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Non-cool properties

AFA↪ DFA ∈ DOUBLEEXP

EMPTINESS is PSPACE complete

INPUT: AFA A
OUTPUT: yes if L(A) = ∅, no otherwise
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Alternation in weighted finite automata

+ + +a1 a1

a1 a1 a1

JAK (an+1) = 1
JAK (an+1) = JAK (an) + JAK (an) = n + 2

JAK (an+1) = JAK (an) + JAK (an) = 1 +∑n+1
i=1 i

+ ∶ JAKq(σw) = ∑
p∈Ta(q)

wt(q, a, p) ⋅ JAKp(w)

× ∶ JAKq(σw) = ∏
p∈Ta(q)

wt(q, a, p) ⋅ JAKp(w)
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Mixed state alternation

a a

δ( , a) = ( ∧ ) ∨

δ(

, a) = ( ⋅ ) +

Modified transition function

δ ∶ Q×Σ→ AL(Q) δ(q1, a) = ((q1 ∧ q2) ∨ q3)) ∧ q4

δ ∶ Q×Σ→ S[q1, . . . , qn]const=0 δ(q1, a) = q1q2 + q3
2
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Weighted alternating finite automata

WAFA [Kostolányi, Mǐsún ‘18]

• S commutative semiring

• S[x1, . . . , xn]const=0 constant-free polynomials

A = (Q,Σ, P0, δ, τ)

• Q = {q1, . . . , qn} finite

• P0 ∈ S[q1, . . . , qn]const=0 initial polynomial

• δ ∶ Q ×Σ→ S[q1, . . . , qn]const=0 transition function

• τ ∶ Q→ S final weight function
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State behavior and behavior

State behavior for q ∈ Q

JAKq ∶ Σ∗ → S[q1, . . . , qn]const=0 ∶

w ↦
⎧⎪⎪⎨⎪⎪⎩

q if w = ε
δ(q, a)(JAKq1(v), . . . , JAKqn(v)) if w = av

Behavior

JAK ∶ Σ∗ → S ∶
w ↦ P0(JAKq1(w), . . . , JAKqn(w))(τ(q1), . . . , τ(qn))
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WAFA in action

A = ({q1, q2, q3},{a}, q1, δ, τ)
δ ∶ (q1, a) ↦ q1

2

⋅ (q2 + q3)
(q2, a) ↦ q2

(q3, a) ↦ q3

τ ∶ q1 ↦ 1
q2 ↦ x
q3 ↦ y

q1

1

q2

x

q3

y

a a

a a JAKq2(an) = q2

JAKq1(an) = q

2n

1 ⋅ (q2 + q3)n

JAK(an) = (x + y)n
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δ ∶ (q1, a) ↦ q1

2⋅ (q2 + q3)
(q2, a) ↦ q2

(q3, a) ↦ q3

τ ∶ q1 ↦ 1
q2 ↦ x
q3 ↦ y
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Interesting properties of WAFA

Expressive power of WAFA and WFA

WAFA(S,Σ) = WFA(S,Σ)⇔ S locally finite

Boundaries of WAFA

• B Boolean semiring

• B[y] semiring of polynomials in y with coefficients in B

• r ∶ {a, b,#}→ B[y] ∶ w ↦
⎧⎪⎪⎨⎪⎪⎩

(1 + yi)j if w = ai#bj

0 otherwise

r /∈ WAFA(B[y],{a, b,#})
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Further interesting properties of WAFA

Simplified WAFA

Without loss of generality:

• P0 = q1

• δ(q, a) = ∑ki=1 si ⋅mi for monomials mi and coefficients si

• si = 1 for all coefficients

Non-closure under homomorphisms (G.)

• h ∈ HOM(Σ,Γ), s ∈ S⟨⟨Σ∗⟩⟩
• s ○ h−1(w) = ∑v∈h−1(w) s(v) for all w ∈ Γ∗

s ∈ WAFA(S,Σ) /⇒ s ○ h−1 ∈ WAFA(S,Σ)
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Further interesting properties of WAFA

Proof

s ∶ {a, c, d,#}→ B[y] ∶ w ↦
⎧⎪⎪⎨⎪⎪⎩

yi⋅j if w = ai#cjdk

0 otherwise

h0 ∶ {a, c, d,#}→ {a, b,#} ∶
⎧⎪⎪⎨⎪⎪⎩

a↦ a c↦ b

#↦# d↦ b

s ○ h−1(ai#bj) = ∑
v∈h−1(ai#bj)

s(v) =
j

∑
k=0

yi⋅k = (1 + yi)j = r(ai#bj)
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Further interesting properties of WAFA

qι

q1

qa

q#

1

qc 1

qd 1

a

a #

#

#

c:y

d

d

a

c:y

d
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WAFA and WFTA

Characterization by WFTA (G.)

s ∈ WAFA(S,Σ)⇔ s ∈ WFTA(S,TΓ) ○HOM(Σ∗, TΓ)

Closure under Inverses of Homomorphisms

h ∈ HOM(Σ,Λ), s ∈ WAFA(S,Λ)⇒ s ○ h ∈ WAFA(S,Σ)

Characterization of WFTA closed under Inverses of
Homomorphisms

WFTA(S) ○HOM = WFTA(S)⇔ S locally finite
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