
Askhsh 1: Den up�rqei to olokl rwma Riemann gia thn sun�rthsh:

f(x) =

{
1 gia x ∈ Q
0 gia x /∈ Q 0 ≤ x ≤ 1

Askhsh 2: Den up�rqei to olokl rwma Darboux gia thn sun�rthsh:

f(x) =

{
1

[ 1
x ]

gia 0 < x ≤ 1

0 gia x = 0

Askhsh 3: Qrhsimopoi¸ntac ton orismì oloklhr¸matoc Riemann apo-
deÐxte ìti (c 6= 0):

(a)

b∫

a

f(x) dx =

b+c∫

a+c

f(x− c) dx (b)

bc∫

ac

f(x) dx = c

b∫

a

f(cx) dx

Askhsh 4: ApodeÐxte ìti h sun�rthsh

f(x)





1 an x rhtìc

x an x �rrhtoc

gia 0 ≤ x ≤ 1 den eÐnai oloklhr¸simh.
Apod: Estw mia diamèrish

P = {x0 = 0, x1, x2, . . . , xn−1, xn = 1} , Ik = [xk−1, xk] , 4xk = xk−xk−1

mk = inf {f(x), x ∈ Ik} , Mk = sup {f(x), x ∈ Ik}
Genik� ja èqoume

Mk = max





sup
{

f(x), x ∈ Ik

⋂
Q

}

︸ ︷︷ ︸
=1

, sup
{

f(x), x ∈ Ik

⋂
(R \Q)

}

︸ ︷︷ ︸
=xk





= 1

Opìte

U(P, f) =
n∑

k=1

Mk4xk =
n∑

k=1

4xk = xn − x0 = 1

mk = min





inf
{

f(x), x ∈ Ik

⋂
Q

}

︸ ︷︷ ︸
=1

, inf
{

f(x), x ∈ Ik

⋂
(R \Q)

}

︸ ︷︷ ︸
=xk1





= xk−1

1



An jèsoume g(x) = x tìte inf {g(x), x ∈ Ik} = xk−1

Opìte

L(P, f) =
n∑

k=1

mk4xk =
n∑

k=1

xk−14xk = L(P, g) ≤ L(g) =

1∫

0

g(x) dx =
1

2

Opìte ja èqoume

∀P : U(P, f)− L(P, f) ≥ 1

2

Ara den up�rqei to olokl rwma Darboux (blèpe: Prì-
tash 6 stic diaf�neiec)

Askhsh 5: ApodeÐxte ìti h sun�rthsh

f(x)





x an x rhtìc

x2 an x �rrhtoc

gia 0 ≤ x ≤ 1 den eÐnai oloklhr¸simh.
Apod: Parìmoia ìpwc prohgoÔmena gia mia diamèrish:

Mk = max





sup
{

f(x), x ∈ Ik

⋂
Q

}

︸ ︷︷ ︸
=xk

, sup
{

f(x), x ∈ Ik

⋂
(R \Q)

}

︸ ︷︷ ︸
=x2

k





= xk

Opìte

U(P, f) =
n∑

k=1

Mk4xk =
n∑

k=1

xk4xk =︸︷︷︸
g(x)=x

U(P, g) ≥ U(g) ≡
1∫

0

x dx =
1

2

Omoia èqoume:

mk = min





inf
{

f(x), x ∈ Ik

⋂
Q

}

︸ ︷︷ ︸
=xk−1

, inf
{

f(x), x ∈ Ik

⋂
(R \Q)

}

︸ ︷︷ ︸
=x2

k−1





= x2
k−1

L(P, f) =
n∑

k=1

mk4xk =
n∑

k=1

x2
k4xk =︸︷︷︸

h(x)=x2

L(P, h) ≤ L(h) ≡
1∫

0

x2 dx =
1

3

Opìte ja èqoume

∀P : U(P, f)− L(P, f) ≥ 1

2
− 1

3
=

1

6



Ara den up�rqei to olokl rwma Darboux (blèpe: Prì-
tash 6 stic diaf�neiec)

Askhsh 6: ApodeÐxte ìti h sun�rthsh

f(x)





x an x rhtìc

1− x an x �rrhtoc

gia 0 ≤ x ≤ 1 den eÐnai oloklhr¸simh.

Askhsh 7: Na upologisjeÐ to ìrio: lim
n→0

1

n

n∑

k=1

(
2

(
k

n

)2

+
k

n

)

Apod: Estw mia diamèrish

Pn = {x0 = 0, x1, x2, . . . , xn−1, xn = 1} , xk =
k

n
, 4xk = xk−xk−1 =

1

n

lim
n→0

n∑

k=1

1

n

(
2

(
k

n

)2

+
k

n

)
= lim

n→0

n∑

k=1

1

n︸︷︷︸
=4xk

f (xk)︸ ︷︷ ︸
f(x)=2x2+x

=

1∫

0

f(x) dx =
5

6

Efarmìsame to <<Je¸rhma Darboux>> (blèpe Prìtash 11)

Askhsh 8: Na upologisjeÐ to ìrio: lim
n→0

1

n

n∑

k=1

(
5 +

3k

n

)4

Apod:

lim
n→0

1

n

n∑

k=1

(
5 +

3k

n

)4

= lim
n→0

n∑

k=1

1

n︸︷︷︸
=4xk

f (xk)︸ ︷︷ ︸
f(x)=(5+3x)4

=

1∫

0

f(x) dx =
85 − 5

15

Askhsh 9: Na upologisjeÐ to ìrio:

lim
n→0

1

n

n∑

k=1

k − 1 + 2n

k − 1 + n
= lim

n→0

1

n

n∑

k=1

k−1
n

+ 2
k−1
n

+ 1
=

1∫

0

x + 2

x + 1
dx = 1 + ln 2

Askhsh 10: p kai q jetikoÐ arijmoÐ kai 0 ≤ x ≤ 1. ApodeÐxte ìti:
(aþ) An f(x) gn sia fjÐnousa gia 0 ≤ x ≤ 1, tìte kai

f−1(x) gn sia fjÐnousa
(bþ) An f(0) = 1 kai f(1) = 0 tìte me olokl rwsh

kat� par�gontec jètontac t = f(x) apodeÐxte ìti:
1∫

0

f−1(x) dx =

1∫

0

f(t) dt

(gþ) An f(x) = (1− xp)1/q tìte f−1(x) = (1− xq)1/p



(dþ)
1∫

0

(1− xp)1/q dx =

1∫

0

(1− xq)1/p dx

Askhsh 11: An f(x) suneq c kai
1∫
0

f(xt) dt = 0 gia k�je x, deÐxte

ìti: f(x) = 0
Askhsh 12: An f(x) suneq c kai periodik  f(x + T ) = f(x).

(aþ) Jètoume g(x) = f(x)− 1
T

T∫
0

f(t) dt. Tìte
T∫
0

g(x) dx =

0

(bþ) H h(x) =
x∫
0

g(t) dt eÐnai periodik  g(x) = g(x + T )


