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Eisagwgik�

Pijanìthta: sqetik  suqnìthta emf�nishc ni k�poiac tim c xi
miac diakrit c t.m. X .

P(xi ) ≡ P(X = xi ) = lim
n−→∞

ni
n

n parathr seic thc X

Statistik  EktÐmhsh thc p apì n parathr seic thc X

p̂ = ni/n.

Shmeiak  ektÐmhsh, di�sthma empistosÔnhc, èlegqoc upìjeshc
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Statistikèc proseggÐseic

{x1, x2, . . . , xn} deÐgma apì thn t.m. X

Kathgorhmatik� dedomèna: analogÐa p?
Arijmhtik� dedomèna: mèsh tim  µ? diaspor� σ2 thc katanom c
thc X

Genik� ektÐmhsh / èlegqo gia �gnwsth par�metroc θ

ProseggÐseic:

1. parametrik : upojètei gnwst  katanom 

2. mh-parametrik : den upojètei gnwst  katanom 

3. me epanadeigmatolhyÐa gia na dhmiourg sei nèa deÐgmata
kai thn katanom  tou ektimht .
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Shmeiak  ektÐmhsh

θ̂: shmeiak  ektÐmhsh thc θ, statistikì pou upologÐzetai apì
to deÐgma, {x1, x2, . . . , xn}
θ̂ = g(x1, . . . , xn) ektimht c thc θ

θ̂ eÐnai t.m.

{x1, . . . , xn} eÐnai t.m. me ask FX (x ; θ)

θ̂ sun�rthsh t.m. �ra kai h Ðdia eÐnai t.m.

mèsh tim : µθ̂ ≡ E[θ̂]

diaspor�: σ2
θ̂
≡ Var[θ̂].
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Shmeiak  ektÐmhsh, Mèsh tim  kai diaspor�

Ektimht c thc µ: deigmatik  mèsh tim    mèsoc ìroc

x̄ =
1

n

n∑
i=1

xi .

Ektimht c thc σ2: deigmatik  diaspor�

s2 =
1

n − 1

n∑
i=1

(xi − x̄)2 =
1

n − 1

(
n∑

i=1

x2
i − nx̄2

)
.

s̃2 =
1

n

n∑
i=1

(xi − x̄)2.

Gia meg�lo n oi dÔo ektimhtèc sugklÐnoun sthn Ðdia tim .
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Shmeiak  ektÐmhsh, BajmoÐ eleujerÐac

BajmoÐ eleujerÐac: eleÔjerec (tuqaÐec) timèc sto prìblhma.

DeÐgma {x1, x2, . . . , xn} ⇒ bajmoÐ eleujerÐac n

s2 =
1

n − 1

(
n∑

i=1

x2
i − nx̄2

)
.

Ston orismì thc deigmatik c diaspor�c perilamb�netai h x̄ .

DesmeÔontai oi n eleÔjerec timèc na throÔn thn sunj kh
x̄ = 1

n

∑n
i=1 xi .

Oi bajmoÐ èleujerÐac ston upologismì thc deigmatik c
diaspor�c eÐnai n − 1.
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Shmeiak  ektÐmhsh, krit ria kal¸n ektimht¸n

EÐnai to x̄ kalìc ektimht c thc µ? s2   s̃2 gia σ2?

θ̂ amerìlhptoc ektimht c

E(θ̂) = θ.

merolhyÐa: b(θ̂) = E(θ̂)− θ.
θ̂1 pio apotelesmatikìc apì θ̂2 an σ2

θ̂1
< σ2

θ̂2
.

I x̄ amerìlhptoc kai o pio apotelesmatikìc gia µ

I s2 amerìlhptoc kai o pio apotelesmatikìc gia σ2

I s̃2 eÐnai merolhptikìc me merolhyÐa b(s̃2) = −σ2/n.

I n→∞: b(s̃2)→ 0, s̃2 asumptwtik� amerìlhptoc.
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Shmeiak  ektÐmhsh, krit ria kal¸n ektimht¸n

mèso tetragwnikì sf�lma

MSE[θ̂] = b(θ̂)2 + σ2
θ̂

= (E[θ̂]− θ)2 + E[θ̂2]− (E[θ̂])2 = E[(θ̂− θ)2]

Ston orismì twn x̄ kai s2 den k�name k�poia upìjesh gia thn
katanom  thc t.m. X kai �ra mporoÔme na tic
qrhsimopoi soume gia opoiad pote t.m. X pou parathroÔme.
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Shmeiak  ektÐmhsh, ektÐmhsh mègisthc pijanof�neiac

Mèjodoc mègisthc pijanof�neiac dÐnei thn ektÐmhsh pou eÐnai h
piì pijan  me b�sh to deÐgma.

Proôpìjesh:

I FX (x ; θ) gnwst  me θ �gnwsth

I {x1, . . . , xn} anex�rthtec

sun�rthsh pijanìfaneiac

L(x1, . . . , xn; θ) = fX (x1; θ) · · · fX (xn; θ).

L(x1, . . . , xn; θ1) > L(x1, . . . , xn; θ2)⇒ θ1 pio alhjofan c apì θ2

H �piì alhjofan c � tim  thc θ megistopoieÐ th L(x1, . . . , xn; θ)  
log L(x1, . . . , xn; θ).
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Shmeiak  ektÐmhsh, EktÐmhsh mègisthc pijanof�neiac

ektimht c mègisthc pijanof�neiac θ̂:

∂ log L(x1, . . . , xn; θ)

∂θ
= 0.

Par�metroi θ1, . . . , θm

Sun�rthsh pijanìfaneiac L(x1, . . . , xn; θ1, . . . , θm)

ektimhtèc θ̂1, . . . , θ̂m: brÐskontai apì

∂ log L(x1, . . . , xn; θ1, . . . , θm)

∂θj
= 0 gia j = 1, . . . ,m.
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Par�deigma

{x1, . . . , xn} anex�rthtec, X ∼ N(µ, σ2), σ2 gnwst . EktÐmhsh
thc µ?
Sun�rthsh pijanìfaneiac

L(x1, . . . , xn;µ) =

(
1

2πσ2

)n/2

exp

[
− 1

2σ2

n∑
i=1

(xi − µ)2

]
,

log L(x1, . . . , xn;µ) = −n

2
log 2π − n

2
log(σ2)− 1

2σ2

n∑
i=1

(xi − µ)2.

∂ log L

∂µ
= 0 ⇒ 1

σ2

n∑
i=1

(xi − µ) = 0

pou dÐnei th lÔsh

µ̂ =
1

n

n∑
i=1

xi = x̄ ,
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Par�deigma (sunèqeia)

'Estw kai h σ2 �gnwsth.

∂ log L

∂σ2
= 0 ⇒ − n

2σ2
+

1

σ4

n∑
i=1

(xi − µ)2 = 0.

EpÐlush sus matoc dÔo exis¸sewn

σ̂2 =
1

n

n∑
i=1

(xi − µ̂)2 =
1

n

n∑
i=1

(xi − x̄)2.

Gia kanonik  katanom  oi ektimhtèc mègisthc pijanof�neiac
eÐnai x̄ gia µ kai s̃2 gia σ2.
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EktÐmhsh diast matoc empistosÔnhc

Pìso kont� eÐnai h θ̂ sthn θ?

To di�sthma [θ1, θ2] perièqei thn θ me k�poia pijanìthta 1− α

?
JewroÔme x1, . . . , xn anex�rthtec.

Katanom  tou ektimht ? (p.q. x̄   s2)
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Katanom  thc x̄ ?

Mèsh tim  thc x̄ ?
µx̄ ≡ E(x̄) = µ

Diaspor� thc x̄ ?

σ2
x̄ ≡ Var(x̄) = Var

(
1

n

n∑
i=1

xi

)
=

1

n2

n∑
i=1

Var(xi ) =
1

n2
(nσ2) =

σ2

n
.

kai tupik  apìklish   stajerì sf�lma tou ektimht  x̄

σx̄ = σ/
√
n

H morf  thc katanom c thc x̄ exart�tai apì:

I to mègejoc tou deÐgmatoc n,
I apì to an h katanom  thc X eÐnai kanonik 

I apì to an gnwrÐzoume th diaspor� thc.
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Di�sthma empistosÔnhc mèshc tim c
Di�sthma empistosÔnhc diaspor�c

Di�sthma empistosÔnhc mèshc tim c

1. X ∼ N(µ, σ2) ⇒ x1, . . . , xn ∼ N(µ, σ2) ⇒ x̄ ∼ N(µ, σ2/n).

2. An n > 30, apì to KOJ ⇒ x̄ ∼ N(µ, σ2/n).

All� ... de gnwrÐzw th σ2. Thn antikajist¸ me to s2. IsqÔei

x̄ ∼ N(µ, s2/n)   x̄−µ
s/
√
n
∼ N(0, 1) ? OQI

t = x̄−µ
s/
√
n
∼ tn−1, n − 1 bajmoÐ eleujerÐac.
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Di�sthma empistosÔnhc mèshc tim c
Di�sthma empistosÔnhc diaspor�c

Di�sthma empistosÔnhc mèshc tim c
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X

f
X
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t1: katanom  Cauchy, Lorentzian, Breit-Wigner

Gia meg�la deÐgmata den up�rqei diafor� metaxÔ thc
katanom c Student kai thc tupik c kanonik c katanom c.

Par�deigma: An α = 0.05 kai n − 1 = 24, t24,0.975 = 2.064, to
di�sthma [−2.064, 2.064] perièqei thn t.m. t me pijanìthta 0.95.
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Di�sthma empistosÔnhc mèshc tim c

Gia thn tupik  kanonik  katanom :

P(−z1−α/2 < z ≤ z1−α/2) = Φ(z1−α/2)− Φ(−z1−α/2) = 1− α,

AntÐstoiqa gia tn−1

P(−tn−1,1−α/2 < t ≤ tn−1,1−α/2) = 1− α

P(−tn−1,1−α/2 <
x̄ − µ
s/
√
n
≤ tn−1,1−α/2) = 1− α,

P(x̄ − tn−1,1−α/2
s√
n
< µ ≤ x̄ − tn−1,1−α/2

s√
n

) = 1− α.

x̄ ± tn−1,1−α/2
s√
n

 

[
x̄ − tn−1,1−α/2

s√
n
, x̄ + tn−1,1−α/2

s√
n

]
di�sthma empistosÔnhc thc µ se epÐpedo 1− α.
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Di�sthma empistosÔnhc mèshc tim c
Di�sthma empistosÔnhc diaspor�c

Par�deigma, asf�leiec twn 40 ampèr

Metr seic èntashc tou hlektrikoÔ reÔmatoc stic opoÐec k�hkan
25 asf�leiec twn 40 ampèr.
40.9 40.3 39.8 40.1 39.0 41.4 39.8 41.5 40.0 40.6
38.3 39.0 40.9 39.1 40.3 39.3 39.6 38.4 38.4 40.7
39.7 38.9 38.9 40.6 39.6
X : ìrio èntashc hlektrikoÔ reÔmatoc pou kaÐgontai asf�leiac
twn 40 ampèr.

x̄ =
1

25

25∑
i=1

xi =
1

25
995.1 = 39.80

s2 =
1

24

(
25∑
i=1

x2
i − 25x̄2

)
=

1

24
(39629− 25 · 39.802) = 0.854.

n = 25 < 30. X ∼ N(µ, σ2) ?
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Di�sthma empistosÔnhc mèshc tim c
Di�sthma empistosÔnhc diaspor�c

Par�deigma (sunèqeia)
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0
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6

X

co
un

ts

(α)

1

38.5

39

39.5

40

40.5

41

41.5

X

Column Number

(β)

X ∼ N(µ, σ2) dektì KrÐsimh tim  gia 1− α/2 = 0.975 kai
n − 1 = 24:
tn−1,1−α/2 = t24,0.975 = 2.064 95% di�sthma empistosÔnhc gia µ

39.80± 2.064

√
0.854

5
→ [39.42, 40.18].
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Di�sthma empistosÔnhc diaspor�c

Gia µ, ektimht c x̄ kai t = x̄−µ
s/
√
n
∼ tn−1

Gia σ2, ektimht c s2 kai χ2 = (n−1)s2

σ2 ∼ X 2
n−1 ?

χ2: �jroisma tetrag¸nwn twn diafor¸n metaxÔ
parathroÔmenwn kai prosdok¸menwn tim¸n diairoÔmeno me th
diaspor� touc An oi parathr seic proèrqontai apì thn Ðdia
katanom 

χ2 =
n∑

i=1

(xi − x̄)2

σ2
∼ X 2

n−1 s2 =
1

n − 1

n∑
i=1

(xi − x̄)2

χ2 =
(n − 1)s2

σ2
∼ X 2

n−1.
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Di�sthma empistosÔnhc diaspor�c
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I n − 1 mikrì: X 2
n−1 asÔmmetrh

I n − 1 meg�lo: X 2
n−1 proseggÐzei thn kanonik  katanom .

I DÔo krÐsimec timèc: χ2
n−1,α/2 kai χ2

n−1,1−α/2
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Di�sthma empistosÔnhc diaspor�c

P(χ2
n−1,α/2 < χ2 < χ2

n−1,1−α/2) = 1− α. χ2 =
(n − 1)s2

σ2

(1− α)% di�sthma empistosÔnhc gia σ2[
(n − 1)s2

χ2
n−1,1−α/2

,
(n − 1)s2

χ2
n−1,α/2

]
.

(1− α)% di�sthma empistosÔnhc gia σ[√
(n − 1)s2

χ2
n−1,1−α/2

,

√
(n − 1)s2

χ2
n−1,α/2

]
.
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Par�deigma, asf�leiec twn 40 ampèr

Shmeiak  ektÐmhsh: s2 = 0.854 (ampèr)2.

n − 1 = 24 kai α = 0.05⇒ χ2
24, 0.025 = 12.4 kai χ2

24, 0.975 = 39.4

95% d.e. gia th diaspor� σ2 tou orÐou èntashc[
24 · 0.854

39.4
,

24 · 0.854

12.4

]
= [0.52, 1.65].

95% d.e. gia thn tupik  apìklish σ tou orÐou èntashc

[
√

0.52,
√

1.65] = [0.72, 1.28],
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EktÐmhsh diast matoc empistosÔnhc

'Elegqoc upìjeshc

Di�sthma empistosÔnhc mèshc tim c
Di�sthma empistosÔnhc diaspor�c

Par�deigma (sunèqeia)

'Orio èntashc pou kaÐgontai asf�leiec twn 40 ampèr:

mèsh tim  µ: 39.80± 0.38   [39.42, 40.18].

tupik  apìklish σ: [0.72, 1.28].

Tupik  mètrhsh xi : x̄ ± s = 39.80±
√

0.854 = 39.80± 0.925.

di�sthma 95 % twn metr sewn:
x̄ ± tn−1,1−α/2s = 39.80± 2.064 · 0.925 = 39.80± 1.763
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EktÐmhsh diast matoc empistosÔnhc

'Elegqoc upìjeshc

'Elegqoc mèshc tim c
'Elegqoc diaspor�c
'Elegqoc katallhlìthtac X 2

'Elegqoc upìjeshc

EÐnai 40 ampèr to mèso ìrio pou kaÐgontai oi asf�leiec ?

ProseggÐseic:

1. An kei to 40 sto di�sthma empistosÔnhc thc µ?

2. MporoÔme na upojèsoume µ = 40? ⇒ èlegqoc upìjeshc

Genik� h diadikasÐa elègqou miac statistik c upìjeshc:

I OrÐzoume th statistik  upìjesh

I UpologÐzoume to statistikì elègqou

I ApofasÐzoume me b�sh to statistikì apì to deÐgma

H0: mhdenik  upìjesh pou jètoume upì èlegqo

H1: enallaktik  upìjesh pou deqìmaste an aporrÐyoume thn
H0
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'Elegqoc upìjeshc

'Elegqoc mèshc tim c
'Elegqoc diaspor�c
'Elegqoc katallhlìthtac X 2

Dunatèc apof�seic elègqou

1. Swst  apìfash:
P(apodoq  thc H0 | H0 swst ) = 1− α

2. Sf�lma tÔpou II:
P(apodoq  thc H0 | H0 lanjasmènh) = β

3. Sf�lma tÔpou I, shmantikìthta elègqou:
P(apìrriyh thc H0 | H0 swst ) = α

4. Swst  apìfash, isqÔc elègqou:
P(apìrriyh thc H0 | H0 lanjasmènh) = 1− β

Apodoq  thc H0 Apìrriyh thc H0

H0 swst  orj  apìfash (1− α) sf�lma tÔpou I (α)
H0 lanjasmènh sf�lma tÔpou II (β) orj  apìfash (1− β)
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'Elegqoc upìjeshc

'Elegqoc mèshc tim c
'Elegqoc diaspor�c
'Elegqoc katallhlìthtac X 2

'Elegqoc mèshc tim c

H0 : µ = µ0

H0 orj  ìtan h µ brÐsketai �kont�� sto µ0

Ektimht c thc µ: x̄

Timèc tou x̄ �kont�� sto µ0 ⇒ apìfash orjìthtac thc H0

⇒ an koun sthn perioq  apodoq c thc H0

Timèc thc x̄ �makri�� apì to µ0

⇒ sqhmatÐzoun thn perioq  apìrriyhc R .

�kont�� / �makri�� kajorÐzetai apì to α (ourèc thc katanom c
tou x̄)

'Eqei deiqjeÐ: X ∼ N(µ, σ2) ∨ n > 30⇒ t = x̄−µ
s/
√
n
∼ tn−1

Aporriptik  perioq  R = {t | |t| > tn−1,1−α/2}.
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'Elegqoc upìjeshc

'Elegqoc mèshc tim c
'Elegqoc diaspor�c
'Elegqoc katallhlìthtac X 2

'Elegqoc mèshc tim c, apìfash elègqou

t̃: tim  tou statistikoÔ t apì to deÐgma,

t̃ ∈ R ⇒ apìrriyh thc H0 gia α
t̃ /∈ R ⇒ mh-apìrriyh thc H0 gia α

p-tim : h mikrìterh tim  tou α pou dÐnei apìrriyh thc H0

p-tim : h pijanìthta na parathr soume gia to t mia tim  tìso
akraÐa ìso h t̃ ìtan isqÔei h H0.

p = 2 P(t > |t̃|) = 2 (1− P(t < |t̃|)).

'Oso pio kont� sto 0 eÐnai h p-tim  tìso pio sÐgourh eÐnai h
apìrriyh thc H0

H p-tim  upologÐzetai eÔkola apì thn ask thc katanom c tn−1
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'Elegqoc upìjeshc

'Elegqoc mèshc tim c
'Elegqoc diaspor�c
'Elegqoc katallhlìthtac X 2

Monìpleuroc èlegqoc

Monìpleuroc èlegqoc

H0 : µ ≥ µ0 (H0 : µ = µ0)

H1 : µ < µ0

... an gnwrÐzoume pwc de mporeÐ µ > µ0.

H epilog  monìpleurou   dÐpleurou elègqou exart�tai apì thn
èreuna pou jèloume na k�noume kai apì to kat� pìso
mporoÔme na problèyoume to apotèlesma thc èreunac.
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'Elegqoc upìjeshc

'Elegqoc mèshc tim c
'Elegqoc diaspor�c
'Elegqoc katallhlìthtac X 2

Par�deigma, asf�leiec twn 40 ampèr

H0 : µ = 40 kai H1 : µ 6= 40.

Statistikì elègqou: t = x̄−40
s/
√
n
∼ tn−1.

α = 0.05 kai tn−1,1−α/2 = t24,0.975 = 2.064

R = {t | t < −2.064 ∨ t > 2.064} = {t | |t| > 2.064}.

Tim  tou statistikoÔ apì to deÐgma (x̄ = 39.8, s = 0.925)

t̃ =
39.8− 40

0.925/5
= −1.081

t̃ /∈ R ⇒ mh-apìrriyh thc H0

p = 2(1−P(t ≤ |t̃|)) = 2(1−P(t ≤ 1.081)) = 2(1−0.855) = 0.29
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'Elegqoc upìjeshc

'Elegqoc mèshc tim c
'Elegqoc diaspor�c
'Elegqoc katallhlìthtac X 2

Par�deigma (sunèqeia)

An oi asf�leiec de mporoÔn na kaÐgontai se uyhlìtero ìrio
apì 40 ampèr:

H0 : µ ≥ 40 kai H1 : µ < 40

R = {t | t < tn−1,α/2} = {t | t < t24,0.05} = {t | t < −1.71}.

t̃ = −1.081 /∈ R ⇒ mh-apìrriyh thc H0

p = P(t ≤ t̃) = 0.145
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'Elegqoc upìjeshc

'Elegqoc mèshc tim c
'Elegqoc diaspor�c
'Elegqoc katallhlìthtac X 2

'Elegqoc diaspor�c

H0 : σ2 = σ2
0 me H1 gia dÐpleuro   monìpleuro èlegqo.

ektimht c s2 kai statistikì elègqou: χ2 ≡ (n−1)s2

σ2
0
∼ X 2

n−1

1. H1 : σ2 6= σ2
0, R = {χ2| χ2 < χ2

n−1,α/2 ∨ χ2 >

χ2
n−1,1−α/2}.

2. H1 : σ2 < σ2
0, R = {χ2| χ2 < χ2

n−1,α}.
3. H1 : σ2 > σ2

0, R = {χ2| χ2 > χ2
n−1,1−α}.

Statistikì elègqou apì to deÐgma χ̃2

An χ̃2 ∈ R ⇒ H0 aporrÐptetai.

1. H1 : σ2 6= σ2
0, p = P(χ2 < χ̃2 ∨ χ2 > χ̃2}.

2. H1 : σ2 < σ2
0, p = P(χ2 < χ̃2}.

3. H1 : σ2 > σ2
0, p = P(χ2 > χ̃2}.
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'Elegqoc upìjeshc

'Elegqoc mèshc tim c
'Elegqoc diaspor�c
'Elegqoc katallhlìthtac X 2

Par�deigma, asf�leiec twn 40 ampèr

'Elegqoc gia α = 0.01 an σ = 0.7

H0 : σ2 = 0.49, H1 : σ2 6= 0.49

n = 25, s2 = 0.49 (ampèr)2, α = 0.01
⇒ χ2

24,0.005 = 9.886 kai χ2
24,0.995 = 45.558.

Perioq  apìrriyhc: R = {χ2 | χ2 < 9.886 ∨ χ2 > 45.558}

χ̃2 =
(n − 1)s2

σ2
0

=
24 · 0.854

0.49
= 41.829

χ̃2 /∈ R ⇒ mh-apìrriyh thc H0 gia α = 0.01.

p = P(χ2 < χ̃2 ∨ χ2 > χ̃2} = P(χ2 > 41.829}
= 1− P(χ2 < 41.829} = 1− 0.986 = 0.014.

Dhm trhc Kougioumtz c StoiqeÐa Statistik c



Shmeiak  ektÐmhsh
EktÐmhsh diast matoc empistosÔnhc

'Elegqoc upìjeshc

'Elegqoc mèshc tim c
'Elegqoc diaspor�c
'Elegqoc katallhlìthtac X 2

'Elegqoc katallhlìthtac X 2
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Prosarmìzontai ta dedomèna se k�poia gnwst  katanom ?

'Elegqoc kal c prosarmog c X 2

H0: H katanom  thc parathroÔmenhc X eÐnai �...�
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'Elegqoc upìjeshc

'Elegqoc mèshc tim c
'Elegqoc diaspor�c
'Elegqoc katallhlìthtac X 2

'Elegqoc katallhlìthtac X 2

Arijmhtikèc parathr seic ⇒ diakritikopoÐhsh

Oj , j = 1, . . . ,K : parathroÔmenec diakritèc timèc

Ej , j = 1, . . . ,K : anamenìmenec diakritèc timèc

χ2 =
K∑
j=1

(Oj − Ej)
2

Ej

X diakrit : Ej = nfX (xi ) = nP(X = xi ).

X suneq c: Ej = n(FX (xuj )− FX (x lj )),

x lj kai x
u
j eÐnai to k�tw kai p�nw �kro tou diast matoc j .
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'Elegqoc upìjeshc

'Elegqoc mèshc tim c
'Elegqoc diaspor�c
'Elegqoc katallhlìthtac X 2

'Elegqoc katallhlìthtac X 2

BajmoÐ eleujerÐac thc X 2: K − c ,

X diakrit : c = 1 (
∑K

j=1 Ej = n)

X suneq c: pl joc paramètrwn katanom c + 1 (
∑K

j=1 Ej = n)

An H0 eÐnai orj  χ2 ∼ X 2
K−c

Apìfash elègqou:

I χ̃2 ∈ R = {χ2| χ2 > χ2
K−c,1−α/2} ?

I p = P(χ2 > χ̃2} ?
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'Elegqoc upìjeshc

'Elegqoc mèshc tim c
'Elegqoc diaspor�c
'Elegqoc katallhlìthtac X 2

Par�deigma, ex�rec

O paÐqthc pet�ei to z�ri treic forèc kai kerdÐzei an�loga me
to pl joc twn exari¸n pou fèrnei.

'Enac paÐqthc paÐzei 100 forèc

pl joc exari¸n parathroÔmeno pl joc

0 47
1 36
2 14
3 4

Pijanìthta �epituqÐac� (ex�ri): p = 1/6, m = 3 rÐyeic

X : epituqÐec stic m rÐyeic, X = 0, 1, 2, 3

H0: X ∼ B(m, p), Eidik�: H0: X ∼ B(3, 1/6).
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'Elegqoc upìjeshc

'Elegqoc mèshc tim c
'Elegqoc diaspor�c
'Elegqoc katallhlìthtac X 2

Par�deigma (sunèqeia)

An X ∼ B(3, 1/6): P(X = 0) = 0.579, P(X = 1) = 0.347,
P(X = 2) = 0.069, P(X = 3) = 0.005. Ej = n · P(X = xj)

pl joc exari¸n parathroÔmeno pl joc anamenìmeno pl joc

0 47 57.9
1 36 34.7
2 14 6.9
3 4 0.5

χ̃2 =
K∑
j=1

(Oj − Ej)
2

Ej
= 36.28

KrÐsimh tim  thc X 2
3 gia α = 0.05: χ2

3,0.95 = 7.815.

p = P(χ2 > χ̃2} = P(χ2 > 36.28) = 6.5 · 10−8!!!
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