
Arister� kai dexi� paragìmenoi telestèc.

Ja xekin soume me touc arister� paragìmenouc telestèc. Gi� autì qreiazìmaste
ènan telest  F : A−→B ètsi ¸ste na plhroÔntai oi ex c idiìthtec: oi kathgorÐec
A,B na eÐnai abelianèc, h A na èqei arket� embolik�, o telest c F na diathreÐ ta
eujèa ajroÐsmata kaj¸c kai thn akrÐbeia apì ta dexi�. ParathroÔme ìti an P• eÐnai
sÔmploko, tìte kai F (P•) eÐnai sÔmploko. 'Estw A èna antikeÐmeno thc A. Ja
orÐsoume to antikeÐmeno Li(F(A)).

Orismìc 0.1. 'Estw P• mÐa probolik  epÐlush tou A . Tìte LiF(A) = Hi(F(P )).

Ja apodeÐxoume ìti LiF( ) : A−→B eÐnai ènac telest c. Pr¸ta ìmwc ja d¸soume
k�poia paradeÐgmata.

ParadeÐgmata. 'Estw F = ⊗ Z2 : Ab−→Ab.
(1) A = Z. MÐa probolik  epÐlush tou Z eÐnai 0−→Z−→0. L0F(Z) = Z2 kai

LiF(Z) = 0, ∀i > 0.
(2) A = Z3. MÐa probolik  epÐlush tou Z3 eÐnai 0−→Z 3−→Z−→0. Tìte o

omomorfismìc 3 ⊗ idZ2 : Z ⊗ Z2−→Z ⊗ Z2 eÐnai o tautotikìc omomorfismìc
kai LiF(Z3) = 0, ∀i.

(3) A = Z2. MÐa probolik  epÐlush tou Z2 eÐnai 0−→Z 2−→Z−→0. Tìte o
omomorfismìc 2⊗ idZ2 : Z⊗Z2−→Z⊗Z2 eÐnai o mhdenikìc omomorfismìc kai
L0F(Z2) = Z2, L1F(Z2) = Z2 kai LiF(Z2) = 0 ∀i ≥ 2.

Mi�c kai o telest c F diathreÐ thn akrÐbeia apì ta dexi� h akoloujÐa F(P1)
Fd1−→

F(P0)−→F(A)−→0 eÐnai akrib c, opìte F(A) = CokerFd1 = F(P0)/ ImFd1. To
teleutaÐo isoÔtai me to L0F(A) kai èqoume ìti L0F(A) = F(A).

Prìtash 0.2. 'Estw ìti Q• eÐnai mÐa �llh probolik  epÐlush tou A kai ìti L̃iF(A) =

HiF(Q•). Tìte LiF(A) ' L̃iF(A) kai m�lista o isomorfismìc eÐnai kanonikìc.

Apìdeixh. SÔmfwna me to L mma thc sÔgkrishc up�rqei mÐa alusidwt  apeikìn-
ish f : P•−→Q• pou anuy¸nei ton tautotikì morfismì iA : A−→A. Mi�c kai F
eÐnai telest c F(idA) = idF(A) kai F(f) : F(P•)−→F(Q•) eÐnai alusidwt  apeikìnish.
'Epetai ìti up�rqei morfismìc F(f)∗ : Hi(F(P ))−→Hi(F(Q)) o opoÐoc eÐnai kanon-
ikìc, mi�c kai dÔo opoiad pote anuy¸seic orÐzoun ton Ðdio morfismì sthn omologÐa..

AntÐstrofa an g : Q•−→P• eÐnai alusidwt  apeikìnish pou anuy¸nei ton tautotikì
morfismì iA : A−→A tìte up�rqei morfismìc F(g)∗ : Hi(F(Q))−→Hi(F(P )).

'Etsi h sÔnjesh gf : P•−→P• eÐnai alusidwt  apeikìnish pou anuy¸nei ton tau-
totikì morfismì iA : A−→A. O tautotikìc morfismìc iP eÐnai mÐa �llh tètoia
anÔywsh. Epomènwc gf, idP eÐnai omotopikèc. 'Epetai ìti F(gf) = F(g)F(f) kai
idF(P ) = F(idP ) eÐnai epÐshc omotopikèc kai orÐzoun thn Ðdia sun�rthsh sthn omologÐ-
a, opìte (F(gf))∗ = F(g)∗F(f)∗ = idF(P ) : HiF(P )−→HiF(P ).

Me ton Ðdio trìpo apodeiknÔetai ìti F(f)∗F(g)∗ = idF(Q) : HiF(Q)−→HiF(Q).
'Epetai ìti F(f)∗ kai F(g)∗ eÐnai isomorfismoÐ.

Je¸rhma 0.3. LiF( ) : A−→B eÐnai telest c.

Apìdeixh. 'Estw f : A−→A′, P•, P ′
• probolikèc epilÔseic tou A kai A′. Tìte h

f anuy¸netai se alusidwt  apeikìnish f• : P•−→P ′
• kai ètsi F(f•) : F(P•)−→F(P ′

•)
1
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eÐnai alusidwt  apeikìnish. 'Epetai ìti èqoume morfismì F(f)∗ : LiF(A)−→LiF(A′)
anex�rthto apì thn epilog  thc anÔywshc f•.

Me to Ðdio skeptikì blèpei kaneÐc ìti
• LiF(idA) = (idF(P ))∗ = idHi(F(P )) = idLiF(A).
• LiF(fg) = LiF(f)LiF(g).

Ja k�noume �llh mÐa parat rhsh sqetik� me ton telest  LiF. LiF(f1 + f2) =
LiF(f1) + LiF(f2). H apìdeixh gÐnetai me ton Ðdio trìpo ìpwc ta parap�nw.

Je¸rhma 0.4. 'Estw 0−→A′−→A−→A′′−→0 mÐa akrib c akoloujÐa. Tìte èqoume
th makri� akrib  akoloujÐa · · · −→LiF(A′)−→LiF(A)−→LiF(A′′)

θ−→Li−1F(A′)−→· · ·
ìpou o sundetikìc morfismìc θ eÐnai fusikìc.

Apìdeixh. 'Estw P ′
•

ε′−→A′, P ′′
•

ε′′−→A′′ probolikèc epilÔseic tou A′ kai A′′. SÔmfw-
na me to L mma tou Pet�lou mporoÔme na broÔme mÐa probolik  epÐlush P•

ε−→A ètsi
¸ste 0−→P ′

•
i′P−→P•

πP ′′−→P ′′
•−→0 na eÐnai akrib c akoloujÐa. JumÐzoume ìti Pn = P ′

n⊕
P ′′

n opìte 0−→P ′
n−→Pn−→P ′′

n−→0 eÐnai diairet� akrib c kai to diaforikì dn : Pn =
P ′

n⊕P ′′
n−→Pn−1 = P ′

n−1⊕P ′′
n−1 orÐzetai apì th sqèsh dn(p′ + p′′) = d′n(p′) + φn(p′′)

ìpou φn k�nei to parak�tw di�gramma antimetajetikì kai πP ′′ |Ker dn−1φn = d′′n:

P ′′
n

↙ ↓
Ker dn−1 −→ Ker d′′n−1 −→0.

Ja jèsoume λP
n = −d′′n + φn. Tìte exet�zontac th sÔnjesh πP ′′λ

P
n , blèpoume ìti λP

n

eÐnai morfismìc apì to P ′′
n−→ sto P ′

n−1 kai ètsi dn(p′+p′′) = d′n(p′)+λP
n (p′′)+d′′n(p′′).

('Otan n = 0, λP
0 = φo.) MÐa �llh parat rhsh pou ja mac qreiasteÐ sto tèloc eÐnai

ìti mi�c kai dn−1dn(p′′) = 0 èpetai ìti (d′λn + λn−1d
′′)(p) = 0 kai d′λn + λn−1d

′′ eÐnai
o mhdenikìc morfismìc.

H akoloujÐa 0−→F(P ′
n)−→F(Pn)−→F(P ′′

n )−→0 eÐnai epÐshc diairet� akrib c giatÐ
o telest c F diathreÐ ta eujèa ajroÐsmata kai h akoloujÐa 0−→F(P ′

•)−→ F(P•)−→F(P ′′
• )−→0

eÐnai mÐa kont  akrib  akoloujÐa sumplìkwn. PaÐrnontac th makri� akrib  akoloujÐa
sthn omologÐa brÐskoume th zhtoÔmenh akoloujÐa

· · · −→LiF(A′)−→LiF(A)−→LiF(A′′)
θ−→Li−1F(A′)−→· · · .

Mènei na apodeÐxoume ìti θ eÐnai fusikìc morfismìc. Dhlad  an èqoume to an-
timetajetikì di�gramma

0 −→ A′ −→ A −→ A′′ −→ 0
↓ ↓ ↓

0 −→ B′ −→ B −→ B′′ −→ 0

tìte to antÐstoiqo di�gramma sthn omologÐa

· · · −→ LiF(A′) −→ LiF(A) −→ LiF(A′′) −→ Li−1F(A′) −→ · · ·
↓ ↓ ↓

· · · −→ LiF(B′) −→ LiF(B) −→ LiF(B′′) −→ Li−1F(A′) −→ · · ·
eÐnai antimetajetikì.

Epeid  ìmwc o sundetikìc morfismìc sth makri� akrib  akoloujÐa thc omologÐac
pou proèrqetai apì mÐa kont  akrib  akoloujÐa sumplìkwn eÐnai fusikìc, arkeÐ na
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apodeÐxoume ìti èqoume probolikèc epilÔseic P ′
•, P•, P

′′
• , Q′

•, Q•, Q′′
• twn antÐstoiqwn

antikeimènwn pou na tairi�zoun sto antimetajetikì di�gramma

0 −→ P ′
• −→ P• −→ P ′′

• −→ 0
↓ ↓ ↓

0 −→ Q′
• −→ Q• −→ Q′′

• −→ 0
.

Dialègoume probolikèc epilÔseic P ′
•

ε′−→A′, P ′′
•

ε′′−→A′, Q′
•

η′−→B′, Q′′
•

η′′−→B′′. Qrhsi-
mopoi¸ntac to L mma tou Pet�lou brÐskoume probolikèc epilÔseic P•

ε−→A, Q•
η−→B.

Qrhsimopoi¸ntac to je¸rhma sÔgkrishc paÐrnoume anuy¸seic F ′ : P ′
•−→Q′

• kai
F : P ′′

•−→Q′′
• twn f ′ kai f ′′. Gi� na apodeÐxoume thn antimetajetikìthta tou deÔterou

diagr�mmatoc t¸ra arkeÐ na broÔme mÐa alusidwt  apeikìnish F : P•−→Q• pou na
anuy¸nei thn f kai pou na eggu�tai thn antimetajetikìthta tou parap�nw diagr�m-
matoc.

H antimetajetikìthta tou di�grammatoc ja prokÔyei arkeÐ na brejeÐ γn : P ′′
n−→Q′

n

ètsi ¸ste Fn(p′ + p′′) = F ′
n(p′) + γn(p′′) + F ′′

n (p′′) kai h F na eÐnai alusidwt . Ja to
k�noume pr¸ta gi� n = 0.

Jèloume na orÐsoume γ0 kai F0 ètsi ¸ste to parak�tw tetr�gwno na eÐnai an-
timetajetikì:

P0 = P ′
0 ⊕ P ′′

0 −→ A
↓ ↓

Q0 = Q′
0 ⊕Q′′

0 −→ B.

'Etsi

p′0 + p′′0 −→ iA′ε
′(p′0) + λP

0 (p′′0)
↓

fiA′ε
′(p′0) + fλP

0 (p′′0).
EpÐshc

p′0 + p′′0
↓

F ′
0(p

′
0) + γ0(p

′′
0) + F ′′

0 (p′′0) −→ iB′η
′F ′

0(p
′
0) + iB′η

′γ0(p
′′
0) + λQ

0 F ′′
0 (p′′0).

Mi�c kai èqoume fiA′ = iB′f
′ kai f ′ε′ = η′F ′

0 (giati?), blèpoume ìti fiA′ε
′ =

(iB′f
′)ε′ = iB′(f

′ε′) = iB′η
′F ′

0. 'Etsi apomènei na broÔme thn γ′′0 : P ′′
0−→Q′

0 ètsi ¸ste
fλP

0 = iB′η
′γ0+λQ

0 F ′′
0 h iB′η

′γ0 = fλP
0 −λQ

0 F ′′
0 . Ja deÐxoume katarq n ìti fλP

0 −λQ
0 F ′′

0

eÐnai morfismìc apì to P ′′
0 sthn =iB′ (dhlad  ston Ker πB′′) kai ja mporèsoume na

thn anuy¸soume sth γ0 me thn epijumht  idiìthta apì to antimetajetikì di�gramma
P ′′

0

↓
Q′

0

iB′η
′

−→ Im iB′ −→0
.

Pr�gmati πB′′(fλP
0 ) = (πB′′f)λP

0 = (f ′′πA′′)λ
P
0 = f ′′(πA′′λ

P
0 ) = f ′′ε′′ = η′′F ′′ =

(πB′′λ
Q
0 )F ′′ = πB′′(λ

Q
0 F ′′).

Ja upojèsoume ìti h Fn−1 èqei kataskeuasjeÐ kai ja genikeÔsoume th parap�nw
kataskeu  gi� na orÐsoume γn kai Fn ètsi ¸ste to parak�tw tetr�gwno na eÐnai
antimetajetikì:
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Pn = P ′
n ⊕ P ′′

n −→ P ′
n−1 ⊕ P ′′

n−1

↓ ↓
Qn = Q′

n ⊕Q′′
n −→ Q′

n−1 ⊕Q′′
n−1.

Akolouj¸ntac to orizìntio kai dexi� k�jeto morfismì èqoume ìti

p′n + p′′n −→ d′(p′n) + λP
n (p′′n) + d′′(p′′n)

↓
F ′

n−1d
′(p′n) + F ′

n−1λ
P
n (p′′n) + γn−1d

′′(p′′n) + F ′′
n−1d

′′(p′′n).

Apì thn �llh pleur�

p′n + p′′n
↓

F ′
n(p′n) + γn(p′′n) + F ′′

n (p′′n) −→ d′F ′
n(p′n) + d′γn(p′′n) + λQ

n F ′′
n (p′′n) + d′′F ′′

n (p′′n).

Mi�c kai h F ′ (F ′′ antÐstoiqa) eÐnai h anÔywsh thc f ′ (thc f ′′ antÐstoiqa) èqoume
ìti F ′

n−1d
′ = d′F ′

n kai ìti F ′′
n−1d

′′ = d′′F ′′
n . 'Etsi apomènei na broÔme thn γn : P ′′

n−→Q′
n

ètsi ¸ste F ′
n−1λ

P
n + γn−1d

′′ = d′γn + λQ
n F ′′

n dhlad  d′γn = F ′
n−1λ

P
n − λQ

n F ′′
n + γn−1d

′′.
Ja deÐxoume ìti o morfismìc F ′

n−1λ
P
n −λQ

n F ′′
n +γn−1d

′′ eÐnai morfismìc apì to P ′′
n ston

Ker d′n−1 kai ètsi ja mporèsoume na ton anuy¸soume ston γn apì to antimetajetikì
di�gramma

P ′′
n

↓
Q′

n
d′−→ Ker d′n−1 −→0.

Pr�gmati d′(F ′
n−1λ

P
n − λQ

n F ′′
n + γn−1d

′′) = d′F ′
n−1λ

P
n − d′λQ

n F ′′
n + (d′γn−1)d

′′ An-
tikajistoÔme se aut  thn èkfrash to d′γn−1 = F ′

n−2λ
P
n−1 − λQ

n−1F
′′
n−1 + γn−2d

′′ kai
parathroÔme ìti o ìroc pou ja perilamb�nei th sÔnjesh d′′d′′ mhdenÐzetai. 'Etsi h
arqik  èkfrash gÐnetai d′F ′

n−1λ
P
n − d′λQ

n F ′′
n + F ′

n−2λ
P
n−1d

′′ − λQ
n−1F

′′
n−1d

′′. Ja qrhsi-
mopoi soume t¸ra to gegonìc ìti d′λP

n = −λP
n−1d

′′ kai antÐstoiqa gi� to Q. Antika-
jistoÔme to deÔtero kai trÐto ìro kai h èkfrash mac paÐrnei th morf  d′F ′

n−1λ
P
n +

λQ
n−1d

′′F ′′
n −F ′

n−2d
′λP

n −λQ
n F ′′

n−1d
′′ = (d′F ′

n−1−F ′
n−2d

′)λP
n +λQ

n−1(d
′′F ′′

n −F ′′
n−1d

′′) = 0
mi�c kai F ′, F ′′ eÐnai alusidwtèc apeikonÐseic.

'Estw t¸ra A èna dexiì kai B èna aristerì R-module. Tìte èqoume dÔo arister�
paragìmenouc telestèc: Li( ⊗R B) kai Li(A⊗R ), ton pr¸to apì thn kathgorÐa
mod-R sthn Ab kai ton deÔtero apì thn kathgorÐa R-mod sthn Ab. To epìmeno
je¸rhma m�c lèei ìti ta antikeÐmena Li( ⊗RB)(A) kai Li(A⊗R )(B) eÐnai isìmorfa
kai ja ta sumbolÐzoume apì ed¸ kai sto ex c me TorR

i (A,B).

ParadeÐgmata 0.5. Isorrop¸ntac ton Tor, Balancing Tor.

Li( ⊗R B)(A) ' Li(A⊗R )(B) := TorR
i (A,B)

Apìdeixh. 'Estw (P•, dP ) kai (Q•, dQ) mÐa probolik  epÐlush tou A kai tou
B antÐstoiqa mazÐ me epimorfismoÔc P0

ε−→A kai Q0
η−→B. Tìte èqoume to diplì
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sÔmploko P• ⊗R Q• ìpou
Pp−1 ⊗R Qq+1

dh←− Pp ⊗R Qq+1 ←− Pp+1 ⊗R Qq

| | |dv

↓
dv

↓ ↓
Pp−1 ⊗R Qq

dh←− Pp ⊗R Qq ←− Pp+1 ⊗R Qq

| | |
↓ ↓ ↓

Pp−1 ⊗R Qq−1 ←− Pp ⊗R Qq−1 ←− Pp+1 ⊗R Qq−1

Oi orizìntioi kai k�jetoi morfismoÐ orÐzontai wc ex c: dh(pi ⊗ qj) = dP (pi) ⊗R

idQ(qj) kai dv(pi ⊗ qj) = (−1)i−1pi ⊗ dQ(qj). EÐnai èukolo na elegqjeÐ ìti isqÔei h
anantimetajetikìthta dv ◦dh +dh ◦dv = 0 kai ètsi d = dv +dh eÐnai to diaforikì tou
olikoÔ sumplìkou twn diagonÐwn Tot(P•⊗RQ•) ìpou Tot(P•⊗RQ•)n =

∏
p+q=n Cp,q.

Ja apodeÐxoume ìti èqoume hmi-isomorfismì f : Tot(P• ⊗R Q•) −→ P• ⊗R B (
kai antÐstoiqa ε⊗ idP• : Tot(P• ⊗R Q•) −→ A⊗R Q•). 'Epetai ìti ta modules thc
omologÐac eÐnai isomorfik�. OrÐzoume ton morfismì fn : Tot(P•⊗RQ•)n −→ Pn⊗RB
wc ex c: f(pn⊗q0) = (−1)n−1pn⊗η(q0) kai f(pi⊗qj) = 0 an j 6= 0. Apì prohgoÔmeno
kef�laio gi�n na eÐnai h f hmi-isomorfismìc arkeÐ na deÐxoume ìti o k¸noc thc f eÐnai
akuklikìc.

'Estw C to diplì sÔmploko P• ⊗R Q• me mÐa epiplèon gramm  P• ⊗R B st  jèsh
-1 kai me touc epiplèon k�jetouc morfismoÔc (−1)i ⊗ η : Pi ⊗Q0−→Pi ⊗B:

| | |
↓ ↓ ↓

P0 ⊗R Q0 ←− P1 ⊗R Q0 ←− P2 ⊗R Q0

| | |
↓ ↓ ↓

P0 ⊗R B ←− P1 ⊗R B ←− P2 ⊗R B

Tìte to olikì sÔmploko Tot(C•) eÐnai o k¸noc thc f , cone(f), (na elegqjeÐ!).
Jèloume loipìn na deÐxoume ìti Tot(C•) eÐnai akribèc sÔmploko. Autì ja prokÔyei
apì to epìmeno L mma.

L mma 0.6. 'Estw ìti {Cp,q} eÐnai èna diplì sÔploko fragmèno apì k�tw, (dhlad 
Cp,q = 0 ∀q < b), kai ètsi ¸ste oi st les-sÔmploka C.,q na eÐnai akribeÐc. Tìte to
olikì sÔmploko Tot(C) eÐnai akuklikì.

Apìdeixh. MporoÔme na jewr soume ìti to b = 0, dhlad  Cp,q = 0 ∀q < 0. Gi�
na deÐxoume ìti Hn(Tot(C)) = 0 arkeÐ na exet�soume th perÐptwsh pou n = 0.

'Estw c ∈ Ker δ0 : c = (. . . , c−l,l, . . . , c0,0). Autì shmaÐnei ìti up�rqei b0,1
dv−→c0,0.

Tìte ìmwc to stoiqeÐo tou C−1,1, c−1,1 − dh(b0,1) eÐnai ston pur na tou dv, epomènwc
up�rqei b−1,2 me eikìna c−1,1− dh(b0,1). SuneqÐzontac me autì to trìpo blèpoume ìti
h eikìna tou stoiqeÐou b = (. . . , b−l,l+1, . . . , b−1,2, b0,1, 0) eÐnai to c.


