
GENIKEUMENO OLOKLHRWMA

Orismìc

f (x) "topik�� oloklhr¸simh sto (a, b) an gia k�je kleistì

[c, d ] ⊂ (a, b) h f (x) eÐnai oloklhr¸simh.

pq f (x) = e−x eÐnai topik� oloklhr¸simh sto R
f (x) = 1√

x(1−x)
eÐnai topik� oloklhr¸simh sto (0, 1)

Orismìc

To genikeumèno olokl rwma gia mia topik� olklhr¸simh sun�rthsh

f (x) up�rqei an mporoÔme na broÔme ta ìria gia k�je u ∈ (a, , b)

b∫

a

f (x) dx
or≡ lim

c→a

u∫

c

f (x) dx + lim
d→b

d∫

u

f (x) dx



GENIKEUMENO OLOKLHRWMA A' EIDOUS a = −∞   (kai) b =∞

f (x) = e−x eÐnai "topik�� oloklhr¸simh sto [0,∞)

∞∫

0

e−x dx = lim
d→∞

d∫

0

e−x dx = lim
d→∞

(
1− e−d

)
= 1

GENIKEUMENO OLOKLHRWMA B' EIDOUS sto èna   kai sta dÔo

ìria thc olokl rwshc h sun�rthsh den orÐzetai.

f (x) = 1√
x(1−x)

eÐnai "topik�� oloklhr¸simh sto (0, 1)

1∫

0

dx√
x(1− x)

=

1∫

0

dx√
1
4 −

(
x − 1

2

)2

x− 1
2
= 1

2
sin t

︷︸︸︷
= =

π/2∫

−π/2

1
2 cos t
1
2 cos t

dt = π



KRITHRIA UPARXHS OLOKLHRWMATOS A' EIDOUS

JewroÔme oloklhr¸mata tou eÐdouc: f (x) topik� oloklhr¸rimh,

F (u) =

u∫

a

f (x) dx kai lim
u→∞

F (u) ≡
∞∫

a

f (x) dx

KRITHRIO Cauchy

Up�rqei to genikeumèno olokl rwma ⇔ h sun�rthsh F (u) ikanopoieÐ
mia sunj kh Cauchy gia u →∞

∀ ε ∃R > 0 : x2 > x1 > R ⇒ |F (x2)− F (x1)| =

∣∣∣∣∣∣

x2∫

x1

f (x) dx

∣∣∣∣∣∣
< ε

Par�deigma: To olokl rwma
∞∫
0

sin x
x dx up�rqei



Par�deigma

To olokl rwma

∞∫

0

sin x

x
dx up�rqei

Apìdeixh.
x2∫

x1

sin x

x
dx = −

x2∫

x1

d cos x

x
=

cos x1
x1

− cos x2
x2

+

x2∫

x1

cos x

x2
dx

∣∣∣∣∣∣

x2∫

x1

sin x

x
dx

∣∣∣∣∣∣
≤ 1

x1
+

1

x2
+

x2∫

x1

| cos x |
x2

dx ≤ 1

x1
+

1

x2
+

x2∫

x1

1

x2
dx ≤ 2

x1

∀ ε ∃R =
2

ε
: x2 > x1 > R ⇒

∣∣∣∣∣∣

x2∫

x1

sin x

x
dx

∣∣∣∣∣∣
≤ 2

x1
< ε



Apìluth sÔgklish ⇒ Apl  sÔgklish

∃
∞∫

a

|f (x)| dx ⇒ ∃
∞∫

a

f (x) dx

PROSOQH MporeÐ na up�rqei sÔgklish all� ìqi apìluth sÔgklish

pq. to

∞∫

0

sin x

x
dx up�rqei all� den up�rqei to

∞∫

0

|sin x |
x

dx

∞∫

a

|sin x |
x

dx ≥
∞∫

a

sin2 x

x
dx

∞∫

a

sin2 x

x
dx =

1

2

∞∫

a

1− cos 2x

x
dx =

1

2

∞∫

a

dx

x

︸ ︷︷ ︸
6∃

−1

2

∞∫

a

cos 2x

x
dx

︸ ︷︷ ︸
∃



SUNARTHSEIS POU OLOKLHRWNONTAI STO ∞
Ja lème ìti h sun�rthsh f (x) eÐnai oloklhr¸simh sto ∞ an

∃
∞∫

a

|f (x)|dx gia k�poio a > 0

|f (x)| < Cxpe−x gia meg�la x ⇒ H f (x) eÐnai oloklhr¸simh

pq h x2 sin xe−x eÐnai oloklhr¸simh sto ∞

|f (x)| < C
xq , q > 1 gia meg�la x ⇒ H f (x) eÐnai oloklhr¸simh

pq h sin x5

x3/2
eÐnai oloklhr¸simh sto ∞



Apìluth sÔgklish ⇒ Apl  sÔgklish

∃
∞∫

a

|f (x)| dx ⇒ ∃
∞∫

a

f (x) dx

Apìdeixh.

∃
∞∫

a

|f (x)| dx

m

∀ ε ∃R > 0 : x2 > x1 > R ⇒

∣∣∣∣∣∣

x2∫

x1

|f (x)| dx

∣∣∣∣∣∣
< ε

⇓∣∣∣∣∣
x2∫
x1

f (x) dx

∣∣∣∣∣ ≤
x2∫
x1

|f (x)| dx

⇓

∀ ε ∃R > 0 : x2 > x1 > R ⇒

∣∣∣∣∣∣

x2∫

x1

f (x) dx

∣∣∣∣∣∣
< ε ⇓

∃
∞∫

a

f (x) dx

PROSOQH MporeÐ na up�rqei sÔgklish all� ìqi apìluth sÔgklish

pq. to

∞∫

0

sin x

x
dx up�rqei all� den up�rqei to

∞∫

0

|sin x |
x

dx

∞∫

a

|sin x |
x

dx ≥
∞∫

a

sin2 x

x
dx =

1

2

∞∫

a

1− cos 2x

x
dx =

1

2

∞∫

a

dx

x

︸ ︷︷ ︸
6∃

−1

2

∞∫

a

cos 2x

x
dx

︸ ︷︷ ︸
∃



Krit rio sÔgkrishc

0 ≤ f (x) ≤ g(x) gia x > a

∃
∞∫

a

g(x) dx ⇒ ∃
∞∫

a

f (x) dx

6 ∃
∞∫

a

f (x) dx ⇒ 6 ∃
∞∫

a

g(x) dx

Apìdeixh.

H apìdeixh sthrÐzetai sthn sÔgklish Cauchy kai sto gegonìc ìti

0 ≤
x2∫

x1

f (x) dx ≤
x2∫

x1

g(x) dx

pq to olokl rwma
∞∫
0

1

(1+x3)1/3
dx den up�rqei giatÐ 1

x+1 ≤ 1

(1+x3)1/3
kai

to
∞∫
0

1
x+1dx den up�rqei.



SUNARTHSEIS POU OLOKLHRWNONTAI STO ∞
Ja lème ìti h sun�rthsh f (x) eÐnai oloklhr¸simh sto ∞ an

∃
∞∫

a

|f (x)|dx gia k�poio a > 0

|f (x)| < Cxpe−x gia meg�la x

Apìdeixh.

An p ≤ 0 tìte gia x > a > 1  

xpe−x < ape−x︸ ︷︷ ︸
oloklhr¸simh sto [a,∞)

opìte ∃
∞∫
a
|f (x)|dx ≤ Cap

∞∫
a
e−xdx An p > 0 tìte h sun�rthsh

g(x) = xpe−x/2 èqei mègisto gia x = 2p opìte

|f (x)| < (2p)pe−pe−x/2︸ ︷︷ ︸
oloklhr¸simh sto [a,∞)

pq h x2 sin xe−x eÐnai oloklhr¸simh sto ∞

|f (x)| < C
xq , q > 1 gia meg�la x

Apìdeixh.

H sun�rthsh C
xq eÐnai oloklhr¸simh sto [1,∞)

∫ ∞

1

dx

xq
=

1

q − 1

pq h sin x5

x3/2
eÐnai oloklhr¸simh sto ∞


