
JEWRHMATA MESHS TIMHS

Pr. 20a

An f (x) fragmènh sto [a, b] m ≤ f (x) ≤ M
kai g(x) oloklhr¸simh me stajerì prìshmo

kai f (x)g(x) oloklhr¸simh

⇓

∃µ ∈ [m, M]  
b∫

a

f (x)g(x) dx = µ

b∫

a

g(x) dx

Pr. 20b: Pr¸to Jewrhma Mèshc Tim c

An f (x) suneq c sto [a, b]
kai g(x) oloklhr¸simh
me stajerì prìshmo

 f (x)g(x)
oloklhr¸simh

⇓

∃ ξ ∈ [a, b]  
b∫

a

f (x)g(x) dx = f (ξ)

b∫

a

g(x) dx

Pìrisma

An f (x) suneq c sto [a, b] ∃ ξ ∈ [a, b]  
b∫

a

f (x) dx = f (ξ) (b − a)



Pr. 20c

An f (x) monìtonh kai g(x) oloklhr¸simh me stajerì prìshmo

⇓

∃ ξ ∈ [a, b]  
b∫

a

f (x)g(x) dx = f (a)

ξ∫

a

g(x) dx + f (b)

b∫

ξ

g(x) dx

Pr. 20c': DeÔtero Jewrhma Mèshc Tim c

An f (x) monìtonh suneq c kai ∃ f ′(x)
kai g(x) suneq c

⇓

∃ ξ ∈ [a, b]  
b∫

a

f (x)g(x) dx = f (a)

ξ∫

a

g(x) dx + f (b)

b∫

ξ

g(x) dx



JEWRHMATA MESHS TIMHS

Pr. 20a

An f (x) fragmènh sto [a, b] m ≤ f (x) ≤ M
kai g(x) oloklhr¸simh me stajerì prìshmo

kai f (x)g(x) oloklhr¸simh

⇓

∃µ ∈ [m, M]  
b∫

a

f (x)g(x) dx = µ

b∫

a

g(x) dx

Apìdeixh.

Estw g(x) ≥ 0 m ≤ f (x) ≤ M  mg(x) ≤ f (x)g(x) ≤ Mg(x)

(Shm: an

b∫

a

g(x) dx = 0  
b∫

a

f (x)g(x) dx = 0)

Estw

b∫

a

g(x) dx 6= 0 tìte

m ≤

b∫
a
f (x)g(x) dx

b∫
a
g(x) dx

= µ ≤ M

(An g(x) ≤ 0  −g(x) ≥ 0 kai ergazìmaste ìpwc prohgoÔmena)

Pr. 20b: Pr¸to Jewrhma Mèshc Tim c

An f (x) suneq c sto [a, b]
kai g(x) oloklhr¸simh
me stajerì prìshmo

 f (x)g(x)
oloklhr¸simh

⇓

∃ ξ ∈ [a, b]  
b∫

a

f (x)g(x) dx = f (ξ)

b∫

a

g(x) dx

Apìdeixh.

AfoÔ h f (x) eÐnai suneq c, an

m = inf f (x), M = sup f (x), giax ∈ [a, b]

tìte ∃ ξ : f (ξ) = µ ìpou µ orÐsthke sthn prohgoÔmenh prìtash.

Pìrisma

An f (x) suneq c sto [a, b] ∃ ξ ∈ [a, b]  
b∫

a

f (x) dx = f (ξ) (b − a)

Apìdeixh.

jètoume g(x) = 1 sthn prohgoÔmenh prìtash.



Pr. 20c

An f (x) monìtonh kai g(x) oloklhr¸simh me stajerì prìshmo

⇓

∃ ξ ∈ [a, b]  
b∫

a

f (x)g(x) dx = f (a)

ξ∫

a

g(x) dx + f (b)

b∫

ξ

g(x) dx

Apìdeixh.

Upojètoume f (x) aÔxousa kai g(x) oloklhr¸simh me stajerì jetikì

prìshmo

F (z) =

b∫

a

f (x)g(x) dx − f (a)

z∫

a

g(x) dx − f (b)

b∫

z

g(x) dx

F (a) =

b∫

a

f (x)g(x) dx − f (b)

b∫

a

g(x) dx =

b∫

a

(f (x) − f (b))g(x) dx ≤ 0

F (b) =

b∫

a

f (x)g(x) dx − f (a)

b∫

a

g(x) dx =

b∫

a

(f (x) − f (a))g(x) dx ≥ 0

epeid  F (z) suneq c F (a)F (b) ≤ 0  ∃ ξ : F (ξ) = 0.

Pr. 20c': DeÔtero Jewrhma Mèshc Tim c

An f (x) monìtonh suneq c kai ∃ f ′(x)
kai g(x) suneq c

⇓

∃ ξ ∈ [a, b]  
b∫

a

f (x)g(x) dx = f (a)

ξ∫

a

g(x) dx + f (b)

b∫

ξ

g(x) dx

Apìdeixh.

JewroÔme f ′(x) ≤ 0.

b∫
a
f (x)g(x) dx =

b∫
a
f (x) d

(
x∫
a
g(t)dt

)
=

= f (b)

(
b∫
a
g(t)dt

)
−

b∫
a
f ′(x)

(
x∫
a
g(t)dt

)
dx

(
x∫
a
g(t)dt

)
suneq c

f ′(x) oloklhr¸simh kai diathreÐ prìsimo
b∫
a
f (x)g(x) dx = f (b)

(
b∫
a
g(t)dt

)
−
(

ξ∫
a
g(t)dt

)(
b∫
a
f ′(x)dx

)
=

= f (b)

(
b∫
a
g(t)dt

)
−
(

ξ∫
a
g(t)dt

)
(f (b)− f (a)) =

= f (b)

(
b∫
a
g(t)dt −

ξ∫
a
g(t)dt

)
+ f (a)

ξ∫
a
g(t)dt =

= f (a)
ξ∫
a
g(t)dt + f (b)

b∫
ξ

g(t)dt


