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Susqètish: grammik  / mh-grammik ,
mhdenik  / asjen c / isqur 
Palindrìmhsh: grammik  / mh-grammik ,
apl  / pollapl 
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Susqètish

DÔo t.m. X kai Y susqetÐzontai:

I H mÐa ephre�zei thn �llh

I Ephre�zontai kai oi dÔo apì k�poia �llh

X : qrìnoc wc thn apotuqÐa enìc stoiqeÐou k�poiac mhqan c
Y : taqÔthta tou kinht ra thc mhqan c

X : qrìnoc wc thn apotuqÐa enìc stoiqeÐou k�poiac mhqan c
Y : jermokrasÐa tou stoiqeÐou thc mhqan c

σ2
X , σ

2
Y : diaspor�

sundiaspor� twn X kai Y
σXY = Cov(X ,Y ) = E(X ,Y )− E(X )E(Y ),
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Suntelest c susqètishc

sunetelest c susqètishc Pearson ρ

ρ ≡ Corr(X ,Y ) =
σXY
σX σY

I ρ ∈ [−1, 1]

I ρ = 1: tèleia jetik  susqètish

I ρ = 0: kami� (grammik ) susqètish

I ρ = −1: tèleia arnhtik  susqètish

I ρ �kont�� sto −1   1 → isqur  susqètish

I ρ �kont�� sto 0 → oi t.m. eÐnai praktik� asusqètistec

I ρ den exart�tai apì th mon�da mètrhshc twn X kai Y

I ρ eÐnai summetrikìc wc proc tic X kai Y .
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Deigmatikìc suntelest c susqètishc

Parathr seic twn dÔo t.m. X kai Y :
{(x1, y1), (x2, y2), . . . , (xn, yn)}
di�gramma diaspor�c
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Shmeiak  ektÐmhsh tou ρ

EktÐmhsh diaspor�c

s2
X =

1

n − 1

n∑
i=1

(xi − x̄)2 =
1

n − 1

(
n∑

i=1

x2
i − nx̄2

)

EktÐmhsh sundiaspor�c

sXY =
1

n − 1

n∑
i=1

(xi − x̄)(yi − ȳ) =
1

n − 1

(
n∑

i=1

xiyi − nx̄ ȳ

)

deigmatikìc suntelest c susqètishc (Pearson)

ρ =
σXY
σX σY

→ ρ̂ ≡ r =
sXY
sX sY

r =

∑n
i=1 xiyi − nx̄ ȳ√(∑n

i=1 x
2
i − nx̄2

) (∑n
i=1 y

2
i − nȳ2

)
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Suntelest c prosdiorismoÔ r 2

Suntelest c prosdiorismoÔ r2

(  se posost� 100r2%):
Dhl¸nei to posostì metablhtìthtac pou
mporoÔme na ermhneÔsoume gia th mia t.m. ìtan gnwrÐzoume thn
�llh.
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Katanom  tou ektimht  r

H katanom  tou ektimht  r exart�tai apì:

I Thn tim  tou ρ

I To mègejoc tou deÐgmatoc n

I Thn katanom  twn t.m. X kai Y .
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(X ,Y ) ∼ dimetablht 
kanonik  katanom 
n = 20

(X ,Y ) ∼ dimetablht 
kanonik  katanom 
n = 100

X ′ = X 2 kai Y ′ = Y 2

ρ′ = Corr(X ′,Y ′) = ρ2

n = 20
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Fisher metasqhmatismìc tou r

Fisher metasqhmatismìc

z = tanh−1(r) = 0.5 ln
1 + r

1− r

'Otan to deÐgma eÐnai meg�lo kai apì dimetablht  kanonik 
katanom  =⇒ z ∼ N(µz , σ

2
z )

µz ≡ E(z) = tanh−1(ρ)

σ2
z ≡ Var(z) = 1/(n − 3).

MporoÔme loipìn na upologÐsoume di�sthma empistosÔnhc kai
na k�noume èlegqo upìjeshc qrhsimopoi¸ntac thn kanonik 
katanom  tou z .
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Di�sthma empistosÔnhc gia to suntelest  susqètishc

(1− α)% di�sthma empistosÔnhc gia to ρ

1. Metasqhmatismìc tou r sto z (tanh−1)

2. z ± z1−α/2

√
1/(n − 3) eÐnai to (1− α)% di�sthma

empistosÔnhc gia ζ, [ζl , ζu]

3. AntÐstrofoc metasqhmatismìc gia ta �kra tou
diast matoc ζl kai ζu

rl = tanh(ζl) =
exp(2ζl)− 1

exp(2ζl) + 1
, ru =

exp(2ζu)− 1

exp(2ζu) + 1
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'Elegqoc mhdenik c susqètishc

'Elegqoc apì to di�sthma empistosÔnhc tou ρ

An [rl , ru] den perièqei to 0 =⇒ oi dÔo t.m. susqetÐzontai.

'Elegqoc upìjeshc H0: ρ = 0

katanom  tou r k�tw apì thn H0

t = r

√
n − 2

1− r2
∼ tn−2,

Apìfash elègqou apì to t
p = 2 ∗ (1− F (t))
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Par�deigma: Susqètish antÐstashc / qrìnou apotuqÐac
A/A (i) AntÐstash xi (ohm) Qrìnoc apotuqÐac yi (min)

1 28 26
2 29 20
3 31 26
4 33 22
5 33 25
6 33 35
7 34 28
8 34 33
9 36 21
10 36 36
11 37 30
12 39 33
13 40 45
14 42 39
15 43 32
16 44 45
17 46 47
18 47 44
19 47 46
20 48 37
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Par�deigma: Susqètish antÐstashc / qrìnou apotuqÐac
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x̄ = 38 ȳ = 33.5
20∑
i=1

x2
i = 29634

∑20
i=1 y

2
i = 23910

∑20
i=1 xiyi = 26305.

Dhm trhc Kougioumtz c Susqètish kai Palindrìmhsh



Par�deigma: Susqètish antÐstashc / qrìnou apotuqÐac

r =
26305− 20 · 38 · 33.5√

(29634− 20 · 382) · (23910− 20 · 33.52)
= 0.804.

H metablhtìthta thc miac t.m. (antÐstash   qrìnoc apotuqÐac)
mporeÐ na exhghjeÐ apì th susqètish thc me thn �llh kat�
posostì

r2 · 100 = 0.8042 · 100 = 64.64 → ' 65%.
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Par�deigma: Susqètish antÐstashc / qrìnou apotuqÐac

(1− α)% di�sthma empistosÔnhc gia to ρ

1. Metasqhmatismìc tou r sto z , z = 1.110

2. 95% diast matoc empistosÔnhc tou z : ζl = 0.634,
ζu = 1.585

3. AntÐstrofoc metasqhmatismìc

rl = 0.561, ru = 0.919

I rl > 0, =⇒ h antÐstash kai o qrìnoc apotuqÐac
susqetÐzontai

I 'Elegqoc upìjeshc H0: ρ = 0
statistikì t = 5.736 =⇒ p = 2 ∗ (1− F (t)) = 0.0000194

Dhm trhc Kougioumtz c Susqètish kai Palindrìmhsh



Susqètish kai grammikìthta

ρ kai r kat�llhla gia grammik  susqètish kai kanonikìthta
TrÐa deÐgmata twn (X ,Y ) me r = 0.84.
(a) (X ,Y ) apì dimetablht  kanonik  katanom 
(b) Y = X gia ìla ektìc apì èna zeug�ri
(g) Y = 2− 0.6(X − 0.585)2
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Apl  Grammik  Palindrìmhsh

Suntelest c susqètishc: grammik  sqèsh dÔo t.m. X kai Y

palindrìmhsh: ex�rthsh thc t.m. Y apì th X

Y : exarthmènh metablht  ⇐= eÐnai t.m.

X : anex�rthth metablht  ⇐= den eÐnai t.m.

Mia mìno anex�rthth metablht : apl  palindrìmhsh

Par�deigma: se mia mon�da paragwg c hlektrik c enèrgeiac
apì lignÐth, gia na prosdiorÐsoume to kìstoc thc paragwg c
enèrgeiac, melet�me thn ex�rthsh tou apì to kìstoc tou
lignÐth. X ? Y

Ex�rthsh eÐnai grammik : apl  grammik  palindrìmhsh
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To prìblhma thc apl c grammik c palindrìmhshc

Genik�: FY (y |X = x) gia k�je tim  x thc X

PeriorÐzoume to prìblhma se E(Y |X = x)

Upìjesh ergasÐac:

E(Y |X = x) = β0 + β1x

apl  grammik  palindrìmhsh thc Y sth X

β0 =?, β1 =?

β0: y gia x = 0, diafor� Ôyouc

β1: suntelest c tou x , klÐsh thc eujeÐac palindrìmhshc  
suntelest c palindrìmhshc
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To prìblhma thc apl c grammik c palindrìmhshc

DeÐgma: {(x1, y1), . . . , (xn, yn)}

Pollèc eujeÐec pou prosarmìzontai se autì

Gia xi thc X antistoiqoÔn diaforetikèc timèc yi thc Y

yi = β0 + β1xi + εi

sf�lma palindrìmhshc: εi = yi − E(Y |X = xi )
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Upojèseic

I H metablht  X eÐnai elegqìmenh.

I H sqèsh eÐnai pr�gmati grammik .

I E(εi ) = 0 kai Var(εi ) = σ2
ε gia k�je tim  xi thc X

  isodÔnama

Var(Y |X = x) ≡ σ2
Y |X = σ2

ε ,

Upojètoume kanonik  katanom 

Y |X = x ∼ N(β0 + β1x , σ
2
ε ).

ìqi aparaÐthto gia shmeiak  ektÐmhsh twn paramètrwn.
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Shmeiak  ektÐmhsh paramètrwn thc apl c grammik c
palindrìmhshc

To prìblhma: ektÐmhsh twn tri¸n paramètrwn palindrìmhshc:

1. β0,

2. β1,

3. σ2
ε .

EktÐmhsh twn β0, β1 me th mèjodo twn elaqÐstwn tetrag¸nwn:

to �jroisma twn tetrag¸nwn twn katakìrufwn apost�sewn
twn shmeÐwn apì thn eujeÐa na eÐnai to el�qisto.
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EktÐmhsh twn paramètrwn thc eujeÐac palindrìmhshc

ElaqistopoÐhsh tou ajroÐsmatoc twn tetrag¸nwn twn
sfalm�twn:

min
β0,β1

n∑
i=1

ε2
i   min

β0,β1

n∑
i=1

(yi − β0 − β1xi )
2.

LÔsh:

∂
∑

(yi−β0−β1xi )
2

∂β0
= 0

∂
∑

(yi−β0−β1xi )
2

∂β1
= 0

} ∑n
i=1 yi = nβ0 + β1

∑n
i=1 xi∑n

i=1 xiyi = β0
∑n

i=1 xi + β1
∑n

i=1 x
2
i

EktÐmhsh gia thn klÐsh

β̂1 ≡ b1 =

∑n
i=1(xi − x̄)(yi − ȳ)∑n

i=1(xi − x̄)2
=

Sxy
Sxx

.

sXY =
Sxy
n−1 kai s2

X = Sxx
n−1
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EktÐmhsh twn paramètrwn thc eujeÐac palindrìmhshc

EktÐmhsh tou stajeroÔ ìrou wc

β̂0 ≡ b0 =

∑n
i=1 yi − b1

∑n
i=1 xi

n

b1 =
sXY
s2
X

, b0 = ȳ − b1x̄ .

eujeÐa elaqÐstwn tetrag¸nwn

ŷ = b0 + b1x
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EktÐmhsh thc diaspor�c twn sfalm�twn palindrìmhshc

yi : parathroÔmenh tim  gia xi

ŷi : ektimoÔmenh tim  apì thn eujeÐa elaqÐstwn tetrag¸nwn gia
xi .

sf�lma elaqÐstwn tetrag¸nwn   upìloipo

ei = yi − ŷi = yi − b0 − b1xi
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EktÐmhsh thc diaspor�c twn sfalm�twn palindrìmhshc

ei : ektÐmhsh tou sf�lmatoc palindrìmhshc εi = yi − β0 − β1xi .

EktÐmhsh thc diaspor�c tou ei :

s2
ε ≡ σ̂2

ε =
1

n − 2

n∑
i=1

(yi − ŷi )
2,

n − 2: bajmoÐ eleujerÐac

s2
ε =

n − 1

n − 2

(
s2
Y −

s2
XY

s2
X

)
=

n − 1

n − 2
(s2

Y − b2
1s

2
X )
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Parathr seic

1. H eujeÐa elaqÐstwn tetrag¸nwn pern�ei apì to shmeÐo
(x̄ , ȳ)

b0 + b1x̄ = ȳ − b1x̄ + b1x̄ = ȳ .

H eujeÐa elaqÐstwn tetrag¸nwn mporeÐ na oristeÐ wc

yi − ȳ = b1(xi − x̄).

2. H shmeiak  ektÐmhsh twn β0 kai β1 me th mèjodo twn
elaqÐstwn tetrag¸nwn den proôpojètei stajer  diaspor�
kai kanonik  katanom  thc Y |X .

3. Gia k�je x thc X h prìbleyh thc y thc Y :

ŷ = b0 + b1x

x prèpei na an kei sto eÔroc tim¸n thc X apì to deÐgma.
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Par�deigma: Apolab  reÔmatoc tranzÐstor

Jèloume na melet soume se èna oloklhrwmèno kÔklwma thn
ex�rthsh thc apolab c reÔmatoc krustalloluqnÐac apì thn
antÐstash tou str¸matoc thc krustalloluqnÐac.

A/A (i) AntÐstash str¸matoc xi (ohm/cm) Apolab  reÔmatoc yi
1 66 5.3
2 66 6.5
3 69 7.4
4 78 7.2
5 87 7.8
6 93 10.8
7 105 9.1
8 111 8.1
9 123 12.6
10 141 9.8
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Par�deigma: Apolab  reÔmatoc tranzÐstor
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Y = 4.66.
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Par�deigma: Apolab  reÔmatoc tranzÐstor

b1 =
41.81

662.1
= 0.063

b0 = 8.46− 0.063 · 93.9 = 2.53.

s2
ε =

9

8
(4.66− 0.0632 · 41.81) = 2.271.

1. b1 = 0.063: apolab  reÔmatoc gia aÔxhsh thc antÐstashc
str¸matoc kat� 1 ohm/cm

2. b0 = 2.53: apolab  reÔmatoc ìtan den up�rqei antÐstash
str¸matoc (x = 0)

3. s2
ε = 2.271 =⇒ sε = 1.507: to tupikì sf�lma thc ektÐmhshc
thc palindrìmhshc .
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Par�deigma: Apolab  reÔmatoc tranzÐstor

Prìbleyh apolab  reÔmatoc mporeÐ na gÐnei gia k�je
antÐstash str¸matoc krustalloluqnÐac sto di�sthma
[66, 141] ohm/cm.

Gia antÐstash str¸matoc x = 120 ohm/cm

ŷ = 2.53 + 0.063 · 120 = 10.11.
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Sqèsh tou suntelest  susqètishc kai palindrìmhshc

Palindrìmhsh: X elegqìmenh kai Y tuqaÐa

Susqètish: X kai Y tuqaÐec, all� upologÐzoume to r kai gia
X elegqìmenh.

r = sXY
sX sY

kai b1 = sXY
s2
X

=⇒

r = b1
sX
sY

  b1 = r
sY
sX
.

r kai b1 ekfr�zoun posotik� th grammik  susqètish twn X kai
Y

b1 exart�tai apì th mon�da mètrhshc twn X kai Y
Sqèsh twn r kai b1

I r > 0⇔ b1 > 0

I r < 0⇔ b1 < 0

I r = 0⇔ b1 = 0
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Sqèsh tou suntelest  susqètishc kai palindrìmhshc

Sqèsh r2 kai s2
ε

s2
ε =

n − 1

n − 2
s2
Y (1− r2)   r2 = 1− n − 2

n − 1

s2
ε

s2
Y

.

'Oso megalÔtero eÐnai to r2 (  to |r |) tìso mei¸netai to s2
ε
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Par�deigma: Apolab  reÔmatoc tranzÐstor (sunèqeia)

Suntelest c susqètishc thc apolab c reÔmatoc kai thc
antÐstashc str¸matoc

r =
sXY
sX sY

=
41.81√

662.1 · 4.66
= 0.753

To r dhl¸nei thn sqetik� asjen  jetik  susqètish

b1 = 0.063 exhgeÐ to bajmì ex�rthshc?

s2
ε = 2.249 exhgeÐ to bajmì ex�rthshc?
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Di�sthma empistosÔnhc twn paramètrwn thc apl c
grammik c palindrìmhshc

b1 kai b0 eÐnai ektimhtèc twn β1 kai β0

katanom  twn b1 kai b0?

b1 grammikìc sunduasmìc twn t.m. y1, . . . , yn

µb1 ≡ E(b1) = β1

σ2
b1
≡ Var(b1) =

σ2
ε

Sxx
=⇒ σb1 = σε/

√
Sxx

EktÐmhsh:

sb1 =
sε√
Sxx

.
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Di�sthma empistosÔnhc twn paramètrwn thc apl c
grammik c palindrìmhshc

Y akoloujeÐ kanonik  katanom  =⇒ b1 akoloujeÐ kanonik 
katanom 

(1− α)% di�sthma empistosÔnhc tou β1:

b1 ± tn−2,1−α/2sb1   b1 ± tn−2,1−α/2
sε√
Sxx

.

AntÐstoiqa gia b0

σb0 = sε

√
1

n
+

x̄2

Sxx

(1− α)% di�sthma empistosÔnhc tou β0:

b0 ± tn−2,1−α/2sε

√
1

n
+

x̄2

Sxx
.
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'Elegqoc Ôpìjeshc gia tic paramètrouc thc apl c
grammik c palindrìmhshc

H0: β1 = β0
1

Statistikì parametrikoÔ elègqou

t =
b1 − β0

1

sb
=

(b1 − β0
1)
√
Sxx

sε
, t ∼ tn−2

IdiaÐtero endiafèron èqei H0: β1 = 0   h Y den exart�tai apì
thn X .

H0: β0 = β0
0

Statistikì parametrikoÔ elègqou

t =
b0 − β0

0

sε

√
1
n + x̄2

Sxx

, t ∼ tn−2
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Diast mata prìbleyhc

ŷ = b0 + b1x : ektimht c thc E(Y |X = x) = β0 + β1x gia k�poio
x

ŷ : grammikìc sunduasmìc twn t.m. y1, . . . , yn, twn x1, . . . , xn kai
x .

µŷ ≡ E(ŷ) = E(Y |X = x) = β0 + β1x .

σ2
ŷ ≡ Var(ŷ) = σ2

ε

(
1

n
+

(x − x̄)2

Sxx

)
EktÐmhsh thc tupik c apìklishc tou ŷ

sŷ = sε

√
1

n
+

(x − x̄)2

Sxx
.
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Diast mata prìbleyhc

ŷ gia k�poio x akoloujeÐ kanonik  katanom 

(1− α)% di�sthma empistosÔnhc thc mèshc tim c tou Y
gia k�poio x

ŷ ± tn−2,1−α/2sŷ   (b0 + b1x)± tn−2,1−α/2sε

√
1

n
+

(x − x̄)2

Sxx
.

Lègetai kai di�sthma thc mèshc prìbleyhc: ta ìria thc
prìbleyhc gia th mèsh (anamenìmenh) tim  thc Y gia k�poio x

(1− α)% di�sthma prìbleyhc gia mia parat rhsh y thc
Y gia k�poio x

ŷ±tn−2,1−α/2

√
s2
ε + s2

ŷ   (b0+b1x)±tn−2,1−α/2sε

√
1 +

1

n
+

(x − x̄)2

Sxx
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Par�deigma: Apolab  reÔmatoc tranzÐstor (sunèqeia)

UpologÐsame b1 = 0.063, b0 = 2.53, sε = 1.507

AkrÐbeia / shmantikìthta ektim sewn kai prìbleyhc?

β1: sb1 = 0.0195

95% di�sthma empistosÔnhc gia β1

0.063± 2.306 · 0.0195 ⇒ [0.018, 0.108].

β1 shmantik� di�foro tou 0

Statistikì elègqou gia H0: β1 = 0

t =
0.063

0.0195
= 3.235

t > t0.975,8 = 2.306 =⇒ H0 aporrÐptetai.

H tim  t = 3.235 antistoiqeÐ se p = 0.012
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Par�deigma: Apolab  reÔmatoc tranzÐstor (sunèqeia)

β0: sb0 = 1.894

95% di�sthma empistosÔnhc gia β0

2.53± 2.306 · 1.894 ⇒ [−1.837, 6.898]

β0 mporeÐ na eÐnai 0

Statistikì elègqou gia H0: β1 = 0

t =
2.53

1.894
= 1.336

t < t0.975,8 = 2.306 =⇒ H0 den aporrÐptetai.

H tim  t = 1.336 antistoiqeÐ se p = 0.218
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Par�deigma: Apolab  reÔmatoc tranzÐstor (sunèqeia)

di�sthma prìbleyhc gia antÐstash str¸matoc x = 120 ohm/cm

ŷ :

sŷ = 1.507

√
1

10
+

(120− 93.9)2

9 · 662.1
= 0.698

95% di�sthma prìbleyhc thc ŷ gia x = 120

10.108± 2.306 · 0.698 ⇒ [8.499, 11.717]

parat rhsh y :

95% di�sthma prìbleyhc gia mia (mellontik ) parat rhsh y
gia x = 120

10.108±2.306·1.507

√
1 +

1

10
+

(120− 93.9)2

9 · 662.1
⇒ [6.279, 13.937]
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Par�deigma: Apolab  reÔmatoc tranzÐstor (sunèqeia)
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