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Abstract—The influence of earth stratification on overhead
power transmission line impedances is investigated in this paper.
A systematic comparison of existing approaches is done, while
results are also obtained using a finite-element method formula-
tion. A novel numerical integration technique is proposed for the
calculation of the infinite integrals involved. Typical single- and
double-circuit line configurations are examined for a combination
of layer depths and earth resistivities over a wide frequency range.
The influence of the layer depth is also investigated. Results show
significant differences from those, corresponding to the case of
homogeneous earth. Using the multilayered earth return imped-
ances in transient simulations, the transient responses show that
differences occur mainly in cases of asymmetrical faults, justifying
the need for a detailed earth model implementation.

Index Terms—Electromagnetic transient analysis, finite element
method, nonhomogeneous earth, power transmission lines.

I. INTRODUCTION

I N TRANSIENT simulations, detailed transmission line
modeling is required. Transmission line modeling is

strongly influenced by the presence of the resistive earth re-
turn path, which is included in transmission line impedances
through proper correction terms. The latter are calculated using
the widely accepted Carson’s formulas [1] developed for the
case of semi-infinite, homogeneous earth.

In practice, earth is composed of several layers of different
electromagnetic properties. Wise and Sunde [9] developed new
formulas for the two-layer earth case under certain simplifica-
tions. In 1966, Wedepohl and Wasley [2] calculated the line
impedances for a two-layer earth model using a double com-
plex Fourier transform. In 1973, Nakagawa [3] proposed a more
rigorous and general solution for the multilayer earth case, al-
lowing the relative permittivity and permeability of each layer
to be different from unity. Nakagawa’s earth model is imple-
mented in the electromagnetic transients program (EMTP) [11].
Finally, Moghram [4] extended in 1998 the solution of [2] for
the case of a three-layer earth.

The finite element method (FEM) is a numerical method
widely used for the solution of the electromagnetic field equa-
tions in a region, regardless of the geometric complexity. In
a recently proposed method by some of the authors [5], the
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Fig. 1. Two conductors over a three-layer earth.

electromagnetic field variables have been calculated using the
FEM and properly linked with the transmission line equivalent
circuit parameters. The new method is capable of handling
cases of terrain surface irregularities and nonhomogeneous,
stratified soil, where most classical methods usually fail.

This paper presents a generalized methodology capable of
handling all different approaches for the overhead transmission
line impedance calculation, in cases where earth is considered
to be multilayered. Instead of using infinite series approxima-
tions for the evaluation of the infinite integrals, a direct nu-
merical integration scheme is adopted. The new method is ap-
plied to typical single- and double-circuit overhead transmis-
sion line configurations for varying soil parameters and over
a wide frequency range. The obtained results show significant
differences when checked against those obtained by Carson’s
formulas under the assumption of homogeneous earth. The va-
lidity of the results is justified using a suitable FEM formula-
tion for the multilayered earth case. Finally the new impedances
are used in typical transient simulations in order to evaluate the
influence of the earth stratification on the actual voltages and
currents. The resulting differences reveal that earth stratifica-
tion must be taken into account in the transmission line models,
when zero sequence components may occur.

II. PROBLEM FORMULATION

In the general case of a two conductors arrangement of
Fig. 1, earth is assumed to consist of three layers. The distances
of the two conductors from the earth surface are and
respectively, while their horizontal distance is . The first earth
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layer is assumed to have a depth from the earth surface
and permeability , permittivity and conductivity . The
second layer has a thickness of and its electromagnetic
characteristics are , and respectively. The third layer is
assumed to be of infinite extent, starting at a depth of ,
with the corresponding electromagnetic characteristics being

, and .
The influence of the imperfect earth is expressed through cer-

tain correction terms and , which must be added to
both self and mutual per-unit length conductor impedances re-
spectively. These terms can be calculated using the following
generalized expressions:

(1)

(2)

where is the imaginary unit, is the free space permeability,
is the angular velocity, is the current frequency, and

is a complex function, linking the geometry of the layers
with the electromagnetic properties of the earth layers.

Starting from the simplest form for the Carson’s case of semi-
infinite homogeneous earth, becomes more complex for
the other models treating the multilayered earth cases. The ana-
lytic expressions of for each multilayered earth model are
presented in Appendix I.A.

In this paper, the integral forms (1) and (2) for both homo-
geneous and multilayered earth cases are calculated using nu-
merical integration rather than infinite series approximations. A
combination of the Gauss–Legendre and the Gauss–Laguerre
methods [14] is used for the complex integral of (1), while the
Gauss–Legendre method is combined with the Lobatto rule [10]
in the numerical integration of (2), due mainly to its oscillative
form. This numerical integration scheme proves to be very effi-
cient and numerically stable. The computation time for the nu-
merical integration in all cases examined is less than 3 s for a
set of 60 earth resistivity and frequency combinations, using an
Intel Pentium IV PC at 1.7 GHz. An analytical description of the
numerical integration technique is presented in Appendix I.B.

III. FINITE ELEMENT APPROACH

The problem of calculating the transmission line impedances
can be greatly simplified, assuming that the per-unit length
voltage drop on every conductor is known for a specific
current excitation. The mutual complex impedance between
conductor and another conductor carrying current , where
all other conductors are forced to carry zero currents, is then
given by

(3)

The self impedance of a conductor may also be calculated
from (3), by setting . In such a case, the following pro-
cedure may be used for the calculation of the transmission line
impedances [5]:

• A sinusoidal current excitation of arbitrary magnitude
is applied sequentially to each conductor, while the re-
maining conductors are forced to carry zero currents. The
corresponding voltages are recorded.

• Using (3), the self and mutual impedances of the con-
ductor may be calculated. This procedure is repeated

times, in order to calculate the impedances of
conductors.

Therefore, the problem is reduced to that of calculating the
actual per unit length complex voltage drops, when a current ex-
citation is applied to the conductors. This may be achieved by
a suitable FEM formulation for the solution of the linear elec-
tromagnetic diffusion equations as in [5]. Values for the current
density on each conductor of conductivity are then ob-
tained and (3) takes the form

(4)

linking properly electromagnetic field variables and equivalent
circuit parameters.

Some practical considerations concerning the application of
the FEM in the problem are the following.

• The electromagnetic field of an overhead transmission
line may be considered unbounded. The FEM has been
used to solve unbounded field problems using several ap-
proaches. For reasons explained in [5], the extension of
the discretization area (direct solution) is adopted here.
The discretization area is a square 10 km 10 km, with
the transmission line located in its center.

• The discretization area is subdivided in first-order trian-
gular finite elements.

• ACSR conductors are treated as tubular conductors.
• Existing symmetries in the geometry of the problem are

properly utilized to improve the computational efficiency
of the method.

IV. NUMERICAL RESULTS

Each of the above methods is applied in two typical over-
head line configurations, namely a single-circuit 150-kV trans-
mission line shown in Fig. 2(a) and a double-circuit 735-kV line
with a single conductor per phase shown in Fig. 2(b).

Data for the first line were obtained by the Public Power Cor-
poration of Greece and for the second line from [6], with all
dimensions converted to SI units. The transmission line data ap-
pear in Table I.

A. Two-Layer Earth Model

First, a two-layer earth configuration is considered. Six dif-
ferent two-layer earth models are investigated, based on actual
grounding parameter measurements [7]. The corresponding data
for the layer depths and resistivities are shown in Table II. The
second layer is of infinite extent. Since most soil types are non-
magnetic, the relative permeability of the earth is assumed to be
equal to unity.

On the other hand, typical values for the relative earth permit-
tivity are close to 10. However, observing the form of for
all the models [1]–[3], [9], the relative earth permittivity appears
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Fig. 2. Transmission line configurations. (a) 150-kV single-circuit transmission line. (b) 735-kV double-circuit transmission line.

TABLE I
TRANSMISSION LINE DATA

TABLE II
TWO-LAYERED EARTH MODELS

only in the propagation constants and and has a limited in-
fluence on the results for frequencies lower than 1 MHz. Thus,
in all above references, the relative permittivity is considered to
be equal to unity.

Frequencies from 50 Hz up to 1 MHz are examined. Results
are obtained by the direct numerical integration of (1) and (2)
for all different approaches [2], [3], and [9]. The values of the
per-cent differences between the three above approaches are cal-
culated by

Difference % (5)

The Wedepohl et al. [2] and Nakagawa [3] models give
exactly the same results over the whole frequency range for
the single- and the double-circuit lines. Keeping the Sunde
approach [9] as reference, the differences between Nakagawa
and Sunde are shown in Fig. 3 for the single- circuit (SC) line,

Fig. 3. Differences in the magnitude of Z between Nakagawa and Sunde
models for the case of the SC line and between Wedepohl and Sunde models for
the double-circuit line.

TABLE III
THREE-LAYERED EARTH MODEL DATA

as well as the differences between Wedepohl and Sunde for the
double-circuit line. The differences are almost zero except for
the high frequency range, where they are less than 0.6%.

B. Three-Layer Earth Model

Next, the case of a three-layer earth model is considered.
Two different three-layer earth models are investigated, based
on actual grounding parameter measurements [8]. The corre-
sponding data for the layers geometry and resistivities are shown
in Table III. The third layer is of infinite extent. For the reasons
explained earlier, the relative permeability and permittivity of
the three layers is considered to be equal to unity.

Frequencies from 50 Hz up to 1 MHz are examined. Re-
sults are obtained by Nakagawa [3] and Moghram [4] models.
Both approaches give exactly the same results for the whole fre-
quency range and for the single- and the double-circuit lines.
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Fig. 4. Differences in Z between Wedepohl and the FEM for the two-layer
earth and the double-circuit line and between Nakagawa and the FEM for the
three-layer earth and the single- circuit line.

Fig. 5. Differences in the magnitude of Z , for the case of the single- circuit
line between the homogeneous and the two-layer earth models.

C. Comparison With the FEM and the Homogeneous Earth

All the approaches for the two- and the three-layer earth
cases are compared to the FEM formulation for the single-
and the double-circuit lines. The differences given by (5), with
the FEM results as reference, are calculated. The differences
between Wedepohl [2] and the FEM for the two-layer earth and
the double-circuit line, as well as between Nakagawa [3] and
the FEM for the three-layer earth and the single- circuit line are
shown in Fig. 4, for the magnitude of the mutual impedance.

In all examined cases, the recorded differences are less than
0.3% over the whole frequency range. Therefore, the validity of
all approaches for both two- and three-layer earth structures is
justified.

The two-layer earth impedances are also compared to the cor-
responding results for the homogeneous earth with resistivity
equal to the first earth layer. The differences are calculated by
(5), considering the homogeneous earth results as reference. In
Fig. 5 the differences for the magnitude of the single-circuit
transmission line mutual impedances reach almost 38%, due
to the two-layer earth stratification. The worst case is case VI,
where the divergence between the resistivities of the first and the
second earth layer is the highest. Differences reach a maximum
at the kilohertz frequency range, affecting mainly the switching
transient modeling.

For the case of the double-circuit line and the two-layer earth,
the differences in the magnitude of the transmission line self im-
pedances are presented in Fig. 6. Results for one case with no

Fig. 6. Differences in the magnitude of Z , for the case of the double-circuit
line between the homogeneous and the two-layer earth models.

Fig. 7. Differences in the magnitude of Z , for the case of the single- circuit
line between the homogeneous and the three-layer earth models.

ground wires are also presented to show that the ground wires
have a smoothing effect in the recorded differences as they pro-
vide a parallel path for the earth return currents.

In Figs. 5 and 6, it is obvious that the differences seem to
minimize near high frequencies, for which the penetration depth

[13], given by (6), approaches the depth of the first layer.

(6)

The results by the three-layer earth models are compared to
those obtained by the Carson model for the case of semi-infi-
nite homogeneous earth with a resistivity successively set equal
to the resistivity of each of the three earth layers. The percent
differences calculated by (5), using the homogeneous earth as
reference, are plotted in Fig. 7 for the mutual impedance of the
single- circuit line.

Significant differences of up to 50% are recorded once again
for most cases. These differences tend to minimize when the
resistivity of the homogeneous earth is selected to be equal to
the layer that according to the penetration depth, has the more
pronounced influence on the transmission line electromagnetic
field.

The numerical integration scheme proved to be numerically
stable and efficient in all cases examined. The results obtained
by the numerical integration show a very good agreement to
those obtained by the FEM for all multilayered earth models
in all cases examined. Therefore, the method can be imple-
mented as a general purpose numerical evaluation tool for all
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Fig. 8. Influence of the earth layer thickness. Differences in the magnitude
of Z , for the single-circuit line between the homogeneous and the two-layer
earth models.

available multilayered earth models without the numerical as-
sumptions associated with the calculation procedure for each
different model.

The influence of the thickness of the earth layers is examined
next. For frequencies of 50 Hz, 10 kHz, 100 kHz, and 1 MHz,
the first earth layer, in a two-layer configuration, is considered to
have a depth varying from 10%–150% of the corresponding
penetration depth calculated by (6). Earth resistivities of 10

m and 100 m for the first layer are examined, while the
resistivity of the second layer is always 1000 m. The results
of this analysis, for the differences in the magnitude of the self
impedance for the single- circuit line, calculated by (5), are pre-
sented in Fig. 8.

It is shown that in cases where the resistivity of the first layer
differs greatly from the second, the influence of the earth strati-
fication is maximized. The next remarkable point is that the dif-
ferences are minimized when the depth of the first earth layer
reaches the 60%–70% of the penetration depth . For high fre-
quencies close to 1 MHz, the differences are minimized, because
of the very small penetration depth at this frequency region.
For these high frequencies, earth may be considered to be homo-
geneous having the properties of the first earth layer. Therefore,
in the case of overhead lines, the use of the penetration depth
may prove to be an easy and practical tool for approximation
when neglecting earth stratification.

D. Influence of Earth Stratification on Transient Response

Of vital importance is the investigation of the influence of
earth stratification on the actual transient voltages and currents
resulting from a transient simulation where the line models take
into account the multilayered earth. To demonstrate the effect
of ignoring soil stratification, the results obtained by the numer-
ical integration method for a two- and a three-layer earth case
are used in a switching transient simulation. The BPA field test
configuration, described in [12], is adapted as shown in Fig. 9.
The transmission line arrangement of Fig. 2(a) is considered
with a total length of 200 km. Three different types of tran-
sients are examined. A 3-phase to ground fault at the receiving
end LM through 2 fault resistances, a single line to ground
(SLG) fault through a 2 resistance at the receiving end phase

and an open-ended line energization through the switches at
the sending end JD. All switching actions occur at ms.

A time domain transmission line model is used with dis-
tributed parameters obtained by the EMTP LINE CONSTANTS
supporting routine [11], for all the cases of Tables II and III,
considering the semi-infinite homogeneous earth to have a re-
sistivity equal to the corresponding first layer. The same model
is once again used but with its parameters calculated by the nu-
merical integration method for the same cases, taking into ac-
count the earth stratification.

In both cases, all the line parameters are calculated at 500
Hz. Fig. 10(a) shows the voltage of the phase receiving end
for the SLG fault. The results by the three-layered earth CASE I
model are compared to those by the homogeneous earth model.
In Fig. 10(b), the fault current for the same transient and for
the CASE VI of the two-layer earth, is superimposed on the
corresponding curve for the homogeneous earth. Finally, in
Fig. 10(c), the phase open end voltage of the energization
transient for the CASE II of the three-layer earth is superim-
posed on the corresponding curve for the homogeneous earth.
The results for the fault currents in the case of the 3-phase to
ground fault are practically identical for the homogeneous and
the stratified earth cases.

The results by the transient simulations show that the earth
stratification has negligible effect in cases of symmetrical faults
and transients. In cases of asymmetrical faults, differences occur
in the voltages and currents, which are generally lower than
the differences in the impedances of the lines, but significant
enough to be disregarded.

The reason for this is that in the case of asymmetrical tran-
sients the residual currents flow through the earth, while in the
symmetrical transients these currents are minimized. The dif-
ferences in the mutual and self impedances, due to earth stratifi-
cation, are subtracted in the line modes and are accumulated in
the ground mode. Clearly, earth stratification proves to be signif-
icant for the ground mode but minimal for the line modes [15].

In the SLG fault case, the largest differences occur once again
for the cases, where substantial differences exist in the layer re-
sistivities as well as in the cases where the overall geometry
shows major divergence from the semi-infinite earth case. In
Fig. 10(a), the nonhomogeneous earth case shows the worst
transient while the opposite situation is recorded for the fault
current in Fig. 10(b).

It has been also observed that the two-layer earth model gives
the worst transient, when the resistivity of first layer is greater
than the corresponding of the second layer. In the opposite case,
the worst transient occurs for the homogeneous earth model.

The recorded maximum differences in peak to peak transient
voltages and currents for all examined cases indicate the quan-
titative influence of the earth stratification and are presented as
absolute values in Table IV. All results are for a 200-km-long
single-circuit line.

V. CONCLUSION

A generalized methodology for the evaluation of the influ-
ence of earth stratification on the impedances of actual overhead
transmission lines configurations is presented in this paper. The
methodology can be applied to all available earth modeling ap-
proaches.
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Fig. 9. Test configuration for switching transient simulation.

Fig. 10. (a) SLG fault open phase b voltage. (b) SLG fault current. (c) Line
energization phase b receiving end voltage.

A novel direct numerical integration scheme is adopted for
the calculation of the infinite integrals. The proposed scheme
proves to be numerically stable and efficient and can be used in
all cases, eliminating the need for model specific assumptions
in the numerical evaluation process. The accuracy of the results
obtained using numerical integration is verified by comparison
with the corresponding results obtained by a recently proposed
FEM formulation, suitable for the calculation of transmission
line impedances.

Typical single- and double-circuit overhead transmission
line configurations are analyzed. Several combinations of layer
depths and layer resistivities, based on experimental data, are
considered in a frequency range from 50 Hz to 1 MHz. Results

TABLE IV
PEAK TO PEAK RELATIVE (%) DIFFERENCES BETWEEN HOMOGENEOUS AND

MULTILAYERED EARTH MODELS

obtained by all the above approaches are compared to the
corresponding results for semi-infinite homogeneous earth.

The analysis shows that all approaches give almost identical
results. Significant differences to the homogeneous earth case
are recorded for the self and mutual line impedances, due to
earth stratification. These differences range from 10% up to 55%
depending on the layer configuration and properties. The higher
differences occur in the kilohertz frequency range.

The penetration depth can be used as a practical method to
choose a proper homogeneous earth model and as a rough esti-
mate of the introduced approximation.

Finally the influence of earth stratification on the transient
response of a transmission line is checked. Simple switching
transients involving line energization, single line and 3-phase to
ground faults are examined. Results show that the earth stratifi-
cation has a minimal influence on the transient response in cases
of symmetrical transients. In cases of asymmetries, where the
ground mode is dominant, the influence of the earth stratifica-
tion is significant enough to be discarded. The implementation
of the proposed approach may offer an efficient evaluation tool
in such cases.

APPENDIX

A. Formulas

Equations (1) and (2) give a generalized form for the earth
correction terms for self and mutual per-unit length impedances.
Assuming that and above the earth for all
cases, the complex function may be expressed as follows
for the different earth models.
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1) Carson’s Semi-Infinite Homogeneous Earth [1]:

(A1)

where is the earth conductivity in S/m, the permeability of
the free space and the angular velocity in s .

2) Two-Layer Earth Model by Sunde [9]:

(A2)

where

and (A3)

and (A4)

and is the thickness of the first earth layer, as shown in Fig. 1.
3) Two-Layer Earth Model by Wedepohl-Wasley [2]:

(A5)

(A6)

where

and (A7)

and is the thickness of the first earth layer, as shown in Fig. 1.
4) Three-Layer Earth Model Extension by Moghram [4]: In

this extension, the expression for is similar to (A6). Equa-
tion (A7) is modified to include the third earth layer as follows:

(A8)

where

(A9)

and

(A10)

5) -Layer Earth Model by Nakagawa [3]: Although it
was used only for the cases of two and three-layer earth, this
model is capable of handling the -layer earth case

(A11)

Complex functions and are calculated by the fol-
lowing recursive formulas:

...

(A12)

In (A12), is the number of earth layers, the distance of the
lower boundary surface of the layer from the surface of the
earth. The relation between and is given by

(A13)

The rest of the variables are given by the following equations:

(A14)

(A15)

where is the free space permittivity.

B. Numerical Integration Method

A novel numerical integration technique is applied for the
calculation of the infinite integrals of (1) and (2). It is based on
the presence of the terms and in the integrand
and on the observation that the integral of (2) has as a factor the
term . Therefore, some of the roots of the integrand are
known. Thus, when the horizontal distance between the two
conductors is not zero, the integral in the right part of (2) can be
calculated as follows.

The Gauss–Legendre method [14] is applied to calculate
the integral between zero and the first root of , as
this method is capable of handling the initial steep descent
of the integrand. Then the Lobatto rule [10] is applied in the
intervals between subsequent roots of . The procedure
is repeated until convergence is achieved, controlled by a user
defined tolerance, set to in this paper.

For the calculation of the integral in (1) or the integral in (2)
in the case where the horizontal distance is zero, the procedure
is described below.

The Gauss–Legendre method is applied in order to
find the integral at an initial interval between zero and

in (2) or in (1).
Then the shifted Gauss-Laguerre method [14] is used for the
evaluation of the rest of the integral. The procedure is repeated
iteratively. In each iteration, the initial interval is bisected and
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the use of the Gauss–Legendre method is extended by
intervals to the right of . Convergence is achieved when the
absolute difference between two succedent values of calculated
integral is less than the predefined tolerance.

In all cases examined, convergence is achieved after 3–4 iter-
ations.
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