
SÔmploka apì R-modules

Ja xekin soume me èna par�deigma apì thn grammik  �lgebra. Katarq n na
jumhjoÔme ìti an k eÐnai èna s¸ma, tìte ta R-modules eÐnai oi k-dianusmatikoÐ q¸roi.
To er¸thma pou ja mac apasqol sei èqei na k�nei me ton pur na mÐac grammik c
sun�rthshc f an�mesa se dÔo k-dianusmatikoÔc q¸rouc f : V → W . 'Estw ìti o
pÐnakac pou antistoiqeÐ sthn f eÐnai o A kai ìti gia k�poio �llo pÐnaka B isqÔei
h sqèsh AB = 0. Me �lla lìgia, an g : U → V eÐnai h grammik  sun�rthsh pou
antistoiqeÐ ston pÐnaka B, tìte fg = 0, Im g ⊂ Ker f , kai oi st lec tou B mac
dÐnoun tic suntetagmènec stoiqeÐwn pou an koun ston pur na thc f . H er¸thsh mac
eÐnai pìte ta stoiqeÐa aut� par�goun ton pur na. Gi� touc dianusmatikoÔc q¸rouc
den eÐnai dÔskolo na d¸soume thn ap�nthsh. O pur nac thc f èqei di�stash Ðsh me
dimV − rank f = dimV − rank A. H eikìna thc g eÐnai upoq¸roc tou V , me di�s-
tash Ðsh me rank B kai eÐnai Ðsoc me ton pur na ìtan oi diast�seic touc eÐnai Ðsec:
rank B = dimV − rank A. O arijmìc d = dimV − rank B − rank A upologÐzei thn
atèleia, to pìso makri� eÐnai h eikìna tou B apì ton pur na tou A. 'Eqoume dhlad 
to sÔmploko U

g−→V
f−→W kai d eÐnai h di�stash tou module thc omologÐac

H = ker f/ Im(g).

Orismìc 0.1. 'Ena alusidwtì sÔmploko, (C•, d•), (chain complex), apì R-modules
eÐnai mÐa oikogèneia {Cn, dn} apì R-modules mazÐ me omomorfismoÔc dn : Cn−→Cn−1,
ètsi ¸ste h sÔnjesh dn−1dn = 0. Oi omomorfismoÐ dn lègontai diaforik�, (differ-
entialc). O pur nac tou dn sumbolÐzetai me Zn = Zn(C) kai lègetai to module twn
n-kÔklwn. H eikìna tou dn+1 sumbolÐzetai me Bn = Bn(C) kai lègetai to module
twn n-orÐwn. To n-module thc omologÐac tou C eÐnai to module Hn(C) = Zn/Bn.
To sÔmploko C• lègetai akribèc, (exact), h akuklikì, (acyclic) an Hn(C•) = 0 gi�
k�je n.

Gi� par�deigma · · · dn−→Z8−→· · · d1−→Z8
d0−→0 eÐnai èna sÔmploko ìpou o omomorfis-

mìc dn : x 7→ 4x. Oi n kÔkloi eÐnai to upo-module <2> tou Z8 en¸ ta ìria eÐnai to
upo-module <4>. 'Epetai ìti to module Hn(C) ' Z2, n ≥ 1, H0 ' Z4, H−n = 0,
n ≤ −1.

An perikìyoume to sÔmploko C• ja p�roume èna kainoÔrio sÔmploko. To Ðdio kai
me th metafor�: orÐzoume èna kainoÔrio sÔmploko jètontac C[p]n = Cn+p.

Ja mporoÔse akìma kaneÐc na jewr sei th kathgorÐa twn sumplìkwn, Ch(R-mod).
Ta antikeÐmena sthn Ch(R-mod) eÐnai sÔmploka R-modules. Oi morfismoÐ lègontai
alusidwtèc apeikonÐseic, (chain maps). An (C•, d•) kai (D•, d′•) eÐnai dÔo sÔmploka
tìte o morfismìc u : C•−→D eÐnai mÐa oikogèneia morfism¸n un : Cn−→Dn ètsi
¸ste to di�gramma na eÐnai antimetajetikì:

Cn+1
dn+1−→Cn

dn−→Cn−1

| | |un+1

↓
un↓

un−1

↓
Dn+1

d′n+1−→Dn
d′n−→Dn−1

To �jroisma dÔo alusidwt¸n apeikonÐsewn eÐnai alusidwt  apeikìnish, ètsi h
Ch(R-mod) èqei eujèa ginìmena kai ajroÐsmata en¸ to arqikì kai to telikì antikeÐ-
meno thc Ch(R-mod) eÐnai to mhdenikì sÔmploko. 'Enac morfismìc u : C•−→D•
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par�gei omomorfismoÔc R-modules Hn(C)−→Hn(D), (giatÐ?). O morfismìc u :
C•−→D• lègetai hmi-isomorfismìc, (quasi-isomorphism), an oi omomorfismoÐ Hn(C)−→Hn(D)
eÐnai isomorfismoÐ. Gi� par�deigma, 0 : 0−→C• eÐnai hmi-isomorfismìc e�n kai mìno
e�n C• eÐnai akribèc.

All�zontac tic forèc twn morfism¸n èqoume thn ènnoia tou sunalusidwtoÔ
sumplìkou (C ., d.). 'Etsi èqoume · · · −→Cn−1dn−1−→Cn dn−→Cn+1−→· · · , kai dn+1dn =
0. Ed¸ Zn(C .) = Ker dn kai Bn(C .) = Im dn−1, en¸ Hn(C .) = Zn(C .)/Bn(C .) eÐnai
to module thc sunomologÐac. An C• eÐnai èna alusidwtì sÔmploko tìte mporoÔme
na orÐsoume èna sunalisidwtì sÔmploko C ., jètontac Cn = C−n. Lème ìti to C•
èqei �nw (antÐstoiqa k�tw) fr�gma, an Cn = 0 gi� n > b, (antÐstoiqa gi� n < a).

Ja anafèroume èna shmantikì par�deigma sumplìkou pou shm�deye thn istorÐa thc
omologik c �lgebrac. 'Estw ∆k to k-di�stato tupikì (standard) prosanatolismèno
plègma (simplex). 'Etsi to ∆0 eÐnai èna shmeÐo, to ∆1 eÐnai èna eujÔgrammo tm ma,
to ∆2 eÐnai to trÐgwno kai oÔtw kajex c. Dhlad  ∆k = {(t1, . . . , tk) : ti ≥ 0,

∑
ti ≤

1} ⊂ Rk. Oi korufèc tou ∆k eÐnai ta shmeÐa v0, v1, . . . , vk ìpou v0 eÐnai h arq  twn
axìnwn, vi èqei th tim  1 sthn i suntetagmènh kai 0 stic upìloipec. O prosanatolis-
mìc tou ∆k dÐnetai apì v0 < v1 < · · · < vk kai ja sumbolÐzoume ∆k = [v0, v1, . . . , vk].
'Estw t¸ra X ènac topologikìc q¸roc. 'Ena k-plègma sto X eÐnai mÐa suneq c
sun�rthsh σ : ∆k−→X. JewroÔme to sÔnolo Sk(X) pou eÐnai h eleÔjerh abelian 
om�da me b�sh ìla ta k-plègmata sto X, kai jètoume S−1(X) = 0. Sugkekrimèna
èqoume ìti S0(X) eÐnai h om�da ìlwn twn tupik¸n grammik¸n sunduasm¸n stoiqeÐwn
tou X, S1(X) eÐnai h om�da ìlwn twn tupik¸n grammik¸n sunduasm¸n kampÔlwn
sto X. K�je sun�rthsh σ : ∆k−→X orÐzei k + 1 sunart seic ∆k−1−→X mi�c kai
∆k èqei k + 1 ìyeic. Gi� par�deigma an σ : ∆2−→X èqoume σ1 : t 7→ σ((0, t, ),
σ2 : t 7→ σ((t, 0)) kai σ3 : t 7→ σ((t, 1 − t)). To enallasìmeno �jroisma aut¸n twn
sunart sewn orÐzei ènan omomorfismì δk : Sk(X)−→Sk−1(X). 'Eqoume loipìn to
idi�zon, (singular) sÔmploko tou X:

C• : · · · −→S2(X)−→S1(X)−→S0(X)−→0

kai to idi�zon n-module thc omologÐac tou X, Hn(X). ParathroÔme ìti k�je kleist 
kampÔlh sto Q, (σ : ∆1−→X, σ(0) = σ(1)), mac dÐnei èna stoiqeÐo tou Z1(C•):
δ(σ) = σ(0)−σ(1). 'Etsi to module thc omologÐac kat� k�poio trìpo metr�ei pìsec
trÔpec èqei o q¸roc X. Anafèroume ìti Hm(Rn) = 0 an m > 0 kai Z gi� m = 0.

St  sunèqeia ja orÐsoume ta alusidwt� sÔmploka sth kathgorÐa Ch(R-mod).
Ja ta onom�soume dipl�, (double) sÔmploka. 'Ena diplì sÔmploko (C•,•, d•) eÐnai
mÐa sullog  apì R-modules, Cp,q me orizìntiouc kai k�jetouc morfismoÔc:

dh : Cp,q−→Cp−1,q, dv : Cp,q−→Cp,q−1

ètsi ¸ste dh ◦ dh = 0, dv ◦ dv = 0, kai ètsi ¸ste na isqÔei h anantimetajetikìthta
(anticommutativity) twn antÐstoiqwn tetrag¸nwn: dv ◦ dh + dh ◦ dv = 0.
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Cp−1,q+1
dh←−Cp,q+1←−Cp+1,q

| | |dv

↓
dv

↓ ↓
Cp−1,q

dh←− Cp,q←−Cp+1,q

| | |
↓ ↓ ↓

Cp−1,q−1←−Cp,q−1←−Cp+1,q−1

K�je st lh kai k�je gramm  tou diploÔ sÔmplokou eÐnai alusidwtì sÔmploko.
ParadeÐgmata tètoiwn dipl¸n sumplìkwn ja doÔme ìtan p�roume probolikèc (h embo-
likèc) epilÔseic twn modules M kai N sto tanustikì ginìmeno M⊗N . Ja lème ìti to
diplì sÔmploko eÐnai fragmèno, an to C• èqei mìno peperasmèno arijmì mh mhdenik¸n
ìrwn se k�je diag¸nio p+q = n, paradeÐgmatoc q�ri ìtan to C• èqei ìrouc mìno sto
pr¸to tetarthmìrio tou epipèdou. O orizìntioc morfismìc dv(p, ∗) den eÐnai morfis-
mìc sth kathgorÐa Ch(R-mod). 'Omwc qreiazìmaste thn anantimetajetikìthta gi�
na orÐsoume èna kainoÔrio sÔmploko, to olikì sÔmploko (Totu(C), d). Ed¸ èqoume
ìti Totu(C)n =

∏
p+q=n Cp,q en¸ to diaforikì d : Totu(C)n−→Totu(C)n−1 stèlnei

to stoiqeÐo cp,q sto �jroisma dv(cp,q) + dh(cp,q). (Na elègxete ìti to Totu(C) eÐnai
sÔmploko!). AntÐstoiqa èqoume kai ton orismì tou olikoÔ sumplìkou (Tot⊕(C), d).
'Otan to diplì sÔmploko eÐnai fragmèno, oi dÔo autèc ènnoiec sumpÐptoun.

Tèloc anafèroume to L mma tou FidioÔ, (Snake Lemma) kai to je¸rhma thc
makri�c akrib c akoloujÐac thc omologÐac, (long exact sequence in homology),
kai ja eis�goume th teqnik  tou kunhghtoÔ tou diagr�mmatoc (diagram chasing)
gi� thn apìdeix  touc.

L mma 0.2. (L mma tou FidioÔ) 'Estw ìti èqoume to antimetajetikì di�gramma:

A
α−→ B

β−→ C −→ 0
| | |
f

↓
g

↓
h

↓
0 −→ A′ α′−→ B′ β′−→ C ′ −→

An oi grammèc eÐnai akribeÐc, tìte èqoume thn akrib  akoloujÐa

Ker f
α|Ker f−→ Ker g

β|Ker g−→ Ker h
θ−→Coker f

ᾱ′−→Coker g
β̄′−→Coker h

ìpou θ eÐnai o sundetikìc morfismìc, connecting homomorphism kai θ(c) = a′ +
Im f ìpou to a′ eÐnai tètoio ¸ste α′(a′) = g(b) an β(b) = c. An h α eÐnai monomorfis-
mìc tìte kai α|Ker f eÐnai monomorfismìc kai an h β′ eÐnai epimorfismìc tìte kai h β̄′

eÐnai epimorfismìc.

Apìdeixh. EÐnai eÔkolo na elegqjeÐ ìti α|Ker f , β|Ker g, ᾱ′, β̄′ eÐnai kal� orismènoi
omomorfismoÐ. Me aplì kunhghtì tou diagr�mmatoc brÐskei kaneÐc ìti h sun�rthsh
θ eÐnai kal� orismènh kai ìti up�rqei monadikì stoiqeÐo a′ ètsi ¸ste α′(a′) = g(b),
kaj¸c kai ìti θ(c) den exart�tai apì thn epilog  tou b me thn idiìthta β(b) = c.
(Me �lla lìgia mporeÐ eÔkola na deÐxei ìti an b1 − b2 ∈ Ker β tìte α′−1(g(b1)) −
α′−1(g(b2)) ∈ Im f . To upìloipo thc apìdeixhc epafÐetai wc �skhsh.
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L mma 0.3. Makri� akrib c akoloujÐa sthn omologÐa 'Estw 0−→A•
α•−→B•

β•−→C−→0
mÐa akrib c akoloujÐa sumplìkwn. Tìte h akoloujÐa

· · · −→Hn(A)−→Hn(B)−→Hn(C)
θ−→Hn−1(A)−→· · ·

eÐnai akrib c ìpou o sundetikìc morfismìc θ stèlnei to stoiqeÐo c + d(Cn+1) sto
stoiqeÐo a + d(An), ìpou to a eÐnai tètoio ¸ste αn−1(a) = dn(b) an βn(b) = c. Akìma
an to parak�tw di�gramma eÐnai antimetajetikì

0 −→ A• −→ B• −→ C• −→ 0
↓ ↓ ↓

0 −→ A′
• −→ B′

• −→ C ′
• −→ 0

tìte to antÐstoiqo di�gramma sthn omologÐa
· · · −→ Hn(A) −→ Hn(B) −→ Hn(C) −→ Hn−1(A) −→ · · ·

↓ ↓ ↓
· · · −→ Hn(A′) −→ Hn(B′) −→ Hn(C ′) −→ Hn−1(A

′) −→ · · ·
eÐnai antimetajetikì (fusikìthta tou θ.)

Apìdeixh.Gi� k�je l èqoume to antimetajetikì di�gramma
0 −→ Al −→ Bl −→ Cl −→ 0

↓ ↓ ↓
0 −→ Al−1 −→ Bl−1 −→ Cl−1 −→ 0.

Efarmìzontac to L mma tou FidioÔ brÐskoume ìti

0−→Zl(A)−→Zl(B)−→Zl(C)−→ Al−1

d(Al)
−→ Bl−1

d(Bl)
−→ Cl−1

d(Cl)
−→0.

Ja sundu�soume to tèloc aut c thc akoloujÐac me l = n + 1 kai thn arq  thc
akoloujÐac me l = n − 1 gi� na p�roume to antimetajetikì di�gramma me k�jetouc
morfismoÔc na orÐzontai apo ta antÐstoiqa diaforik�:

An

d(An+1)
−→ Bn

d(Bn+1)
−→ Cn

d(Cn+1)
−→ 0

↓ ↓ ↓
0 −→ Zn−1(A) −→ Zn−1(B) −→ Zn−1(C)

Ja efarmìsoume to L mma tou FidioÔ akìma mÐa for�. O pur nac twn k�jetwn omo-
morfism¸n eÐnai Hn(A), Hn(B), Hn(C) antÐstoiqa, en¸ o sunpur nac eÐnai Hn−1(A),
Hn−1(B), Hn−1(C). H pojht  makri� akrib c akoloujÐa akoloujeÐ.

Gi� to teleutaÐo komm�ti thc apìdeixhc isqurizìmaste ìti arkeÐ kaneÐc na deÐxei
thn fusikìthta tou θ sto L mma tou FidioÔ. 'Estw to antimetajetikì tridi�stato
di�gramma:

D −→ E −→ F −→ 0
↘ ↘ ↘

A −→ B −→ C −→ 0d

↓
e

↓
φ

↓
0 −→ D′ −→ E ′ −→ F ′ −→f

↓
g

↓
h

↓
0 −→ A′ −→ B′ −→ C ′ −→
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Tìte me aplì kunhghtì diagr�mmatoc mporeÐ na deÐxei kaneÐc ìti èqoume antimeta-
jetikìthta sto di�gramma

Ker d −→ Ker e −→ Ker φ
θ−→ Coker d −→ Coker e −→ Coker φ

↓ ↓ ↓ ↓ ↓ ↓
Ker f −→ Ker g −→ Ker h

θ−→ Coker f −→ Coker g −→ Coker h

Parat rhsh 0.4. 'Eqoume to antÐstoiqo je¸rhma gi� tic akribeÐc akoloujÐec sunal-
isudwt¸n sumplìkwn: èstw 0−→A• α•−→B• β•−→C−→0 mÐa akrib c akoloujÐa sumplìk-
wn. Tìte h akoloujÐa

· · · −→Hn(A)−→Hn(B)−→Hn(C)
θ−→Hn+1(A)−→· · ·

eÐnai akrib c kai o sundetikìc morfismìc eÐnai fusikìc.

Tèloc ja mil soume gia mhdenomotopÐec kai gi� kìnouc apeikonÐsewn.

Orismìc 0.5. MÐa alusidwt  apeikìnish f : C•−→D• eÐnai mhdenomotopÐa, (null
homotopic), e�n gi� k�je n up�rqei ènac morfismìc sn : Cn−→Dn+1 ètsi ¸ste
fn = dn+1sn + sn−1dn:

Cn+1 −→ Cn
d−→ Cn−1

↓ ↙ ↓ ↙ ↓
Dn+1 −→ Dn

d−→ Dn−1

H f, g eÐnai omotopikèc e�n h f − g eÐnai mhdenomotopik . Oi morfismoÐ s lègontai
sustolèc, (contractions).

ParadeÐgmata
(1) H mhdenik  apeikìnish eÐnai mhdenomotopik .
(2) 'Estw sn : Cn−→Dn+1 aujaÐretoi morfismoÐ. Tìte an orÐsoume fn = dn+1sn+

sn−1dn, brÐskoume eÔkola ìti h f• eÐnai alusidwt  apeikìnish kai m�lista
mhdenomotopÐa.

Oi mhdenomotopÐec mac endiafèroun kurÐwc giatÐ oi morfismoÐ pou orÐzoun sthn
omologÐa eÐnai mhdenikoÐ:

L mma 0.6. 'Estw ìti f : C•−→D• eÐnai mhdenomotopÐa. Tìte h 0 = f̃ : Hn(C)−→Hn(D).

Apìdeixh. 'Estw ìti f = ds + sd kai ìti z ∈ Hn(C), z = x + Bn(C), x ∈ Zn(C).
Tìte f̃(z) = f(x) = ds(x) + sd(x) + Bn(D) = ds(x) + Bn(D) = 0.

L mma 0.7. 'Estw h f, g : C•−→D• omotopikèc apeikonÐseic. Tìte f̃ = g̃.

L mma 0.8. JewroÔme thn tautotik  alusidwt  apeikìnish id : C•−→C•. An id
eÐnai mhdenomotopÐa tìte to sÔmploko C• eÐnai akribèc.

Apìdeixh. ĩd = 0 : Hn(C)−→Hn(C), sunep¸c Hn(C) = 0.
ParathroÔme ìti sth perÐptwsh pou id : C•−→C• eÐnai mhdenomotopÐa tìte m-

poroÔme na orÐsoume th sun�rthsh β = s|Bn−1 : Bn−1−→Cn ètsi ¸ste h akrib c
akoloujÐa 0−→Zn(C)−→Cn

d−→Bn−1(C)−→0 na eÐnai diairet� akrib c. Me �lla
lìgia h sÔnjesh dβ = idBn−1(C). Epìmeno je¸rhma lèei ìti Cn ' Zn(C)⊕Bn−1(C).
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Orismìc 0.9. 'Estw f : C•−→D• mÐa alusidwt  apeikìnish. O k¸noc thc f ja
sumbolÐzetai me cone(f) kai eÐnai to sÔmploko pou orÐzetai me cone(f)n = Cn−1⊕Dn

kai me diaforikì d(a, b) = (−da, db− fa).

ParathroÔme ìti èqoume thn akrib  akoloujÐa 0−→D•
i−→cone(f)

π−→C•[−1]−→0,
ìpou i(b) = (0, b), π(a, b) = −a kai jumÐzoume ìti Cn[−1] = Cn−1. PaÐrnontac th
makri� akrib  akoloujÐa sthn omologÐa kai mi�c kai Hl(C[−1]) = Hl−1(C), èqoume

−→Hn(C)
θ−→Hn(D)−→Hn(cone(f))−→Hn−1(C)−→

ìpou upologÐzontac ton sundetikì morfismì brÐskoume θ = f̃ . 'Otan loipìn Hn(cone(f)) =
0 tìte Hn(C) ' Hn(D).


