2θ̇ncn + sn)

0 0 . . . 0

0 M1l1(θ̇2s1 −
ci∑

w=0

φ̇iw(τij)θ̇1wc1) . . . 0

0 0 . . . Mnln(θ̇2sn −
ci∑

w=0

φ̇iw(τij)θ̇nwcn)

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∂grijk
∂xiw

=
(∂Arijk

∂xij

)T
, w ̸= j

θ̇kw θ̇k w

j



∂Gi12

∂xi
=

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

φ0(τi1)
∂Ari12
∂xi1

. . .
∂gri12
∂xi0

∂gri12
∂xi1

∂gri12
∂xi2

. . . ∂gri12
∂xici

φ2(τi1)
∂Ari12
∂xi1

. . .

φci(τi1)
∂Ari12
∂xi1

. . .

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

∂Arij2
∂xij

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

0 0 . . . 0 0 −M1l1s1 0 . . . 0

0 0 . . . 0 0 0 0 . . . 0

0 0 . . . 0 0 −M1l1l2s12 M1l1l2s12 . . . 0

0 0 . . . 0 0 0 0 . . . −Mnlnsn

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

∂grij2
∂xij

=
[
∂grij2

∂vij

∂grij2

∂qij

]

∂grij2
∂vij

= φ̇ij(τij)

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 . . . 0

0 0 0 . . . 0

0 0 2M2l1l2s12 . . . 0

0 0 0 . . . 2Mnl1lns1n

0 0 0 . . . 0

−M1l1s1 0 ηj12 . . . ηj1n

0 0 −ηj12 . . . 0

0 0 0 . . . −ηj1n

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∂grij2
∂qij

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −φ̇ij(τij)M1l1s1 0 . . . 0

0 0 0 . . . 0

0 ηj12 −ηj12 . . . 0

0 ηj1n 0 . . . −ηj1n
0 0 0 . . . 0

0 −φ̇ij(τij)M1l1(ẋcc1 + gs1) + εj1 ξj12 . . . ξj1n

0 ξj12 βj12 . . . 0

0 ξj1n 0 . . . βj1n

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦



ηjik = Mmax(i,k)lilk(2θ̇kcik − φ̇·j(τ·j)sik)

ξjik = Mmax(i,j)lilk
(
θ̇2ksik +

c·∑

w=0

φ̇·w(τ·j)θ̇kwcik
)

βjik = Mmax(i,j)lilk
(
θ̇2ksik −

c·∑

w=0

φ̇·w(τ·j)θ̇kwcik
)

εji = −
c·∑

w=0

φ̇·w(τ·j)
n
k=1Mmax(i,k)lilkθ̇kw(cik + θ̇kwsik)

(·)

j, i, k

j

τ·j

i j

λ =

⎡

⎢⎢⎣

λ1

λnx

⎤

⎥⎥⎦ =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λ11

λ1c1

λne1

λnecne

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ Rnx

λij =

⎡

⎢⎢⎣

λij1

λij(n+1)

⎤

⎥⎥⎦ ∈ Rn+1

Gi

Gi =

⎡

⎢⎢⎣

Gi1

Gici

⎤

⎥⎥⎦



∂(∇XΛ(x,u,λ))T

∂X
=
∂(∇Xf(x, δu))T

∂X
+

ne∑

i=1

ci∑

j=1

λT
ij
∂Gij

∂X

λT
i1
∂Gi1

∂xi
=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

φ0(τi1)
n+1∑

k=1

λi1k
∂Ari1k
∂xi1

. . .

n+1∑

k=1

λi1k
∂gri1k
∂xi0

n+1∑

k=1

λi1k
∂gri1k
∂xi1

n+1∑

k=1

λi1k
∂gri1k
∂xi2

. . .
n+1∑

k=1

λi1k
∂gri1k
∂xici

φ2(τi1)
n+1∑

k=1

λi1k
∂Ari1k
∂xi1

. . .

φci(τi1)
n+1∑

k=1

λi1k
∂Ari1k
∂xi1

. . .

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

n+1∑

k=1

λijk
∂Ari1k
∂xi1

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

0 . . . 0 −λi12M1l1s1 −λi13M2l2s2 . . . −λi1(n+1)Mnlnsn

0 . . . 0 κ1 λi13M2l1l2s12 . . . λi1(n+1)Mnl1lns1n

0 . . . 0 λi12M1l2l2s21 κ2 . . . λij(n+1)Mnl2lns2n

0 . . . 0 λi12Mnlnl1sn1 λi13Mnlnl2sn2 . . . κn

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

κi = −λi11Milisi −
n∑

j=1

λi1jMmax(i,j)liljsij

ns∑

k=1

λi1k
∂gri1k
∂xiw

=
ns∑

k=1

λi1k
(∂Ari1k
∂xiw

)T
,

n+1∑

k=1

λi1k
∂gri1k
∂xi1

=

[
Ω1 Ω2

Ω3 Ω4

]

Ω1 =

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 . . . 0

0 ω11 0 . . . 0

0 0 ω12 . . . 0

0 0 0 . . . ω1n

⎤

⎥⎥⎥⎥⎥⎥⎥⎦



Ω2 =

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

0 −λi12M1l1s1 −λi13M2l2s2 . . . λi1(n+1)Mnlnsn

0 ω21 η21 . . . ηn1

0 η12 ω22 . . . ηn2

0 η1n η2n . . . ω2n

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

Ω3 =

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 . . . 0

−λi12M1l1s1 ω21 η12 . . . η1n

−λi13M2l2s2 η21 ω22 . . . η2n

−λi1(n+1)Mnlnsn ηn1 ηn2 . . . ω2n

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

Ω4 =

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 . . . 0

0 ω4d1 ω412 . . . ω41n

0 ω421 ω4d2 . . . ω42n

0 ω4n1 ω4n2 . . . ω4dn

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

ω1i = −2λi11Milisi +
n∑

j=1
j ̸=i

2λ·1(j+1)Mmax(i,j)liljsji

ω2i = −λ·1(i+1)Mili(2θ̇ici + si)−
n∑

j=1
j ̸=i

λ·1(j+1)ηji

ω4ij = η·ij + η·ji

ω4di = −λ·1(i+1)

[
φ̇·i(τ·i)Mili(ẋcci + gsi) + ε·i

]
+ λ·11Mili

(
θ̇2i si − ci

c·∑

w=0

φ̇·w(τ·i)θ̇iw
)
−

n∑

j=1
j ̸=i

λ·1(j+1)β·ji

n+1∑

k=1

λijk
∂Arijk
∂xij

≡
∂ λ(qij)

∂xij

ns∑

k=1

λijk
∂grijk
∂xiw

≡
(
∂ λ(qij)

∂xij

)T

, w ̸= j

n+1∑

k=1

λi1k
∂gri1k
∂xi1

≡ ∂gλ(xi)

∂xi1



gi =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

φ̇i0(τi1)
∂ λ(qi1)
∂xi1

φ̇i0(τi2)
∂ λ(qi2)
∂xi1

. . . φ̇i0(τici)
∂ λ(qici

)

∂xici(
∂ λ(qi1)
∂xi1

)T
∂gλ(xi)
∂xi1

a12 . . . a1ci
(
∂ λ(qi2)
∂xi2

)T

a21
∂gλ(xi)
∂xi2

. . . a2ci

(
∂ λ(qici

)

∂xici

)T

aci1 aci2 . . . ∂gλ(xi)
∂xici

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

aij = φ̇·i(τ·j)
∂ λ(q·j)

∂x·j
+ φ̇·j(τ·i)

(
∂ λ(q·i)

∂x·i

)T

=

⎡

⎢⎢⎣

n+1 φ̇·i(τ·j)
∂ λ(q·j)
∂q·j

φ̇·j(τ·i)

(
∂ λ(q·i)
∂q·i

)T

n+1

⎤

⎥⎥⎦

g =

⎡

⎢⎢⎢⎢⎣

g1 . . .

g2 . . .

. . . gne

⎤

⎥⎥⎥⎥⎦

∂(∇XΛ(x,u,λ))T

∂X
=
∂(∇Xf(x, δu))T

∂X
+ g(X)



∇X,λΛ(X,λ) = 0

n

n



bl, bu

qij vij

ui

u
f(X)

g(X) = 0

bl ≤ X ≤ bu

bl ≤ X ≤ bu

x,y
f(x) + cTx+ dTy

g(x) + 1y = b1

2x+ 3y = b2

bl ≤
[
x

y

]
≤ bu



x y

g(x)

f(x)

u
f(X)

gn(X) = 0

ΓX = 0

bl ≤ X ≤ bu

gn(X) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

gn11

gn1c1

gnne1

gnnecne

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Γ =

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

1 . . .
˜
1 2 . . .

. . . ne−1

. . . ˜
ne−1 ne

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

ne
∂gli
∂ui

= ∂gci
∂ui

= 0

ḡn(X,Xk) = gn(Xk) + (X −Xk) ≡ ḡn = gnk + k(X −Xk)



Xk

X λk k

k

u
L(X,Xk,λk, ρ) = f(X) + λTgnd +

1

2
ρk ∥gnd∥

2

ḡn(X) = 0

ΓX = 0

bl ≤ X ≤ bu

gnd = gn−ḡn gnk

(
k

Γ

)
X =

(
kXk − gnk

0

)

X = b

xb + xs + xn = b

xb xn

bl bu

x X = b

xs



ui u

X

X(u)

X,u u

=

⎡

⎢⎣
− −1

⎤

⎥⎦

ds

p

p =
[
pB pS pN

]T
L̃ =

[
L̃B L̃S L̃N

]T

L̃ =
∂L

∂X
= f̃(X)− ( − k)

T
[
λk − ρ(gn − ḡn)

]

f̃(X) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

f̃x1

f̃xne

f̃u1

f̃une

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Tλ = gB

dS = T L̃

∥d∥S



dN = gN − Tλ

p

T ps = −dS

TpB = − pS

T = T

αmax X +

αmaxp

α
L(X + αp,Xk,λk, ρ)

0 ≤ α ≤ αmax

α

(X̄, λ̄)

(∆X,∆λ) = (X̄−Xk, λ̄−λk) σ

M(X,λ)

(Xk + σ∆X,λk + σ∆λ)

(σ∆X,σ∆λ)

(Xk+1,λk+1)

(X,λ)

ρ

Xk

X∗



ρ

u∈Rne
f(X)

g(X) = 0

X ≤ 0

u∈Rne
φµ = f(X)− µ

nx+ne∑

i=1

(X(i))

g(X) = 0

µ X(i) i

X ≤ 0 z

µ

∇Xf(X) + λT∇Xg(X)− z = 0

g(X) = 0

d de− µe = 0

d := diag(X), d := diag(z) e

µ

µ

Eµ(X,λ, z) := max

{∥∥∇Xf(X) + λT∇Xg(X)− z
∥∥
∞

sd
, ∥g(X)∥∞ ,

∥ d de− µe∥∞
sc

}



sd, sc ≥ 1

(X̃∗, λ̃∗, z̃∗)

E0(X̃∗, λ̃∗, z̃∗) ≤ ϵtol

ϵtol

µj

(dX
k ,dλ

k ,d
z
k) j

(X̃∗,j+1, λ̃∗,j+1, z̃∗,j+1) k

(Xk,j ,λk,j , zk,j)

⎡

⎢⎣
k k −
T
k

dk dk

⎤

⎥⎦

⎛

⎜⎝
dX
k

dλ
k

dz
k

⎞

⎟⎠ = −

⎛

⎜⎝
∇Xf(Xk) + λ

TAk − zk

g(Xk)

k ke− µje

⎞

⎟⎠

k := ∇Xg(Xk) k := ∇2
XXL(Xk,λ, zk)

L(X,λ, z) = f(X) + λTg(X) − zTX

k = ∂(∇XΛ(x,u,λ))T

∂X

[
k + Σk + δw k

T
k −δc

](
dX
k

dλ
k

)
= −

(
∇Xφµj (Xk) + λ

T
k k

g(Xk)

)

δw, δc ≥ 0

Σk = −1
dk dk δw

k+Σk+δw

δc

k

Xk+1 := Xk + αkd
X
k

λk+1 := λk + αkd
λ
k

zk+1 := zk + αz
kd

z
k

z



φµj (X)

θ(X) := ∥g(X)∥
αk,l = 2−lαmax

k , l = 0, 1, 2, . . .

Xk(αk,l)

(θ(Xk(αk,l)),φµj (Xk(αk,l)))

F

Xk j

F0 :=
{
(θ,φ) ∈ R2 : θ ≥ θmax

}

θmax

k

αk,0

dX,soc
k d̃

X
k = αk,0d

X
k

kd
x,soc
k + g(Xk + αk,0d

X
k ) = 0

dX,cor
k = αk,0d

X
k + dX,soc

k

Xk + d̃
X
k

u∈Rne
φµj (X) = f(X)− µj

∑

i∈IL

(X(i) −X(i)
L )− µj

∑

i∈IL

(X(i)
U −X(i))

g(X) = 0

IL = {i : X(i)
L ̸= −∞} IU = {i : X(i)

U ̸= ∞}
z(i)U z(i)L

L(X,λ, zU , zL, µ)



X

M(X,λ)

F

n

NMPC Plant

Model

State
Estimation

d

u y

ym

ymeas

xest, yest

ysp +
+

+
−

yres



d

yres = ymeas − ym

ysp

mc = 10.0 kg

mi = 2.5 kg, i ∈ {1, 2, . . . , n}

li = 1.0 m

b = 0.2 N
s

m

g = 9.81
m

s2

ne = 20

ci = 4 , i ∈ {1, 2, . . . , ne}

k = 4

δt = 0.1 s

xi0

k = 4

ci + 1



ci = 4

δt = 0.1 s

bL ≤ X ≤ bu

− 10.0 ≤ ẋc ≤ 10.0
[m
s

]

− 3.0 ≤ ωi ≤ 3.0
[rad

s

]
, i ∈ {1, 2, . . . , n}

− 100.0 ≤ xc ≤ 100.0 [m]

− 3π

8
≤ θi ≤

3π

8
[rad]

− 100.0 ≤ uj ≤ 100.0 [N ], j ∈ {1, 2, . . . , ne}

ωi ≡ θ̇i

x =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 . . . 0 0 0 . . . 0

0 a
ω2
max

. . . 0 0 0 . . . 0

0 0 . . . a
ω2
max

0 0 . . . 0

0 0 . . . 0 0 0 . . . 0

0 0 . . . 0 0 a
θ2max

. . . 0

0 0 . . . 0 0 0 . . . a
θ2max

⎤
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