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SUSQETISH KAI PALINDROMHSH
Susqètish dÔo t.m.
Apl  Grammik  Palindrìmhsh

Susqètish

DÔo t.m. X kai Y susqetÐzontai:
• H mÐa ephre�zei thn �llh
• Ephre�zontai kai oi dÔo apì k�poia �llh

σ2X , σ
2
Y : diaspor�

sundiaspor� twn X kai Y :
σXY = Cov(X ,Y ) = E(X ,Y )− E(X )E(Y ),

suntelest c susqètishc ρ

ρ =
σXY
σX σY
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Susqètish dÔo t.m.
Apl  Grammik  Palindrìmhsh

Idiìthtec tou ρ

ρ ∈ [−1, 1]

ρ = 1: tèleia jetik  susqètish

ρ = −1: tèleia arnhtik  susqètish

ρ �kont�� sto −1   1 → isqur  susqètish

ρ �kont�� sto 0 → oi t.m. eÐnai praktik� asusqètistec

ρ den exart�tai apì th mon�da mètrhshc twn X kai Y

ρ eÐnai summetrikìc wc proc tic X kai Y
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SUSQETISH KAI PALINDROMHSH
Susqètish dÔo t.m.
Apl  Grammik  Palindrìmhsh

Di�gramma diaspor�c

DeÐgma twn X kai Y kat� zeÔgh: (x1, y1), . . . , (xn, yn)
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SUSQETISH KAI PALINDROMHSH
Susqètish dÔo t.m.
Apl  Grammik  Palindrìmhsh

Shmeiak  ektÐmhsh tou ρ

EktÐmhsh diaspor�c

s2X =
1

n − 1

n∑
i=1

(xi − x̄)2 =
1

n − 1

(
n∑

i=1

x2i − nx̄2

)
EktÐmhsh sundiaspor�c

sXY =
1

n − 1

n∑
i=1

(xi − x̄)(yi − ȳ) =
1

n − 1

(
n∑

i=1

xiyi − nx̄ ȳ

)
EktÐmhsh tou suntelest  susqètishc

ρ =
σXY
σX σY

→ ρ̂ ≡ r =
sXY
sX sY

r =

∑n
i=1 xiyi − nx̄ ȳ√(∑n

i=1 x
2
i − nx̄2

) (∑n
i=1 y

2
i − nȳ2

)
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SUSQETISH KAI PALINDROMHSH
Susqètish dÔo t.m.
Apl  Grammik  Palindrìmhsh

Shmeiak  ektÐmhsh tou ρ (sunèqeia)

To r eÐnai h shmeiak  ektÐmhsh tou ρ apì to deÐgma kai
lègetai suntelest c susqètishc Pearson

MporoÔn na upologistoÔn parametrik� diast mata
empistosÔnhc gia to ρ.

MporoÔn na gÐnoun parametrikoÐ èlegqoi upìjeshc gia
k�poia tim  tou ρ.
H pio shmantik  upìjesh eÐnai H0: ρ = 0.

Suntelest c prosdiorismoÔ r2 (  se posost� 100r2%)

Dhl¸nei to posostì metablhtìthtac pou mporoÔme na
ermhneÔsoume gia th mia t.m. ìtan gnwrÐzoume thn �llh.
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Susqètish dÔo t.m.
Apl  Grammik  Palindrìmhsh

Par�deigma

Jèloume na
ektim soume th
susqètish thc antoq c
sumpÐeshc kai antoq c
k�myhc skurodèmatoc
k�poiac paraskeu c.

DeÐgma 20 dokimÐwn
skurodèmatoc

A/A Antoq  sumpÐeshc xi (ksi) Antoq  k�myhc yi (psi)
1 1668 133
2 2083 239
3 2334 318
4 2529 434
5 2654 395
6 2851 345
7 2891 518
8 2923 390
9 2970 238
10 3047 284
11 3091 476
12 3100 481
13 3140 471
14 3230 585
15 3262 282
16 3581 527
17 3853 604
18 3951 621
19 3953 581
20 4747 646
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Susqètish dÔo t.m.
Apl  Grammik  Palindrìmhsh
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r=0.81

UpologÐzoume
x̄ = 3092.9 ȳ = 428.5∑20

i=1 x
2
i = 200680560∑20

i=1 y
2
i = 4083287∑20

i=1 xiyi = 28088503

r =
28088503−20 · 3092.9 · 428.5√

(200680560−20·3092.92)·(4083287−20·428.52)
=0.807

H antoq  sumpÐeshc kai h antoq  k�myhc èqoun grammik 
jetik  susqètish all� ìqi isqur .

To posostì metablhtìthtac thc antoq c k�myhc pou mporoÔme
na exhg soume gnwrÐzontac thn antoq  sumpÐeshc (kai
antÐstrofa) eÐnai 0.65.
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SUSQETISH KAI PALINDROMHSH
Susqètish dÔo t.m.
Apl  Grammik  Palindrìmhsh

Jèma 13

'Elegqoc shmantikìthtac (significance test) gia to suntelest 
susqètishc Pearson. ParousÐash kai par�deigma.

Jèma 14

Suntelest c susqètishc Spearman dÔo tuqaÐwn metablht¸n.
ParousÐash, idiìthtec, paradeÐgmata.

Jèma 15

Suntelest c susqètishc Kendall dÔo tuqaÐwn metablht¸n.
ParousÐash, idiìthtec, paradeÐgmata.

Jèma 16

H amoibaÐa plhroforÐa (mutual information) wc mh-grammikì
mètro susqètishc dÔo metablht¸n. ParousÐash, idiìthtec,
paradeÐgmata.
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Susqètish dÔo t.m.
Apl  Grammik  Palindrìmhsh

Apl  Grammik  Palindrìmhsh

susqètish: grammik  sqèsh dÔo t.m. X kai Y
palindrìmhsh: ex�rthsh miac t.m. Y apì mia �llh metablht 
X

Y : exarthmènh metablht  (tuqaÐa)
X : anex�rthth metablht  (kajorismènh)

Par�deigma: diatmhtik  antoq  argÐlou se di�fora b�jh
X ? Y ? ?

Genik� jèloume na broÔme FY (y |X = x)
Periorizìmaste sth mèsh tim 
kai upojètoume grammik  ex�rthsh

E(Y |X = x) = α + βx

grammik  palindrìmhsh thc Y sth X
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Susqètish dÔo t.m.
Apl  Grammik  Palindrìmhsh

Parathr seic
(x1, y1), . . . , (xn, yn)

α: stajerìc ìroc
β: suntelest c tou x (klÐsh eujeÐac)

H t.m. yi gia k�poia tim  xi thc X eÐnai
yi = α + βxi + εi

εi = yi − E(Y |X = xi ) sf�lma palindrìmhshc

Prìblhma palindrìmhshc:
Poia eÐnai h �kalÔterh� eujeÐa?
Poiec eÐnai oi �kalÔterec� ektim seic twn α, β?
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Susqètish dÔo t.m.
Apl  Grammik  Palindrìmhsh

Sunj kec apl c grammik c palindrìmhshc

H X eÐnai elegqìmenh (kajorismènh)

H ex�rthsh thc Y apì th X eÐnai grammik 

E(εi ) = 0 kai Var(εi ) = σ2ε gia k�je xi

Var(yi |X = xi ) = Var(α + βxi + εi ) = Var(εi )
⇓

Var(Y |X = x) ≡ σ2Y |X = σ2ε ≡ σ2

omoskedastikìthta: h diaspor� thc Y de metab�lletai me th X
eteroskedastikìthta: h diaspor� thc Y metab�lletai me th X .

'Agnwstoi (par�metroi) palindrìmhshc: α, β, σ2

[Συνήθως υποθέτουμε Y |X = x ∼ N(α + βx , σ2) ]

Dhm trhc Kougioumtz c Statistik  gia PolitikoÔc MhqanikoÔc SUSQETISH KAI PALINDROMHSH



SUSQETISH KAI PALINDROMHSH
Susqètish dÔo t.m.
Apl  Grammik  Palindrìmhsh

EktÐmhsh twn paramètrwn thc eujeÐac palindrìmhshc

Mèjodoc elaqÐstwn tetrag¸nwn:
To �jroisma twn tetrag¸nwn twn katakìrufwn apost�sewn
twn shmeÐwn apì thn eujeÐa eÐnai to el�qisto

min
α,β

n∑
i=1

ε2i   min
α,β

n∑
i=1

(yi − α− βxi )2

LÔsh:

∂
∑

(yi−α−βxi )2
∂α = 0

∂
∑

(yi−α−βxi )2
∂β = 0


∑n

i=1 yi = nα + β
∑n

i=1 xi∑n
i=1 xiyi = α

∑n
i=1 xi + β

∑n
i=1 x

2
i

Ektim seic twn β kai α eÐnai

b =
sXY
s2X

a = ȳ − bx̄

eujeÐa elaqÐstwn tetrag¸nwn: ŷ = a + bx
Dhm trhc Kougioumtz c Statistik  gia PolitikoÔc MhqanikoÔc SUSQETISH KAI PALINDROMHSH



SUSQETISH KAI PALINDROMHSH
Susqètish dÔo t.m.
Apl  Grammik  Palindrìmhsh

EktÐmhsh thc diaspor�c twn sfalm�twn

Gia k�je xi : ŷi = a + bxi
ei = yi − ŷi : sf�lma
elaqÐstwn tetrag¸nwn  
upìloipo

ei : ektÐmhsh tou sf�lmatoc
palindrìmhshc εi

H ektÐmhsh thc diaspor�c σ2 tou sf�lmatoc

s2 =
1

n − 2

n∑
i=1

(yi − ŷi )
2

jètontac ŷi = a + bxi

s2 =
n − 1

n − 2

(
s2Y −

s2XY
s2X

)
=

n − 1

n − 2
(s2Y − b2s2X )
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Parathr seic

H eujeÐa elaqÐstwn tetrag¸nwn pern�ei apì to shmeÐo
(x̄ , ȳ) : a + bx̄ = ȳ − bx̄ + bx̄ = ȳ
'Ara h eujeÐa elaqÐstwn tetrag¸nwn mporeÐ epÐshc na
oristeÐ wc yi − ȳ = b(xi − x̄)

H ektÐmhsh twn α kai β me th mèjodo twn elaqÐstwn
tetrag¸nwn den proôpojètei
(i) stajer  diaspor� thc Y gia k�je x kai
(ii) kanonik  katanom  thc Y gia k�je x

Gia k�je tim  x0 thc X , h prìbleyh thc y0 apì thn eujeÐa
elaqÐstwn tetrag¸nwn eÐnai

y0 = a + bx0

Prosoq : H tim  x0 prèpei na an kei sto eÔroc twn
gnwst¸n tim¸n thc X .
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Par�deigma

Θέλουμε να μελετήσουμε την αντοχή αλουμινίου και για αυτό κάναμε

ένα πείραμα και μετρήσαμε την επιμήκυνση δοκιμίου αλουμινίου για

διάφορες τάσεις.

Δύναμη τάσης xi (kips) 1 2 3 4 5 6 7

Επιμήκυνση yi (10−3 inches) 6 13 28 38 44 61 71

Exart�tai h paramìrfwsh
alouminÐou apì thn t�sh?

EÐnai h ex�rthsh grammik ?
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Par�deigma (sunèqeia)

UpologÐzoume x̄ = 4 ȳ = 37.31∑7
i=1 x

2
i = 140

∑7
i=1 y

2
i = 13165

∑7
i=1 xiyi = 1352.5

sXY = 51.32 s2X = 4.67 s2Y = 570.50

Oi ektim seic b kai a

b =
sXY
s2X

=
51.32

4.67
= 10.99

a = ȳ − bx̄ = 37.31− 10.99 · 4 = −6.65

H ektÐmhsh thc diaspor�c twn sfalm�twn palindrìmhshc

s2 =
n − 1

n − 2
(s2Y − b2s2X ) =

6

5
(570.50− 10.992 · 4.67) = 7.75

EujeÐa elaqÐstwn tetrag¸nwn: y = −6.65 + 10.99x
me diaspor� sf�lmatoc s2 = 7.75
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Par�deigma: ErmhneÐa twn apotelesm�twn

b: AÔxhsh dÔnamhc t�shc kat� 1 kips
→ epim kunsh kat� ∼ 0.011 Ðntsec [10.99 · 10−3

ίντσες].

a: DÔnamh t�shc 0
→ epim kunsh −6.65 · 10−3 Ðntsec [αδύνατον]

s2: Tupikì sf�lma ektÐmhshc palindrìmhshc eÐnai√
7.75→ 2.78 · 10−3 Ðntsec [σχετικά μικρό]
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Par�deigma: Prìbleyh

Me b�sh to montèlo palindrìmhshc mporoÔme na problèyoume
thn epim kunsh tou alouminÐou gia k�je dÔnamh t�shc sto
di�sthma [1, 7] kips:

x0 = 3.5 : y0 = −6.65 + 10.99 · 3.5 = 31.82

me akrÐbeia prìbleyhc (proseggistik�) 31.82± 2.78
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Sqèsh r kai b

Gia to prìblhma thc palindrìmhshc, �agnooÔme� ìti h X den
eÐnai t.m. kai orÐzoume to suntelest  susqètishc ρ.

Sqèsh metaxÔ tou r kai tou b (r = sXY
sX sY

kai b = sXY
s2X

)

r = b
sX
sY

  b = r
sY
sX

r kai b ekfr�zoun poiotik� th grammik  susqètish twn X
kai Y

b exart�tai apì th mon�da mètrhshc twn X kai Y

r paÐrnei timèc sto di�sthma [−1, 1]

r > 0 ⇒ b > 0 (r < 0 ⇒ b < 0)

r = 0 ⇒ b = 0
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Apl  Grammik  Palindrìmhsh

Sqèsh r kai s2

Sqèsh tou r2 kai thc diaspor�c tou sf�lmatoc s2

s2 =
n − 1

n − 2
s2Y (1− r2)   r2 = 1− n − 2

n − 1

s2

s2Y

'Oso megalÔtero eÐnai to r2 tìso mikrìtero eÐnai to s2 kai
kalÔterh h prìbleyh.

Sunèqeia paradeÐgmatoc:

Suntelest c susqètishc:

r =
sXY
sX sY

=
41.32√

4.67 · 570.50
= 0.995

r = 0.995: polÔ isqur  jetik  susqètish thc epim kunshc tou
alouminÐou kai thc t�shc
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Jèma 17

Di�sthma empistosÔnhc gia touc suntelestèc thc apl c
grammik c palindrìmhshc. ParousÐash kai par�deigma.

Jèma 18

'Elegqoc shmantikìthtac (significance test) gia to suntelest 
thc anex�rththc metablht c thc apl c grammik c
palindrìmhshc. ParousÐash kai par�deigma.

Jèma 19

Di�sthma empistosÔnhc gia th mèsh prìbleyh thc apl c
grammik c palindrìmhshc. ParousÐash kai par�deigma.

Jèma 20

Pollapl  grammik  palindrìmhsh (multiple linear regression).
ParousÐash kai par�deigma.
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