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Abstract: The clustering of time series from oscillating dynamical systems requires
appropriately selected features. We employed features stemming from methods of linear
and nonlinear analysis of time series, such as autocorrelation and Lyapunov exponents, as
well as features estimating oscillation characteristics. Optimal feature forward selection
and standardization method, under the standard k-means clustering algorithm, were
assessed using Monte Carlo simulations on known oscillating deterministic and stochastic
systems. The clustering efficiency was measured by the corrected Rand index and the
results showed the prevalence of oscillating-related features. The same setting was
applied to real-world oscillating time series, i.e. epileptic electroencephalograms and
optokinetic signals, giving good discrimination of pathological states.
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1. Introduction
Numerous records of oscillating signals are registered in diverse applications ranging
from physiology to acoustics and meteorology, where there is often need for classification
or grouping of similar records. Thus there is a growing interest in time series clustering,
where the data objects are formed from time series measurements [1]. There are three
basic classes of time series clustering approaches in terms of the data object types, i.e.
the data object is a raw time series (in the time or frequency domain, e.g. see [2, 3]), a
set of features extracted from the time series (e.g. the cross-correlation in [4]), or a set of
parameters of a model estimated on the time series (e.g. autoregressive moving average
models in [5, 6]). Here, we follow the feature-based approach as suggested also in [7]. To
the best of our knowledge there has not yet been a systematic investigation and evaluation
of time series features for clustering and it seems that in every work the selected features
are related to a specific approach, e.g. features extracted from wavelet transform of the
time series [8].
Advances in nonlinear dynamics and synchronization offer new alternatives for
determining the nature of the underlying system to the time series, as well as methods and
measures to identify them from observed time series [9, 10, 11]. Nonlinear measures in
conjunction with other statistical measures have evidently given rise to different clustering
approaches [12, 13]. For problems involving oscillating time series, characteristic features
of the oscillations in the time series (or of a single oscillation segment) have been
considered [14, 15].
The present work aims at assessing the discriminating power of features that measure
different characteristics of the time series, i.e. simple statistical and linear features, such as

skewness and autocorrelation, nonlinear features, such as mutual information and largest
Lyapunov exponent, and oscillation-related features, such as oscillation peak and period.
These features may have different scale and distribution, so that the clustering efficiency
is heavily dependent on the standardization of the features. Therefore, we evaluated
the clustering also for a range of well-known standardization techniques and for a new
standardization technique that makes use of the arbitrary-to-Gaussian transform. The
motivating examples for the presented work are the analysis of electroencephalograms
(EEG) in epileptic patients [16, 17] and optokinetic signals (OKN) from healthy people
and others suffering from vertigo [18, 19].
In Section 2 the main parts of the clustering approach are presented with emphasis on
the extracted features and the standardization techniques. Then the sequential feature
selection that finds the optimal feature subset and the comparison of clusterings are
presented in Section 3. In Section 4 the feature selection and standardization techniques
are assessed using Monte Carlo simulations on time series from known oscillating
dynamical systems . Then in Section 5 the clustering setting is applied to EEG and OKN
time series and finally in Section 6 the results are discussed and conclusions are given.

2. Clustering Design
The clustering approach followed here is based on extracting features from time series and
applying the EM algorithm and k-means partition algorithm on the standardized feature
vectors.
2.1. Time Series Features
The main focus of this work is on the investigation of appropriate features from oscillating
time series for clustering purposes. Ten features are studied here and they can be classified
to standard statistical measures (skewness, kurtosis, autocorrelation), nonlinear measures
(three-point autocorrelation, mutual information, largest Lyapunov exponent) and average
and standard deviation (SD) of oscillation characteristics (local maxima and oscillation
period). They are denoted q1 , q2 , . . . , q10 and are briefly described in Table 1. The set of
these 10 features is expected to reflect the attributes of the underlying mechanism of the
time series, including harmonic and nonlinear dynamics. This selection is by no means
optimized, as there may be other features that capture additional information in the time
series. However, the selected features are representative for each of the three types.
Note that while the autocorrelation for a delay τ , r(τ ), in q3 is a linear measure the
q4 feature of the higher-order autocorrelation, r3(τ ), is a nonlinear correlation measure
[20]. The mutual information I(τ ) is considered a more advanced nonlinear correlation
measure, as opposed to r3(τ ), because it involves distribution functions rather than
averages. Specifically, the joint mass probability P(i, j) = P(xt , xt−τ ), and the marginal
mass probabilities P(i) = P(xt ) and P(j) = P(xt−τ ) are computed for all bins of a
partition of {xt }nt=1 . One can consider the mutual information sum, SI(τmax ), as the
nonlinear analogue of the Box–Pierce sum of squared autocorrelations, Q(τmax ), for the
same maximum delay time τmax .
The largest Lyapunov exponent L1 measures a different type of nonlinearity, that is
the rate of divergence of nearby trajectories in a reconstructed state space. The points
reconstructed from the time series with embedding dimension m and delay time τ are

Table 1: Features extracted from a time series {xt }nt=1 = {x1 , x2 ..., xn } with mean x̄ and
SD s organized in three categories.
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xt = xt , xt+τ , . . . , xt+(m−1)τ , for t = 1, . . . , n0 , where n0 = n − (m − 1)τ − h. When
the underlying to the time series system is chaotic, it is expected that on average the initial
distance of two nearby trajectories starting at xt and x0t , defined as δ0,t = ||xt −x0t ||, grows
exponentially, i.e. δh,t = ||xt+h − x0t+h || increases exponentially with time step h [9].
The last four features are supposed to capture the main trend and variability of the
oscillation peaks and periods. When the oscillations are not distinct there is an apparent
problem of estimating the peaks. Any algorithm for estimating the peak has to involve a
free parameter, such as the filter order when smoothing the time series in order to make
the peaks detectable. We choose to work on the raw data and detect a peak when the local
maximum of a sliding data window of fixed length τw is the center point, where we set
τw = τmax /4 (note that τmax /4 is the maximum delay for q3 and q5 ).
We determine the feature specific parameters uniformly for all time series involved
in the clustering problem. We compute the autocorrelation function for some randomly
selected time series and compute the average for the delay of zero-autocorrelation and the

delay for the first autocorrelation maximum. The former is the estimate of τ used in the
computation of q4 and q6 , and the latter is the estimate of τmax used in the computation
of q3 and q5 . The embedding dimension m used in q6 is estimated from the method of
false nearest neighbors applied to the time series selected above and for the estimated τ
[21]. In the computation of m, as well as q6 , the box-assisted method is used to facilitate
state space reconstruction and computationally efficient search for nearest neighbors, as
implemented in the TISEAN package [22].
2.2. Standardization Methods
Due to the wide scale range and variety of distributions of the involved features, the
effect of each feature on the partition is expected to be related to the standardization
scheme. Therefore the clustering is optimized over the most well-known standardization
methods, i.e. linear, variation (z-score), logistic and logarithmic. We introduce also a
new standardization scheme (to the best of our knowledge), which transforms the sample
cumulative density function (cdf) of each feature, as this is estimated on all time series
in the data base of size, say K, call it F̂ , to the standard Gaussian cdf, Φ. The transform
is actually done by applying the inverse Φ on ((i) + 1)/K, where (i) is the rank of the
feature value for time series i. The Gaussian standardization scheme may perform well
in the presence of outliers within clusters because outlying feature values are transformed
closer to the mass of values, as implied by the bell-shape Gaussian distribution. The
expressions for all standardization methods are given in Table 2.
Table 2: Standardization methods for a feature qj (j = 1, . . . , 10), estimated on K time
series, giving qj,1 , . . . , qj,K with mean q̄j , SD sqj , maximum qj,max and minimum qj,min .
Method

Expression

linear

yj,i =

qj,i −qj,min
qj,max −qj,min

logistic

yj,i =

1
1+eqj,i

logarithmic yj,i = ln(qj,i − qj,min + 1)
variation
Gauss

yj,i =

qj,i −q̄j
sqj

yj,i = Φ−1 (F̂ (qj,i ))

2.3. Clustering Method
To cluster the time series we chose the popular, fast and efficient k-means partitioning
algorithm [23]. This algorithm starts with a random set of cluster centers and by making
use of the Expectation-Maximization (EM) algorithm converges iteratively to the final set
of clusters. We used the Euclidean metric to compute distances and we let EM algorithm
run for 1000 iterations.

3. Clustering Efficiency
In our setting, we assume we know the original partition of the data base of time series.
For each given set of features and standardization technique, the clustering algorithm finds
a partition solution. We want to assess the agreement of the computed partition to the
original partition for the whole range of feature subsets combined with all standardization
techniques in order to find the optimal feature subset and standardization technique. In
the following, we present a measure for the agreement of the partitions, which is further
used to search efficiently across all feature subsets.
3.1. Cluster Comparison
There are different measures for cluster comparison in the literature that all boil down in
measuring the correlation of the two partitions [24, 25]. We use the Corrected Rand Index
(CRI), which is a standard measure for partition comparison [24, 26, 27]. Suppose two
partitions of K data objects (feature vectors estimated on K time series), the first with R
clusters and the second with C clusters. Then CRI is given as
¡ ¢−1 PR ¡ki. ¢ PC ¡k.j ¢
− K2
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where kij is the number of objects in the i-cluster of the first partition and the j-cluster
of the second, ki. is the number of objects in the i-cluster of the first partition and k.j is
the number of objects in the j-cluster of the second partition. CRI ranges from -1 to 1,
where 1 indicates exact agreement of the two partitions, values near zero indicate random
agreement and negative values indicate disagreement.
We simplify the clustering search by matching the number of clusters from the k-means
algorithm to the number of original groups of time series in the data base, so that in the
computation of CRI the first partition is always the original one and R = C.
3.2. Feature Subset Selection
An exhaustive search for optimal clustering among all possible combinations of 10
features and 5 standardizations requires the computation of 5 × 210 clusterings. Instead
we adopt the algorithm of Forward Sequential Selection (FSS) of features for each
standardization technique, which appears to be the most frequently used algorithm that
drops the time complexity to the order of d2 , where d is the number of features [28, 29].
The evaluation function in FSS is the CRI, and with the regard to a feature subset S is
denoted CRI(S). The FSS algorithm reads as follows, where l denotes the cardinality of
the feature subset:
1. Set l = 1 and find the optimal single feature clustering, i.e. Sl = {q(l) }, where
q(l) = arg maxqi CRI({qi }) and i = 1, . . . , d (d = 10 here).
i
= Sl−1 ∪ qi , where qi 6∈
2. For l > 1, compute clusterings for the feature subsets Sl−1
i
).
Sl−1 and find the one with the largest CRI, i.e. q(l) = arg maxqi 6∈Sl−1 CRI(Sl−1
(l)
(l)
3. If CRI(Sl−1 ) > θCRI(Sl−1 ), then Sl = Sl−1 , l = l + 1, and go to step 2, otherwise
stop.

Starting with the best single feature clustering, the feature subset is augmented by
adding a single feature at a time, but only if the partition accuracy is significantly
improved. The improvement is controlled by the threshold parameter θ in step 3. In
our computations we set θ = 1.05 that corresponds to 5% improvement in CRI. Thus
we retain small cardinality of the optimal feature subset by punishing the inclusion of
features that give very marginal improvement in CRI.

4. Monte Carlo Simulations and Results
We evaluated the estimation of optimal features subset and standardization method
with Monte Carlo simulations on data bases of time series from well-known oscillating
systems. Each data base is comprised of three groups that correspond to different regimes
or systems and each group has 50 time series of length N=1000 points.
4.1. The simulated data bases
We formed three time series data bases described below.
Data Base 1 The data base is comprised of oscillating time series generated from the
Mackey-Glass delay differential equation system [30]
dx
0.2x(t − ∆)
=
dt
1 + [x(t − ∆)]10 + 0.1x(t)

(2)

We considered three chaotic regimes of the system for ∆ = 17, 23, 30. The complexity
of the regime increases with ∆ and the fractal dimension changes from slightly larger
than 2 for ∆ = 17 to slightly larger than 3 for ∆ = 30 [31]. Representative time series
from each regime are given in Fig. 1a. Note that the three time series cannot easily be
Figure 1: (a) Time series from the three regimes of the Mackey-Glass system as indicated
at the right of each panel. (b) Time series of the x(1) variable of the Lorenz-95 system at
three regimes as indicated at the right of each panel.
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distinguished by eyeball judgement (maybe one can see a difference between the time
series in the upper panel for ∆ = 17 and the time series in the lower panel for ∆ = 30).

To simulate real-world-like conditions where data are often noisy, we considered also
the case of adding white noise to the time series. The noise is Gaussian and has a standard
deviation (SD) of 20% of the SD of the original data.
Data Base 2 This data base is comprised of more complex oscillating time series
generated from the Lorenz–95 system of 10 differential equations
dx
= (xj+1 − xj−2 )xj−1 − xj + F,
dt

j = 1, 2 . . . , 10,

(3)

where F stands for the control parameter. We considered again three chaotic regimes of
the system for F = 5, 6, 8 [32, 33] and we obtain the scalar time series for each regime
from the first variable, x(1). Note that the complexity of these regimes is higher than
for those of the Mackey–Glass system, as shown in Fig. 1b. Again the three time series
exhibit strong similarities with the one at the lower panel (F = 8) being the most complex.
As before we considered also the case where 20% Gaussian white noise is added to the
data.
Data Base 3 All time series in this data base consist of patterns of a rather linear upward
trend followed by a somehow faster downward trend as opposed to the smooth oscillations
of the time series in the two first data bases. Three systems are represented in the data
base, each of a different type. The first type of time series is from the quasi-periodic
(torus) system of Fraser [34]

 

ẋ(1)
x(2) + a + x(1)(1 − x(1)4 )
 ẋ(2)  

1 − (x(1) + 1)3

=

(4)
4
 ẋ(3)   (x(4) + a + x(3)(1 − x(3)) ) /b 
ẋ(4)
(1 − (x(3) + 1)3 ) /b
√
with parameters a = −0.3811735 and b = 5+1 and the observed variable is x(2)+x(4).
The second time series type is from the so-called Rössler hyper-chaos system
Figure 2: Time series of the upward-downward trend pattern type from the three systems
as indicated at the right of each panel.
Fraser

Rossler

Random

200

400
600
time index t

800

1000



 
−(x(2) + x(3))
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with parameters a = 0.25, b = 3, c = 0.05 and g = 0.5 and the observed variable is x(4).
Note that the apparently innocent multiplicative variable term in the third equation of (5)
gives rise to chaos and the system has a strange attractor of fractal dimension slightly
higher than 3 [35]. Opposite to the deterministic nature (quasi-periodic and chaotic) of
the two first systems the third system is stochastic. The time series of successive patterns
of random upward and downward trend is generated as follows. A series of alternating
random turning points bounded to a predefined range is first generated (for this we use
the BRWAD model in [36]). Then samples are filled at a fixed sampling time between
the turning points according to a fixed upward and downward velocity. The downward
velocity (going from a local maximum to the next local minimum) is higher to assimilate a
faster downward trend. In order to make the distinction among the three different systems
harder, we added 40% Gaussian white noise to the time series of the first two systems.
Representative time series for the three systems are given in Fig. 2.
4.2. Results from Monte Carlo simulations
We generated 1000 Monte Carlo realizations of each data base. For each Monte Carlo
realization, the 10 features in Table 1 are extracted from each of the 150 time series and
standardized with the 5 techniques in Table 2. Then the following procedure is repeated
for each standardization technique. The optimal feature subset and the corresponding
CRI are found using the FSS algorithm (see Section 3.2). Note that the feature subset
may vary, and it varies indeed, across the realizations of the same data base. Therefore
the ”best” feature subset for the given standardization and data base is the one that was
found by FSS most of the times over the 1000 realizations.
The summary results for all data bases are given in Table 3. First, we note that CRI
values are very high and have very small variability for all data bases indicating that
the selected features retrieve the initial groups of time series. To comprehend the level
of accuracy it should be noted that a CRI value of about 0.98 indicates that only one
time series out of 150 is misclassified. An impressive result of the simulations is that
only very few features (sometimes even only a single one) could attain very high level of
clustering accuracy. The best feature subset contained consistently an oscillation-related
feature, coupled with a linear or nonlinear correlation measure and this result holds for all
standardization techniques. Generally, there was little difference of the most frequently
selected feature subsets across the standardization techniques.
Specifically, the feature couple q7 , q3 performed best at the data base 1 (Mackey-Glass
system) in the absence of noise, as shown in Fig. 3a for a single realization. Note that
the group for ∆ = 23 could be clearly discriminated from the group for ∆ = 30 if only
q3 was used and from group for ∆ = 17 if only q7 was used. When noise was added the
clustering accuracy dropped and no feature could improve the CRI obtained only with q3 .
However, at 1/4 of the realizations and when using Gauss standardization the combination
of q3 , q7 , q5 rise the CRI to the level of the noise-free case.

Table 3: Monte Carlo results on feature subset selection for all data bases. The order of
appearance of features indicate the order they are selected by FSS.
Standardization Frequency Features Average CRI SD of CRI
Mackey-Glass system ∆ = 17, 23, 30, noise-free
Linear
939
q3 , q7
1.00
0.01
Logistic
908
q3 , q7
1.00
0.00
Logarithmic
187
q9 , q7
0.98
0.02
Variation
873
q8 , q5
0.95
0.03
Gauss
249
q3 , q 8 , q 5
0.99
0.01
Mackey-Glass system ∆ = 17, 23, 30, 20% noise
Linear
602
q3
0.88
0.04
Logistic
607
q3
0.87
0.04
Logarithmic
392
q3
0.88
0.04
Variation
659
q3
0.87
0.04
Gauss
232
q3 , q 7 , q 5
0.96
0.02
Lorenz-95 system, F = 5, 6, 8, noise-free
Linear
833
q8 , q5
0.96
0.02
Logistic
879
q8 , q5
0.95
0.03
Logarithmic
715
q8 , q5
0.94
0.03
Variation
873
q8 , q5
0.95
0.03
Gauss
649
q8 , q5
0.91
0.03
Lorenz-95 system, F = 5, 6, 8, 20% noise
Linear
734
q8 , q5
0.93
0.03
Logistic
757
q8 , q5
0.92
0.04
Logarithmic
717
q8 , q5
0.93
0.04
Variation
740
q8 , q5
0.92
0.04
Gauss
614
q8 , q5
0.87
0.04
Fraser torus, Rössler hyper-chaos and stochastic trends
Linear
591
q8 , q3
0.99
0.01
Logistic
711
q8 , q3
1.00
0.01
Logarithmic
982
q5
0.99
0.01
Variation
766
q8 , q3
1.00
0.01
Gauss
248
q5 , q8
0.94
0.02
For the data base 2, the couple q8 , q5 was always the best for all standardizations and
regardless of the presence of noise. As shown in Fig. 3b the two features together form
distinct clusters. For data base 3, the couple q8 , q3 was often the best giving very high
clustering accuracy as shown in Fig. 3c for a single realization. It is notable that the same
high level of accuracy could be attained only with q5 when the logarithmic standardization
was used.
The overall results show that the features considered here could identify correctly
the groups of time series for all the systems encountered in this study. This shows that
these features, and in particular the oscillation-related features, are good candidates for
clustering problems with oscillating time series. On the other hand, it is possible that for a
different selection of more complex or more similar to each other systems, this approach

Table 4: The EEG recordings at the early and late preictal state of 4 patients.
patient
1
2
3
4

duration
75sec
120sec
110sec
85sec

late preictal
2 recordings
1 recording
1 recording
1 recording

early preictal
1 recording (5hrs before)
1 recording (5hrs before)
1 recording (1hr before)
2 recordings (1 hr and 5hrs before)

time series
75
50
50
75

may not give the same high clustering accuracy. This is actually the case with the real
data presented in the next Section.
Figure 3: (a) Scatter diagram of (q7 , q3 ) standardized using the ”linear” transform for
150 time series from the three regimes of the Mackey–Glass system as shown in the legend.
(b) The same as (a) for (q8 , q5 ) and the Lorenz–95 system with noise. (c) The same as (a)
for (q8 , q3 ) standardized using the variation transform and for the systems of data base 3.
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5. Real Data Clustering
We apply the same setting of feature extraction, standardization techniques and feature
selection on two data bases of real-world oscillating time series.
5.1. Epileptic EEG
Extra-cranial EEG were recorded by a system of 25 channels with sampling frequency
200Hz from 4 epileptic patients and we analyzed separately the EEG data base for each
patient. The recordings were taken under two different states of the brain: one at the late
pre-ictal state that lasted from 80sec to 2min before seizure onset and the other at the early
preictal state that regards times of 1hr or/and 5hrs before seizure onset.
The time series length was fixed for each patient in order to avoid bias in the feature
extraction due to data size. The description of the early and late preictal groups in the
data base for each patient is given in Table 4. The preictal EEG time series are oscillating
time series, similar in appearance to the simulated time series of data bases 2. However,
it should be noted that irregular patterns, such as spikes or trends, may occur in the
EEG time series that can be assigned to physiological activity or artifacts. We did not
preprocessed the EEG data, so such patterns are not removed, making the clustering
problem more adverse.

The objective here is to investigate the combination of features and standardization that
classify best the EEG time series to the respective groups (early and late preictal states).
The results of the FSS algorithm are given in Table 5. High level of clustering accuracy
Table 5: Optimal feature subset, standardization technique and clustering performance
(CRI) for the EEG data.
Patient 1
Standardization Features CRI
Linear
q6 , q3 , q2 0.89
Logistic
q6 , q 9
0.75
Logarithmic
q6
0.66
Variation
q6 , q 3
0.79
Gauss
q6 , q 7
0.79

Patient 2
Features CRI
q9
0.35
q7 , q4
0.57
q7 , q4
0.84
q9 , q6
0.70
q7
0.84

Patient 3
Features CRI
q5 , q 8
0.40
q3
0.40
q2 , q5 , q10 0.92
q5 , q 8
0.40
q5 , q 8
0.84

Patient 4
Features CRI
q6
0.61
q6 , q 1
0.74
q6
0.57
q6 , q 1
0.70
q6 , q10
0.53

could be achieved for all patients with just a couple of features. The best clustering
accuracy was found when three features were selected for patient 1 with only 3 time
series misclassified (CRI=0.89) and for patient 3 with only 1 time series misclassified
(CRI=0.92). The most frequently selected feature appears to be the largest Lyapunov
exponent (q6 in patient 1 and 4), which is in agreement with many research works in
the literature (e.g. see [37]). As seen in Fig.4 the next best feature to q6 contributed
little (but significantly as the FSS algorithm gave) for the correct discrimination of
the early and late preictal groups. Also we can see that the linear standardization
attained misclassified 3 time series of the early preictal state group while the variation
standardization misclassified one more. For patient 2, q7 gives best results and attains
Figure 4: (a) Scatter diagram of (q6 , q3 ) standardized using the ”linear” transform for
75 EEG time series of patient 1. The two groups are denoted as given in the legend and
the misclassified EEG channels are denoted with an asterisk. (b) The same as in (a) but
for the variation standardization.
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alone high CRI when combined with Gauss standardization.
The variance in the CRI across standardizations is very large indicating the caution
that should be taken in using the standardization technique. For example, the linear

2

standardization gives the highest CRI for patient 1 and the lowest for patient 2 and 3,
which is actually much worse than the CRI obtained with less favorable standardizations
(logarithmic and Gauss).
5.2. Optokinetic Signals
Optokinetic (OKN) signals were measured in routine examination of people suffering
from vertigo and healthy people as well (e.g. professional divers). For the description of
the OKN signals that we used here see [18] (we used the data for rotating velocity of 600
and left direction). The OKN signals are characterized by successive patterns of upward
and downward trends, very much like these in the time series of data base 3.
The same setting as for the EEG was applied to the data base of OKN signals for 9
healthy people and 10 patients. The results are given in Table 6. All but the Gaussian
Table 6: Optimal feature subset, standardization technique and clustering performance
(CRI) for the OKN data.
Standardization
Linear
Logistic
Logarithmic
Variation
Gauss

Features
q8
q8
q1
q8
q8 , q 1

CRI
0.19
0.19
0.10
0.19
0.44

standardization techniques perform poorly and there is no indication that the inclusion
of any features on the single feature subset of q8 or q1 can produce any better clustering
results. The Gaussian standardization involves three misclassifications as shown in Fig. 5a
(2 objects of ”patient” type were placed to the cluster of ”healthy” and one object of
the ”healthy” type to the cluster of ”patient”). These two features have not symmetric
unimodal distribution and this makes the clustering more difficult and inaccurate when
the standardization does not change the form of the distribution, as shown in Fig. 5b
for the linear standardization. Note that due to the small size of this data base each
misclassification decreases significantly the CRI measure. The clustering results with
Gaussian are comparable or even better than results from other works using a single
nonlinear measure [18, 19].

6. Discussion
The work was focused on identifying the most relevant features for clustering data bases
of oscillating time series. So, the approach is different from other standard clustering
approaches in that we use the original partition of the data base in the search for the best
feature subset. The evaluation measure CRI compares each time the estimated clustering
to the original partition. This approach is similar to the training of candidate models in
a time series or regression problem setting, where the candidate models are the feature
subsets. In the same sense, CRI is the analogue to the correlation coefficient between real
and fitted values estimated on the training set. The next important step is the clustering
of oscillating time series of unidentified type, which is analogue to the out-of-sample

Figure 5: (a) Scatter diagram of (q8 , q1 ) standardized using the ”Gauss” type of
transform for 19 OKN time series. The groups of healthy and patients are denoted as
given in the legend and the misclassified OKN time series are denoted with an asterisk.
(b) The same as in (a) but for the ”linear” standardization.
(a)

(b)
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predictions. This comprises the topic of future work, particularly relevant for the two real
applications presented here.
We modified the Forward Sequential Selection (FSS) algorithm using the CRI as
evaluation function and a threshold of improvement in CRI when stepping to a larger
feature subset. This method could trace the most relevant features of the time series. We
considered 10 features measuring statistical properties of the data, linear and nonlinear
dynamics and oscillation characteristics. The Monte Carlo simulations on known
oscillating systems showed that only a couple of features, one consistently being an
oscillation-related feature, could achieve the highest clustering accuracy. The clustering
of EEG and OKN data bases showed again the preference to small feature subset.
Oscillation-related features were picked up here as well. In particular, the average peak
magnitude was selected for the clustering of OKN, which was found optimal also for the
clustering of simulated time series possessing similar oscillating patterns to those in OKN
(upward and downward linear trends). On the other hand, the most important feature for
the EEG turned out to be the largest Lyapunov exponent, having smaller values in the late
preictal state. This result is in complete agreement with works dedicated in the use of the
largest Lyapunov exponent to trace changes in the preictal state of the EEG [37].
The search of optimal features was combined with the standardization and we included
the four most well-known techniques. To these we added a new one that transforms
the feature values in order to have Gaussian (bell-shape) distribution. The Monte Carlo
simulations did not show any dramatic differences across the standardization techniques.
However, the results on the real data were different. For the clustering of EEG records,
the discrimination of late preictal from early preictal states was good with the Gaussian
and logarithmic standardizations in the cases that it was poor with other standardizations,
and mainly the linear standardization. As for the discrimination of patients and healthy
from the OKN signals, the Gaussian standardization outperformed all the others giving
satisfactory clustering performance, in view of the discrimination success reported so far
in the literature [38, 39].

1

For the real data, the analysis is by no means exhaustive and small data bases were
chosen to illustrate the variability of performance under different feature subsets and
standardization techniques, but also the strength of the feature-based clustering approach.
For EEG, instead of using all channels from one short epoch, more appropriate would
be to form the data base from EEG recordings of selected channels over many different
epochs. We plan to extend the clustering to such larger data bases and the same holds for
the OKN data base of patient and healthy patients.
Clustering of time series data bases becomes an emerging research area. Among
different clustering approaches, the feature-based clustering can be effective only when
the selected features extracted from the time series are actually the most relevant. Very
often the time series are oscillatory and this work have showed the high relevance of
oscillation-related features in clustering problems. Note that the calculation of oscillationrelated features is much shorter than of other more sophisticated measures, such as the
mutual information and the largest Lyapunov exponent, which require long computation
time. The work also have showed that the selection of standardization techniques is also
very important and relates strongly to the selected features.
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