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Abstract. Families of asymmetric periodic orbits, at the 2/1 resonanceare com-
puted for di®erert massratios. The existence of the asymmetric families depends
on the ratio of the planetary (or satellite) masses.As models we usedthe lo-Europa
system of the satellites of Jupiter for the casem; > m., the system HD82943 for the
new masses,for the casemi; = m, and the same system HD82943 for the values of
the massesmi < m; given in previous work. In the casemi , m; there is a family
of asymmetric orbits that bifurcates from a family of symmetric periodic orbits,
but there exist also an asymmetric family that is independert of the symmetric
families. In the casem; < m; all the asymmetric families are independert from the
symmetric families. In many casesthe asymmetry, as measuredby $,; $: and by
the mean anomaly M of the outer planet when the inner planet is at perihelion,
is very large. The stability of these asymmetric families has been studied and it is
found that there exist large regionsin phasespacewhere we have stable asymmetric
librations. It is also shown that the asymmetry is a stabilizing factor. A shift from
asymmetry to symmetry, other elemerts being the same,may destabilize the system.

1. Intro duction

The study of extrasolar planetary systemsis a new eld of researh
in dynamical astronomy, following the discovery of planetary systems
around distant stars. A complete catalogueof extrasolar planetary sys-
tems can be found in the web site http://www.obspm.fr/encycl/c atalog.
html maintained by Jean Schneider. There are 136con rmed extrasolar
planetary systemsat the time of writing this paper, with 14 of them
having two or more planets. In someplanetary systemsthe two planets
do not comecloseto ead other. In such a casethe ratio of the plan-
etary periods is not important for the stability of the system. There
are however planetary systems,many of them with large eccetricities,

where the two planetary orbits are closeto ead other, and may even
intersect, but evidertly they are stable. Many of thesesystemsare close
to a mean motion resonane and, as we shall seein the following, this
provides a phaseprotection medanism, which results to the avoidance
of close encourters and thus the system is stable. We remark also
that periodic motion of the planetary system, in the sensethat the
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relative con guration is repeated in space,implies exact mean motion
resonance.

There are several studies on the dynamics of extrasolar planetary
systems.One eld of researt is to study the stability of a particular
extrasolar system, considering all possible con gurations at a certain
resonance(Ford et al., 2001; Gozdziewskiet al., 2002; Kinoshita and
Nakai, 2001a,b; Kiseleva et al., 2002; Laughlin and Chambers, 2001;
Lissauer and Rivera, 2001; Malhotra, 2002a,b; Murray et al., 2001;
Peale and Lee, 2002; Rivera and Lissauer, 2001; Ferraz-Mello et al.
2005). A di®erert eld of researt refersto the question of how the
obsened extrasolar planetary systemsewolved to their present form.
It is generally believed that the obsened planetary systems,many of
them having large ecceirtricities, werenot formed in their presen form,
but weretrappedin the presern form following a migration process.Lee
(2004) studied the migration of a planetary system, starting with cir-
cular planetary orbits, and considering planet-disk interaction, forcing
the outer planet to migrate at a rate of the form ay=a; / T} !, wherea,
is the semimgor axis and T, the period of the outer planet. A similar
study is made by Beaud} et al. (2003). The migration processwas
also studied by Ferraz-Mello et al. (2003) who consideredthe action
of anti-dissipativ e tidal forces and integrated the exact equations of
motion. In all thesecasest wasshown that the systemis trappedto a
resonari con guration, which, as we shall show in this paper, is close
to a symmetric or asymmetric periodic orbit of the planetary system,
in a rotating frame. This shows the importance of the periodic orbits
in the study of the dynamics of a planetary system.

A third "eld of researt is to study the dynamics of a resonar
planetary system, asit is at its preseri con guration. The planetary
system is consideredas a dynamical system and the topology of its
phasespaceis studied, with the aim to nd what are the regionswhere
stable motion can be found, or what are the regionswhere the motion
is chaotic and consequetly no planetary systemcould exist. As it will
be made clear in the following, it is the exact periodic orbits that
determine the topology of the phasespace.The study of periodic orbits
has beenmade by Beaud et al. (2003) for the 2/1 and 3/1 resonance,
by nding the xed points of an averaged Hamiltonian. These xed
points correspond to symmetric and asymmetric periodic orbits in a
rotating frame. A similar study was made by Hadjidemetriou (2002),
Hadjidemetriou and Psychoyos (2003), Psychoyos and Hadjidemetriou
(2005a,b). They found families of symmetric resonan periodic orbits
for seweral resonart cases.

In many cases,the motion of a planetary system in resonanceis
symmetric with respect to the line of apsides: The lines of apsidesof
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the two planetary orbits coincide and the perihelia are either aligned,
¢ $ = 0%, or antialigned, ¢ $ = 180, where¢ $ = $,i $ 1. Moreover,
there existsa momert that whenoneplanet is at perihelion or aphelion,
the other planet is, at that momert, alsoin perihelion or aphelion.

Apart from the symmetric resonart periodic orbits, there exist res-
onarnt con gurations wherethe planetary orbits are asymmetric, which
meansthat the angle¢ $ of the lines of apsidesof the two planetsis not
equalto 0F or 18C°. Togetherwith this geometric asymmetry, we have
in this casea dynamic asymmetry, in the sensethat when one planet
is at perihelion (or aphelion) the secondplanet, at that momert, is in
a position di®erert from perihelion or aphelion.

In the presen study we propose a new approac to detect stable
planetary motion. We do not focus our attention to a particular plan-
etary system (although we shall apply the results to speci ¢ extrasolar
systems), but we presernt the main properties of the phase space of
a planetary system closeto resonance for three di®erert massratios:
mi=my < 1, mp=my = 1 and mi=my > 1. The 2/1 resonancewill be
analyzed here, but this method of work can be extendedto all other
main resonancesA systematic method is presened, basedon periodic
orbits, to nd regions of the phase spacewhere stable motion exists
and consequetly a real planetary system could be found in nature.
A study on the dynamics, based on families of periodic orbits, was
madein Hadjidemetriou (2002), Hadjidemetriou and Psychoyos (2003)
and Psychoyos and Hadjidemetriou (2005a), for the 2/1, 3/2 and 5/2
resonar systems.In thesepapers, all the periodic orbits are symmetric
with respect to the common line of apsidesof the planetary orbits. In
the preseri paper we extend the study of the dynamics at the 2/1
resonance,by including asymmetric resonan (periodic) motion. This
meansthat the lines of apsidesof the two planetary orbits are no longer
aligned or antialigned.

Although the planetary massesare in most casessmall, compared
to the massof the star, the gravitational interaction betweenthe two
planets cannot be neglected,and in somecasesit even dominates. For
this reason,we usedthe model of the geneal three-lbody problem The
exact equations of motion were usedin the computations.

It is known that the ewolution of any dynamical systemin general,
and of a planetary systemin particular, depends on the topology of
its phase space. We remark at this point that the topology of the
phase spaceis shaped by the position and the stability character of
the periodic orbits (or, equivalertly, the xed points of the Poincar§
map on a surfaceof section). Sincearound a stable periodic orbit there
exists an island where we have stable librations, the knowledge of the
position of the stable periodic orbits provides important information
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Figure 1. The rotating frame xOy. (a) asymmetric orbit and (b) Symmetric orbit.
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on where an extrasolar planetary system could be found. In fact, in
this way, we obtain a chart of the whole phase spacewhich shows all
the possible positions where a 2/1 resonar planetary system could
exist. These are the con gurations to which a planetary system could
be trapped, if in the past it had followed a migration process(Beaud
et al. 2003; Ferraz-Mello et al., 2003; Lee and Peale 2003; Lee, 2004).
This study is also useful, becausethere are uncertainties in the orbital
elemerns of the obsened planetary systems,and we can at least know
if theseelemerts could, in principle, correspond to a stable system.

The above remarks make clear the importance of the periodic orbits
in the study of the dynamics of a planetary system. Although periodic
orbits form a subsetof measurezeroin the complete set of all possible
motions, they are the \framework" of the phasespace.

In what follows we shall call the main attracting body the sun and
the two small bodies the planets P1, P,, with the index 1 referring to
the inner planet and the index 2 to the outer planet. In the presen
study only planar motion will be considered,so we shall refer to the
angle betweenthe lines of apsidesof P; and P, as¢$ = $,i $;.

2. Periodic orbits of the planetary problem

2.1. General remarks

As we mertioned above, the dynamical model that we usein the study

of a planetary systemis the generalthree-body problem. The certer of
massof the planetary systemis consideredas xed in an inertial frame,
and the study is made in a non-uniformly rotating frame of reference
xOy, whosex-axis is the line sun - P4, the origin O is the certer of mass
of thesetwo bodies and the y-axis is perpendicular to the x-axis (‘'gure

1a). In this rotating frame P; moveson the x-axis and P, in the xOy

plane. The total massand the gravitational constart are normalizedto

unit.
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The coordinates are the position x1 of P4, the position X5, y, of
P, and the angle p between the x-axis and a xed direction in the
inertial frame. The coordinates x1; X»; y2; de ne the position of the
system in the rotating frame and the angle p de nes the orientation
of the rotating frame. This is a system of four degreesof freedom,
but it turns out that the angle u is ignorable, and consequetly the
angular momertum integral exists, L = @ =@=constant, where L is
the Lagrangian of the system. So the study is reducedto a system of
three degreesof freedom, in the rotating frame only, and the angular
momertum L is a xed parameter (Hadjidemetriou, 1975).

Monoparametric families of periodic orbits exist in this rotating
frame (Hadjidemetriou, 1976). The periodic orbits are either symmet-
ric, with respect to the rotating x-axis, or asymmetric. In a symmetric
periodic orbit of period T the periodicity conditions are

x1(0) = x2(T=2) = 0; x2(0) = x2(T=2) = 0; y2(0) = y2(T=2) = O

The symmetry implies that ¢ $ is equalto 0 or ¥sand there exists a
momernt that when one planet is at perihelion (or aphelion) the other
planet is also at perihelion or aphelion.

For an asymmetric periodic orbit the periodicity conditions are

X1(T) = x1(0); x4(T) = x1(0) & O;

x2(T) = x2(0); x2(T) = x2(0); y2(0) = y2(T);

provided that y,(0) = y»(T) = 0 and T is the period. For these
initial conditions the two planets are in conjunction. The above ini-
tial conditions imply that the planet P, starts from the x-axis (non-
perpendicularly) and the planet P4 is not at rest on the x-axis, and
after atime t = T, when P, crossesagain the x-axis, the planets P1,P
have the sameinitial position and velocity asat t = 0.

An equivalent set of initial conditions for an asymmetric periodic
orbit is

X1(T) = x1(0); x2(T) = x2(0); y2(T) = y2(0) 6 O;

x2(T) = x2(0); y2(0) = yo(T);

provided that x;(T) = x4(0) = 0. This implies that we start, at t = 0,
at the momert when P, has zero velocity on the x-axis, which means
that P4 is either at perihelion or at aphelion, (P> is not on the x-axis),
and after atime t = T, when P1 has again zero velocity on the x-
axis, the planets P1,P, have the sameinitial position and velocity as
att= 0.
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The rst or the secondset of periodicity conditions is solved using
di®ereriial approximations. In practice, this is realized by a Newton-
Raphson shooting algorithm. We performed the integration of the dif-
ferential equations of motion of the planetary system in the inertial
frame (where the certer of massis xed) and the reduction to three
degreesof freedom, in the rotating frame, was made by a coordinate
transformation. The method of integration was based on Taylor se-
ries expansionand/or on a control step Bulirsch-Stoer algorithm with
accuracy 100 4. In many casesthe corvergenceof the algorithm to a
periodic solution with a prescribed accuracy dependson the particular
choice of the set of initial conditions.

Note that periodicity in the rotating frame meansthat the relative
con guration of the three bodies is repeated after one period. The
systemis not, in general, periodic in the inertial frame. The orbits of
the two planets (nearly Keplerian ellipses)in the inertial frame precess
with a small angular velocity, which dependson the particular periodic
orbit.

2.2. Cir cular or elliptic, resonant, planet ary orbits

In the planetary problem, with small planetary massesthe orbits of the
two planets are nearly Keplerian, due to their weak gravitational inter-
action, although in someresonarn casesthe deviations from Keplerian
motion are important.

There are two typesof periodic orbits, circular and resonantelliptic .
The unperturbed motion with zero massesand zer eccettricities of
both planets is periodic in the rotating frame for any value of the
radii. If we switch on the masses,this periodic orbit is continued as
a periodic orbit in the rotating frame, de ned in gure 1. These are
the circular orbits mentioned above. The continuation is possible for
all values of the ratio of the semimgor axes (radii), except for those
values corresponding to the resonances2/1, 3/2, 4/3,..., where gaps
appear (e.g. see gure 2b)

The unperturb ed motion with zeromassesand nonzeio eccertricities
of the two planets is periodic, for all possibleorientations of the apsidal
lines of the two planetary Keplerian orbits, provided that they are in
mean motion resonance.lf we switch on the masses,then out of the
in nite set of resonart periodic orbits, only a nite number survives
according to the Poincar§-Birkho® theorem. The orbits that survive
(usually one stable and one unstable, seeHadjidemetriou (2005)) may
be symmetric with respectto the rotating x-axis (this is the most com-
mon case),but they can alsobe asymmetric. The symmetric 2/1, 3/2,..
resonari families \bifurcate” from the circular family, at the point of
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Table I. All possible symmetric phasesat t = 0 and t = T=2 for the 2/1 resonance

Type 1: P2(ap) - sun - Pyi(per) ! sun - Pai(per) - Pa(per)
Type 2. Pa(per) - sun - Pi(ap) ! sun - Pi(ap) - Pa(ap)
Type 3: Pa(per) - sun - Pi(per) ! sun - Pi(per) - P2(ap)
Type 4: P2(ap) - sun - Pi(ap) ! sun - Pi(ap) - Pa(per)

the gap mertioned before (see gure 2b). We do have however families
of symmetric periodic orbits that do not bifurcate from the circular
family. The existence of these families depends on the ratio mi=m,
of the planetary masses,and the family may disappear if this ratio is
changed. The bifurcations of asymmetric families will be discussedin
details through the following sections.

We remark that the system of di®erertial equations that describe
the motion of the three bodiesin the rotating frame are invariant under
the transformation

Xp! X1; X2! Xg; y2! jye; t! jt

This meansthat to ead asymmetric periodic orbit there exists also
its mirror image. Consequetly, the families of asymmetric periodic
orbits are always in equivalent pairs. Evidently, the semimgor axis
and the ecceirtricit y of the corresponding periodic orbits along these
two equivalent families are identical while the mean (or true) anomalies
and the argumerts of pericerter are of opposite sign.

3. Families of perio dic orbits for di®erent mass ratios

3.1. The different  symmetric configura tions

For any resonart symmetric periodic orbit there exist eight di®eren
con gurations, for all possiblecombinations: perihelia of the two plan-
ets in the samedirection or in opposite directions and position of eath
planet at perihelion or at aphelion. Theseeight con gurations are not
independent from ead other, but are equivalent in pairs, depending
on the particular resonance.By \equivalence" we mean that if we
start from a certain con guration at t = 0, we cometo the equivalent
con guration at t = T=2. It is simple geometry to verify that for the
2/1 resonancewe have the equivalent pairs showvn in Table 1. Type 1
and type 2 correspond to alignment of perihelia ($ 2 = $ 1), and type 3
and type 4 to antialignment of perihelia, ($,= $1+ %).
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3.2. Families of periodic orbits at the 2/1 resonance: Basic
pr oper ties

We presert here somebasic properties of the families of periodic orbits
at the 2/1 resonance.Suc families have beencomputed by Psychoyos
and Hadjidemetriou (2005a), for the massesof HD 82943, Gliese 876,
HD 160691and also for the inversemassesof HD 82943.Beaud§ et al.
(2003) determined 2/1 resonarn periodic orbits asequilibrium points of
an averagedHamiltonian and for seweral massratios. There is a good
agreemen between his results and the results of the presen paper,
obtained by integrating the exact equations of motion. There exist two
resonar families of symmetric periodic orbits at the 2/1 resonance,
family 1, which starts as type 3 and ends as type 1, and family 2,
corresponding to type 4. Thesefamilies bifurcate from the circular non-
resonari family, at the points where a gap dewelopsat this resonance.
When m; - m» there is also a third family, family 3, which starts as
type 2 and endsastype 3. The type of periodic orbits changeswhen the
eccertricit y of P1 crossesero, while the eccertricit y of P, stays always
at high values.The family 3 is independert of the circular families. For
mj;=m, > 1 this third family disappears.The massratio mi=m;, plays
an important role for the stability. For m;=m, < 0:97 the whole family
1is stable, but whenmi=m, > 0:97, an unstable region appearson this
family. The unstable region increasesasthe ratio mi=m; increases.

In the casem;=m, > 0:97, where an unstable region appears on
family 1, we have a bifurcation of a new family of periodic orbits, from
the critical points at both endsof this unstable region. As we shall see
in the following, thesetwo families are families of asymmetric periodic
orbits, at the 2/1 resonance,and in fact coincide to a single family:
This asymmetric family starts from one end of the unstable region and
endsto the other end. In addition to this asymmetric family, there exist
alsofamilies of asymmetric periodic orbits, that are independert of the
families of symmetric periodic orbits.

In the casemi=m, < 0:97 there is not any unstable region on family
1, sothe asymmetric family that we have for mi=m, > 0:97 no longer
exists (In Beaugeet al. (2003) is alsoindicated that the unstable region
survivesfor my slightly larger than m1). There are however families of
asymmetric periodic orbits in this case,which are independert of the
families of symmetric periodic orbits.

In sections5-7 we presen families of asymmetric periodic orbits for
three di®erert cases:mi=my > 1, m=my = 1 and m;=m, < 1. For
the rst casewe studied the systemlo-Europa, and for the secondand
third casethe HD 82942extrasolar planetary system. Thesearetypical
cases.and the results are the samefor all other systems,with di®eren
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values of m; and m,. What is important is the ratio of the masses
and not their absolute values. Lee (2004) has extended the study of
resonari motion to values of my=m, from 0.1 up to 10, much larger
than the valuesusedin the presen study.

4. Families of symmetric periodic orbits for mi > mj.
Jupiter-lo-Europa  mass ratio

We start with the systemlo-Europa and we preseri families of resonan
2/1 periodic orbits, in the rotating frame, for the masses

m; = 4:684£ 10 °mg ; my = 2:523£ 10 °my;

These are the massescorresponding to the satellites lo and Europa of
Jupiter, where mg is the massof Jupiter. The eccertricities are very
small, e; = 0:004, e, = 0:009. A study of planetary or satellite systems
with thesemassesvasmadeby Ferraz-Mello et.al (2003). The results of
this sectionare applicable alsoto all planetary systemswheremi > ms.

In the presen section we start with the symmetric families and in
section 5 we cortin ue with the asymmetric families.

4.1. lo-Eur opa system: symmetric periodic orbits

In our computations that follow, we usedthe value of angular momen-
tum equalto L = 0:000066700for all the orbits of all the families. All
the periodic orbits that we presen in this section are symmetric with
respect to the x-axis of the rotating frame. This meansthat a family
can be preseried asa corntinuous curve in the spaceof initial conditions
x1(0), x2(0) and y2(0). In order to make more evidert the role played
by the elemeris of the orbit, we preser the families of periodic orbits
in the eccertricit y spacee; e; also.

We found two families of 2/1 resonart periodic orbits, family 1 and
family 2. These families are shavn in gure 2a (projection on the
X1 X2 plane). To shav better the gap on the circular family at the
2/1 resonance,we presen in gure 2b a detail of gure 2a closeto
the gap. The 2/1 gap is clearly seen.Family 1 starts as a family of
type 3 (antialigned perihelia, ¢ $ = Y4 seetable I). This holds up to
e; ¥4 0:097 when e; = 0. For greater valuesof e; family 1 corresponds
to the phaseof type 1, which meansthat the lines of apsidesare aligned,
¢ $ = 0. This can be easily explained geometrically: The eccertricit y
e, of P, at rst increases,while the planet is at aphelion, and then
decreasespassing from zero value and then increasesagain. At the
transition of e, from the zero value we have a shift from aphelion to
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Figure 2. (a) 2/1 resonart families. Projection onthe x1x» plane of initial conditions.
The thick line denotesthe unstable part of the family. (b) Detail of the gap at the
2/1 resonance.

perihelion. Family 2 corresponds to the phaseof type 4, which means
that the lines of apsidesare antialigned, ¢ $ = Y4

In "gure 3a, we preser the families 1 and 2 in the spaceof the
eccetricities e; and e, of the two planets. We used the corvertion
g > 0 for position of the corresponding planet at aphelionand ¢ < 0
for position at perihelion. The linear stability along the two families is
indicated. A thin curve indicates stability and a thick curve indicates
instabilit y. An unstable region appears on the family 1, becauseit is
my=m, > 0:97, as we mertioned in section 3.2. The family 2 starts as
unstable, but after the collision area, the family is stable. Note that
in this stable segmen of the family 2 the planetary eccertricities are
larger than the eccertricities in the unstable part of the family.

Along a 2/1 resonarn family, the ratio ny=n,, where n; denotesthe
the meanmotion of the planet P; (i = 1; 2), is almost equalto 2, but the
eccertricities of the planets increase,starting from zero values. Along
the family 2 a collision orbit appears,at the eccertricities e; = 0:12and
e = 0:27. At this region there is a gap along the family 2, as shown
in “gures 2a, 3a. We note that alongthe family 1 the eccertricit y e; of
P, is larger than the eccetricit y e, of P,. The opposite is true along
the family 2.

In Figure 3b we presert a small section of the family 1, closeto
the gap, which corresponds to the type 3 antialignment con guration
(lower left section,e; < 0, e, < 0) and alsothe position of the lo-Europa
system, for all possiblecon gurations. The real lo-Europa systemis at
the type 3 antialignment con guration and we note that its position is
not exactly on the family 1 of periodic orbits. This is due to the fact
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that the lo-Europa systemis a subsystemto the lo-Europa-Ganymede
system, which is in the Laplace resonancel:2:4. To take into accourt
the e®ectof Ganymede on the lo-Europa system, one must consider
periodic orbits or the general four-body problem, for the massesof
the Sun-lo-Europa-Garymede system, at the Laplace resonance.This
has been done by Hadjidemetriou and Michalodimitrakis (1981), who
computed four families of periodic orbits at the exact Laplace reso-
nance 1:2:4. All these families are resonant families along which the
eccetbricities increase, starting with very small values. One of these
families cortains a periodic orbit which is very closeto the real lo-
Europa-Ganymede system, i.e. it hasthe correct con guration and the
correct eccertricities (Figure 2 of the above paper). It is worth noting
that this family is the only stable family among the above mentioned
four families.

To have a better understanding of the families of resonan periodic
orbits mentioned above, we shav in gures 4 and 5 v e typical periodic
orbits. Their position on the two families is showvn in gure 3a. The
orbits are presenied in the inertial frame, for a short time interval, of
the order of the period. (For a longer time, the orbits would precess).
The position of the planetsatt = 0 and t = T=2 is shovn on their
corresponding orbits in the gures 4, 5. Note that in the periodic orbits
of the family 2, after the collision orbit, the planetary orbits intersect,
but due to a phaseprotection medanism at this phase,becauseof the
resonancethe planets do not comecloseto eadh other ('gure 5b) and
the systemis stable. A 2/1 resonan stable orbit closeto the system
HD82943 where the two planetary orbits intersect, is given by Ji et.al
(2004) and also by Hadjidemetriou and Psychoyos (2003). We remark
that this refersto the old 't given by Israelinian et al. (2001).

4.2. Stability of the symmetric orbits

The stability of the periodic orbits along the families was investigated
by computing the linear stability. The linear stability analysis shaved
that a large part of the family 1, where e; > e, is unstable, and
the stable orbits correspond either to very small or to relatively large
planetary eccertricities. On the family 2 a collision orbit appears.The
family 2 is unstable from the beginning (zero ecceirtricities) up to the
collision orbit. After the collision, wherethe eccertricities becomequite
large, the orbits are stable (gure 2a and 3). In this latter case,the
planetary orbits intersect, but the motion is stable, becauseof the
phaseprotection mecanism mentioned above. The nonlinear stability
of the symmetric periodic orbits has been studied by Hadjidemetriou
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and Psychoyos (2003), and Psydhoyos and Hadjidemetriou (2005a)and
we shall not repeat it here.

5. Families of asymmetric perio dic orbits, mi > my.
Jupiter-lo-Europa  mass ratio

5.1. The asymmetric family A, which bifur cates fr om the
symmetric family 1

We present in this section families of asymmetric periodic orbits for
the massesof the lo-Europa system, given in section 4. It is known
that if in a family of periodic orbits there exists a critical point, asfar
asthe stability is concerned,(a point where we have a transition from
stability to instabilit y, or vice versa,in this family), then a newfamily of
periodic orbits bifurcates from this point. In section 4.1 we found that
along the family 1 of symmetric periodic orbits there exists an unstable
region (gure 3a), and consequetly, from ead of the two critical points
at the two ends of this unstable region we have a bifurcation of a
family of periodic orbits. These families are also resonan, at the 2/1
resonance.lt turned out that the two families that bifurcate from the
above two critical points are families of asymmetric periodic orbits.
Thesetwo families meet and form one single family. This single family
of asymmetric periodic orbits starts from one critical point, B1; and
endsto the other critical point, B12, asit is shovn in gure 6, in the
spacee; e;. We call this asymmetric family, family A;. In this gure the
eccertricities are consideredin all casespositive. The two symmetric
families, family 1 and family 2, are also shavn (with dashedlines).

The family A; is linearly stable and the corresponding orbits of the
planets P; and P in the inertial frame do not intersect. The family A;
hasbeenfound alsoby Beaud et al. (2003), asa family of xed points,
and by Ferraz-Mello et al. (2003) and Lee (2004), as a capture domain
of a migration process.

The family A1 bifurcates from the family 1 of symmetric periodic
orbits, along which the lines of apsidesare aligned,¢ $ = $,j $:=0
(for e1 > 0:097). As a consequencethe angle¢ $ starts with zerovalue
on the family A; and endswith zero value also, at the other end, but
along the family ¢ $ increasesup to 104, asshown in “gure 7a. This
angleis a measureof the geometric asymmetry of a periodic orbit. The
dynamic asymmetry along the family Ai is measuredby the value of
the meananomaly M of the secondplanet P, whenthe rst planet Py
is at perihelion (i.,e. M = M, when M; = 0), and is given in gure
7c. We remark that since the orbits are 2/1 resonan, i.e. during one
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14 G. Voyatzis, J.D. Hadjidemetriou

Figure 6. lo-Europa system. The 2/1 resonart families of periodic orbits in the
eccertricit y space.The symmetric families 1,2 of the "gure 3a are shown by dashed
lines and the asymmetric onesby solid lines. All eccerricities are now considered
positive. Stability is indicated by thin line and instabilit y by thick line. Two asym-
metric families, family A; and family A,, are shown. The position of the three
orbits O1 on A; and O2, O3 on A, which are discussedin the text, is indicated.
The notation \c.0." denotesa collision orbit.

period the planet P; passestwice from its pericerter, there exist two
values of M, which di®er by about 18C*. In the corresponding “gures
of the paper only one value of M is presened.

A typical asymmetric periodic orbit on this family, particularly the
orbit O; indicated in gures 6 and 7a,c, is shavn in gure 8 (rst
column). It is given both in the rotating frame, where it is exactly
periodic, and in the inertial frame. In the latter case,the orbit is given
for a time interval of one period, becausethe systemis not periodic in
the inertial frame and the planetary orbits precessslowly. Note that
the lines of apsidesof the two planetary orbits are not aligned.
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Figure 7. lo-Europa system. Left column : The variation of the angle¢ $ = $.i $1
along the asymmetric families A1 (panel (a)) and A, (panel (b)). Right column: The
variation of the meananomaly M of planet P, when planet P is at perihelion, along
the asymmetric families A; (panel (c)) and Az (panel (d)). The points Bj are the
critical points where the stabilit y type changes.
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Figure 8. Typical asymmetric periodic orbits along the families A; and A». The
position of these orbits on the corresponding families is indicated in "gures 6 and
7. In the top panels the orbits are in the rotating frame and in the bottom panels
they are in the inertial frame, for one period. P1 and P, denote the initial position
of the planets and the line of apsidesis indicated by a dashed line. The orbit O3
is an example of an asymmetric periodic orbit where we have geometric symmetry,
but dynamic asymmetry.
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5.2. The asymmetric family A

In addition to the asymmetric family A1, there exists also one more
family of asymmetric periodic orbits, family A, which is independert
of the symmetric families mentioned in section 4.

The graph of the family A, in the spacee; e;, asshowvn in gure 6,
is quite complicated. Neither of the generalizedvariables of the system
nor any of the orbital elemers of the orbits vary monotonically along
the family. There are two stable regionson this family, and the critical
points, where we have a change of the stability, are denoted by the
points By (i = 1;::;4). Along the family A, the corresponding orbits
of the planets P; and P, intersect in the inertial frame except for the
family segmen 0:5 < e; < 0:7 located betweenthe critical points B»
and Bos.

The variation of the angle¢ $ , which is a measureof the geometric
asymmetry, is also quite complicated, as shavn in gure 7b. ¢ $ does
not vary monotonically along the family and takes valuesin a wide
range (66* < ¢ $ < 360°). The dynamic asymmetry along the family
A, is measuredby the value of the meananomaly M, de ned in section
5.1,and is givenin gure 7d. In gure 8 (secondand third column) we
preser two typical asymmetric periodic orbits, orbit O, and orbit Os,
both in the rotating and the inertial frame. Note that in orbit Oz it is
¢ $ = 1804 but M is not equalto 0* or 180*. This meansthat we have
geometricsymmetry, but dynamic asymmetry. Note alsothat alongthe
family A, the value of M tendsto 180 ase; ! 1.

The approximation, followed by Lee (2004) indicates the existence
of family A2. It has beenshawn that the stable segmen from B3 to
Bo4 can be reached by di®erertial migration for my=m, & 2:75. For
more details on the migration processseelee (2004) and Ferraz-Mello
et al. (2003).

We remark that, as mertioned in section 2, to ead of the two
asymmetric families preseried above, there correspond two equivalent
asymmetric families, whose orbits are the mirror image of the for-
mer families. We remind that this is due to the system's fundamertal
symmetry mentioned in section 2.1. The semimgor axesand the ec-
certricities of the corresponding periodic orbits are identical, but the
mean (or true) anomaliesand the argumerts of pericerter are opposite
in sign.
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6. Families of asymmetric perio dic orbits, mi = my.
HD82943 (new values) mass ratio

In this section we presen families of asymmetric periodic orbits, for
the massef the extrasolar planetary systemHD 82943,using the new
elemens. New valuesfor the system HD 82943were given recertly by
Mayor et al. (2004). The orbital elemens and the valuesof the masses
are quite di®erert from those published before. The new values are:
mo = 1.05 Mgyn, mysini = 1:85 MJ, mysini = 1:84 MJ, a; = 0:75
AU, a = L1118 AU, T, = 21948 0:2d, T, = 43518 1.4 d, e =
0:388 0:01,e, = 0:188 0:04,%$ 1 = 1248 3, %, = 2378 13. Weremark
that Ferraz-Mello et al. (2005) showved that this particular systemwith
the above elemers is unstable.

The families of symmetric periodic orbits for the above massesare
given in “gure 9 (dashedlines). Note that family 1 and family 2 are
similar to the corresponding families of the lo-Europa system, given
in gure 6, but now the unstable region on the symmetric family 1
is smaller, becausem; = my. For mi=m, < 0:97 this unstable region
disappears. A third family of symmetric periodic orbits, family 3, also
appearsin this case.This family is unstable. The symmetric families
1 and 2 have beenstudied in Psychoyos and Hadjidemetriou, (2005a),
and in the following we shall focus our attention on the asymmetric
families.

Due to the smallnessof the unstable region on family 1, the asym-
metric family A that bifurcates from this unstable region, is much
smaller. However, the variation of ¢ $ and M is rather signi cant
(‘gures 10a,c). Their extremum is found at e; = 0:32where¢ $ = 40*
and M = 34* (or M = 326").

Similarly to the lo-Europa system,a secondfamily, family A, exists.
This family is independert of the symmetric families. All the symmetric
and asymmetric families are shown in gure 9, in the e; e, space.The
linearly stable regions are indicated by a thin line and the unstable
regions by a thick line. The points where the stability type changes
are indicated by the points By (i = 1;::4). In the middle unstable
part of the family, which is located betweenthe points B, and B3,
there are two intervals, 0:33 < e; < 0:47 and 0:49 < 0:68, where the
periodic orbits correspond to planetary orbits that do not intersect
during one period. In "gures 10b and 10d we presen the angles¢ $
and M, respectively, along the family A, of the asymmetric periodic
orbits. We remind that M is the mean anomaly of the secondplanet
P, whenthe rst one, Py, is at perihelion.
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Figure 9. The symmetric and asymmetric families of periodic orbits at the 2/1
resonance,for the new massesmi; = m, of HD 82943.The notation is the samewith
that of "gure 6.
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Figure 10. System HD82943 for m; = m3. The variation of the angles¢ $ and M
(asin gure 7) along the asymmetric families A; and A,.
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Figure 11. The symmetric and asymmetric families of periodic orbits at the 2/1
resonance,for the old massesof HD 82943. The notation is the same with that of
“gure 6. Note that no unstable region appears on the family 1 of the symmetric
orbits.

7. Families of asymmetric perio dic orbits, mi < ms.
HD82943 (old values) mass ratio

As a typical example of asymmetric periodic orbits of a planetary
system with the mass of the inner planet smaller than the mass of
the outer planet, m; < m», we study the planetary system HD82943,
with the old massesThe elemers of this systemare (Israelinian et al.,
2001): my sini = 0:88J; mysini = 1:63], a; = 0:73AU, a, = 1:16AU,
T, = 221:6d, T, = 4446d, e; = 054, e, = 0:41 and the mass of the
sunis mgyn = 1:05 solar masses.The normalized masseshat we used
in our computations are mg = 0:9978 m; = 0:0008 m, = 0:0014.
Symmetric periodic orbits for this system have been computed by
Psydhoyos and Hadjidemetriou (2005a). In this section we compute
families of asymmetric periodic orbits. The three symmetric families,
family 1, family 2 and family 3, also exist in this case,asin the case
my; = my, but now there is no an instability region on family 1 and
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Figure 12. SystemHD82943for m; < m,. The variation of the angles¢ $ = $,j $;
and M (as in "gures 7,10) for the indicated families A, and As.

consequeltly, we do not havea bifurcation of an asymmetric family A;
(see gures 6 and 9). There exist howewer in the presert case,m; < my,
two families of asymmetric periodic orbits, family A, and family As,
that are independert of the symmetric families.

In gure 11 we presen the above two families of asymmetric pe-
riodic orbits, in the e; e; space.The graph of the family A, is quite
complicated and is similar to the previous casesstudied ( gures 6,9).
The planetary orbits, generally, intersect except for the segmeis that
correspond to the intervals 0:25 < e; < 0:39 and 0:68 < e; < 0:71
located betweenthe critical orbits B2, and B»3. The new family As is
described by very high values of the eccertricity e, and a signi cant
portion of it is stable. For all periodic orbits of family A3 the planetary
orbits intersect.

In gure 12 we presen the variation of the angle of apsides¢ $ and
the mean anomaly di®erenceM along these two families. The family
A shows similar characteristics to those of the previous cases.Along
the family Az the valueof ¢ $ and M tendsto 180 ase; ! 1.

8. Stabilit y analysis of the phase space regions near the
asymmetric families of the lo-Europa system.

The linear stability of the asymmetric families A1 and A, of periodic
orbits for the massratio of lo-Europa is givenin gure 6: Family Aq is
linearly stable, while family A, haslinearly stable and linearly unstable
sections. In order to study the nonlinear stability of the asymmetric
periodic orbits we changethe asymmetry of the two planetary orbits,
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Figure 13. The Poincar§ map (projection on the x» x, plane) of the orbit O; of
the family A; in "gure 6, for a xed value ¢ $ = 81*, corresponding to the exact
periodic orbit, and a shift of M from its value M = 292 at the exact periodic orbit
to: (a) M = 302, (b) M = 307 and (c) M = O*. The panels under the Poincar§
maps give the variation of the eccertricities of P4 (solid line) and P, (dashedline) in
time (t.u. denotesthe time units, which result for the normalized system described
in Section 2.1).

keepingthe samevaluesfor the semimgor axesand the eccertricities.
We use two types of perturbation: (a) We keepthe angle ¢ $ xed,
equal to the value at exact periodicity and shift the position of P, on
its orbit, from the position of exact periodicity at the moment when P,
is at perihelion. This meansthat we change the mean anomaly value
M, starting from the exact periodicity. (b) We keep the value of M
xed, equalto the value M, at the exact periodicity whenM 1 = 0, and
changethe angle ¢ $, starting from the exact periodicity. We remark
that this is not a complete exploration of the four-dimensional phase
spacein the neighbourhood of a periodic orbit, but it is an indication
that stable librations do exist closeto a linearly stable periodic orbit.

As we will seein the following, we have stable asymmetric librations
even in the casewhere the two planetary orbits intersect, for a region
of the phasespace.

8.1. The family A;

As atypical example of an asymmetric periodic orbit on the family A1
of gure 6, we considerthe orbit O; which is linearly stable (‘gure 8,
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Figure 14. (a) The regions of the value of M of the orbit O, corresponding to
di®erert behaviour. The exact periodic motion is at M = 292* and is indicated by a
dot. (b) The regions of the value of ¢ $, corresponding to di®erert behaviour. The
exact periodic motion is at ¢ $ = 81* and is indicated by a dot.

left column). The elemers of this 2/1 resonart orbit are e; = 0:30,
e&=029¢$ =81*andM = | 68.

Let us start rst by keepingthe anglesof apsides xed, equalto the
one corresponding to the exact periodic motion and vary the value of
M, starting from the exact periodic motion. We found that there are
three typical behaviours, plus the caseof ejection (in a relatively short
time interval) of one planet from the system:

i For a small deviation of M, we have a libration with small ampli-
tude closeto the exact periodic motion. At this point we remark
that to eat asymmetric periodic orbit there correspondsits mirror
image, and we apply the same perturbation to the mirror image
periodic orbit (preserted with fewer points). We have a new, dis-
tinct, libration, which is the mirror image of the former one. These
two mirror image librations are shavn in gure 13a. The motion
is clearly on a torus. In gure 13d we presern the corresponding
variation of the eccerricities. We can obsene that when e; in-
creases, decreasesind vice versa. This is due to the consenation
of the angular momertum, obtained from the averaged system
(Michtchenko and Ferraz-Mello; 2001, Beauds et al., 2003).

i For a larger deviation of M from the exact periodic motion, we
still have a regular, bounded, motion on a torus. The di®erence
from the previous caseis that now the amplitude of the variation
is much larger, becausethe two distinct tori that we had in the
caseof gure 13a merge into one large torus. This is shown in
“gure 13b, and the variation of the ecceiftricities is shawvn in "gure
13e.

i If the deviation of M from the exact periodic motion is still larger,
we have chaotic motion, which howewer is bounded for very long
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time intervals, at leastup to 10’ time units. This is shovn in “gure
13c and the corresponding variation of the ecceirtricities is showvn
in gure 13f.

i We found that there exists a range of valuesof M for which the
motion is strongly chaotic and one of the planets escagsfrom the
systemin a relatively short time interval.

In all casesthe variation of the semimgor axesis very small (exceptin
casesof ejection). All the above mertioned regionsof orderedor chaotic
motion are summarizedin gure 14a.

A similar behaviour exists if we keepM xed, equal to the exact
periodic motion and vary ¢ $ . The four typical ewolutions, which men-
tioned above, also appear in this case.The results are summarizedin
“gure 14b.

In both the above two perturbation casesthere is a rather compli-
cated changefrom one type of motion to another one. It is important
to note howewer, that closeto the exact periodic motion there exists a
region in phasespacewhere we have ordered motion with small varia-
tion of the orbital elemens, appearing on the Poincar§ map as motion
on a torus. Note that due to the 2/1 resonancethere is a symmetry of
the behaviour closeto the exact periodic motion, if M is changed by
180,

8.2. The family A

As a typical example of an asymmetric periodic orbit on the family
A, of gure 6, we considerthe orbit O, which is linearly stable (' gure
8, middle column). The elemerns of this 2/1 resonart periodic orbit
aree; = 0:30,e = 064,¢$ = 86 and M = 173. Note that the
two planetary orbits intersect in this case.We made the sameanalysis
as that for the orbit O;. The three typical behaviours are shawn in
“gure 15. The regionsin the range of valuesof M (for ¢ $ "xed) and
the regionsin the range of valuesof ¢ $ (for M xed) are shown in
“gures 16a and 16b, respectively. Comparing with gure 14 we note
that we have in this casealso ordered motion with small amplitude
of the orbital elemers, closeto the exact periodic motion, but for a
larger deviation we go directly to strongly chaotic motion resulting to
ejection of one planet.

We remark that the total stable region in phase space,where we
have bounded motion with a small variation of the orbital elemers, is
considerablethough the two planetary orbits intersect.
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Figure 15. Poincar® sections and the ecceriricit y evolution, asin gure 12, for the
orbit O, of the family A in the lo-Europa system.

360

Figure 16. (a) The regions of the value of M of the orbit O, corresponding to
di®erert behaviour. The exact periodic motion isat M = 173" and is indicated by a
dot. (b) The regions of the value of ¢ $, corresponding to di®erert behaviour. The
exact periodic motion is at ¢ $ = 86*

9. \Almost periodic" orbits and secondary resonances

The computation of periodic orbits is basedon the satisfaction of the
periodicity conditions given in Section 2.1. In numerical manner the
periodicity conditions (a system of four equations) are satis ed up to

a prescribed accuracy ". In our study we set" = 10 13 (except for
somecasesof highly eccertric or/and strongly unstable motion where
we set" = 10 12). We obsened that in many casesthe corvergence
of the assaiated numerical Newton-Raphson algorithm computation-

ally terminates before achieving the prescribed accuracy becausethe
computed determinant of the system of equations is almost critical

(» 10 7). Finally, we obtain an orbit which satis es the periodicity
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Figure 17. (a) Families of \almost periodic orbits" for the three systems studied
(projection in the e; e; plane) (b) The projection of the orbit O, shown in panel (a),
in the plane of the rotating variables x, and y,. The orbit is displayed for the time
intervalsto - t- to+ Ts whereto = 0 (solid line) and to = 10° time units (dashed
line). Ts is the \short period" of the orbit O (seethe text) (c) The evolution of ¢ $
along the orbit O. The evolution hasa long period T, , which is about 10° time units
and is indicated by the vertical dashedlines.

conditions with accuracy "° of few orders greater than ". Sud orbits
are \almost periodic" orbits in the sensethat their starting and ending
points in phase spaceare in distance "® ¢ 1. Furthermore we can
construct families of \almost periodic" orbits by cortinuation. It is not
in the scope of this paper to study in details the above mentioned orbits.
We restrict our discussionin describing their main characteristics and
claiming their importance for the phasespacetopology.
Indicativ e families of \almost periodic" orbits, one for ead system
studied, are showvn in "gure 17a.In all these families the eccertricit y
e, of the inner planet passeshrough the value zero as we move along
the family. The projection of the orbit O on the plane of the rotating
variables x, and y, is shawn in "gure 17b. The orbit is presened for
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Figure 18. The Poincar§ map (projection on the x, x, plane) of the orbit O indi-
cated in "gure 17a,for a xed value ¢ $ = 157*, corresponding to the exact initial
conditions of O, and a shift of M from its initial value M = 144° to: (a) M = 144,
(b) M = 138" and (c) M = 130°. The panels under the Poincar§ maps show the
variation of the eccertricities, correspondingly.

two equal but distinct time spans,i.e. they correspond to di®erert
initial time to and are of size ¢t = Tg, where Tg is the time span
between two successie intersections of the orbit with the Poincare
section(y2 = 0,y > 0) and is called \short period". In ead time span
of \short period" the orbit looks like an asymmetric periodic orbit.
Integrating the orbit for a longertime interval we obtain a deformation
of the orbit with respect to its initial form, which takesplace slowly in
time. The computations indicate that this slow deformation of the orbit
is alsoperiodic and the orbit takesits original form after a\long period"
T_. This characteristic is shovn in gure 17c, where the variation of
the angle ¢ $ is preserted.

The long periodicity of the above menrtioned orbits is veri ed by
constructing the Poincar§ sections. If we start with the exact initial
conditions of O, we obtain the smooth closedinvariant curve shown
in Figure 18a, which takeslong time to closeand is symmetric with
respect to the axis x, = 0. We remind that two successie points of the
Poincar® map are very closeto eadt other. The formed curve denotes
a two dimensional torus in the four dimensional phase space of the
Poincar® map. In order to study the stability of this low dimensional
torus we perform similar computations asthat in the previous section.
Initially , the orbit O correspondto ¢ $ = 157 and M = 144", A slight
shift of the position of P, on its orbit to M = 138" results to motion
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on a torus, around the invariant curve of panel (a) of gure 18. This is
shown in panel (b). A larger shift of P, to M = 130F results to chaotic
motion and ejection of planet P, ('gure 18c,f).

We may claim that the \almost periodic" orbits described above are
of a di®erent kind of resonart orbits, calledin the literature secondary
resonan@s The phasespaceof the Poincar§ map is four-dimensional
and in the regions of the phase spacewhere we have ordered motion,
the motion takes place on a 2-torus (with actions J1, J» and angles
M1, k). This is the casecloseto the "almost periodic" orbits mertioned
above. Theseorbits are represenied asclosal curveson a 2-torus, which
meansthat we have a resonancebetween the two angles; and b,
l=kp = p=q where p; g are integers. For this reasonwe called these
orbits secondary resonanes although we did not relate the anglesy
and W with the usual libration and circulation frequencies.

The \almost periodic" orbits are in fact periodic orbits of the aver-
agel Hamiltonian, and they have been proved to play an important
role on the stability and the long term ewlution of an asteroid in
the asteroid belt (e.g. seeHenrard et al., 1995; Hadjidemetriou and
Voyatzis, 2000). Theseresonancesmay play also an important role in
the stability of extrasolar planetary systems.

10. Discussion

All the results obtained in this paper referto resonart motion at the 2/1
resonance,for planetary orbits in the same plane. Our computations
are basedon the exact di®ererial equationsof the generalplanar three
body problem.

It is clear that the periodic orbits play a crucial role in detecting
the stable regions of the phase space.The numerical results indicate
that there is a large region around a linearly stable periodic orbit,
where we have stable motion, even in the casewhere the planetary
orbits intersect. A phase protection medanism operates, due to the
resonance sothat the planets do not comecloseto ead other, evenin
this latter case.

The stability of the symmetric periodic orbits of HD82943has been
studied extensively in previous papers of Hadjedemetriou and Psy-
choyos cited in the bibliography. In the presen work the results about
the symmetric orbits of the lo-Europa system are given. There exist,
for this system, regions in phase space where stable motion exists,
where the elemers of the planetary orbits undergo librations with
small amplitude. The symmetry in this caseplays a stabilizing role,
and a deviation from symmetry destabilizesthe system.
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In the presert study we focus our attention mainly to stable asym-
metric librations. The \backbone" of the regions of the phase space
where we should expect asymmetric librations is provided by the fam-
ilies of asymmetric periodic orbits that were computed both for mq -
m», and for m1 > m». Parts on these families are linearly stable and
the non linear analysis showved that closeto the exact periodic motion
there exists a region of the phase spacewhere bounded, asymmetric,
motion with small amplitude of the orbital elemens exists. This means
that a real asymmetric planetary systemcan exist for a rather large set
of orbital elemerts.

We remark that in someregions of the phase space,i.e. for a set
of values of the orbital elemens of the two planetary orbits, it is the
asymmetry that plays a stabilizing role, and the deviation from asym-
metry destabilizesthe system.As a consequencewe should expect real
planetary systemswith asymmetric librations.

The families of periodic orbits can be obtained by considering the
averaging method. This has been done by Beaudg et al. (2003). The
xed points of the averagedHamiltonian that they found correspond to
the asymmetric family A; that we mertion in sections5 and 6 ( gures
6 and 9). In the preser paper we found also new asymmetric families
of periodic orbits.

The knowledge of the location of the resonan, periodic, librations
is important in the study of the migration of a planetary system. It is
widely acceptedthat the obsened planetary systemswere not formed
in their presert con guration, but started with di®eren elemerns and
migrated to their presen situation by the action of dissipative forces.
Studies at the 2/1 resonanceby Ferraz-Mello et al. (2003) and Lee
(2004), shawv that a planetary system under the action of dissipative
forcesis trapped to an asymmetric (or symmetric) resonar periodic
motion which coincideswith the family A; that we found in this study.
Their study included seweral mass ratios. Additionally, the work of
Lee (2004) indicates the existence of periodic orbits as those of the
asymmetric family A». For further information on how to reac stable,
resonar, con gurations, the readeris referredto the work of Lee (2004)
and Ferraz-Mello et al. (2003).

Finally, we have shown the existence of a di®erert kind of reso-
nant orbits, called\almost periodic" orbits. Theseorbits form families
by continuation and, at the regions where they are stable, they re-
veal regions of regular motion in phasespace.We claim that they are
assiated with secondaryresonances.
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