
Basik  Anisìthta

m ≤ f (x) ≤ M   m (b − a) ≤
b∫

a

f (x) dx ≤ M (b − a)

Anisìthta Cauchy-Schwartz

∣∣∣∣∣∣

b∫

a

f (x)g(x) dx

∣∣∣∣∣∣
≤

√√√√√



b∫

a

f 2(x) dx






b∫

a

g2(x) dx




Anisìthta Minkowski
√√√√√

b∫

a

(f (x) + g(x))2 dx ≤

≤

√√√√√



b∫

a

f 2(x) dx


+

√√√√√



b∫

a

g2(x) dx






L mma

An h sun�rthsh f (x) eÐnai fragmènh
se èna di�sthma I = [c , d ]

m = inf {f (x), x ∈ I}
M = sup {f (x), x ∈ I}

⇓
∀ u ∈ I ∀ v ∈ I  |f (u)− f (v)| ≤ M −m

kai

sup {|f (u)− f (v)| , u ∈ I , v ∈ I} = M −m



Pr. 13

An f (x) oloklhr¸simh sto [a, b]
⇓

H |f (x)| oloklhr¸simh sto [a, b]

Pr. 14

An f (x) kai g(x) oloklhr¸simec sto [a, b]
⇓

H f (x) · g(x) oloklhr¸simh sto [a, b]

Pr. 15

An f (x) oloklhr¸simh sto [a, b] kai
inf {|f (x)| , x ∈ [a, b]} > 0

⇓
H

1

f (x)
oloklhr¸simh sto [a, b]

Pr. 16

An f (x) oloklhr¸simh kai

g(x) suneq c sto [a, b]
⇓

H h(x) = g (f (x)) oloklhr¸simh sto [a, b]



Basik  Anisìthta

m ≤ f (x) ≤ M   m (b − a) ≤
b∫

a

f (x) dx ≤ M (b − a)

Apìdeixh.

Apì thn Pr. 12 ("Jetikìthtta") apodeiknÔetai h basik  anisìthta

oloklhr¸nontac sto di�sthma [a, b]

Anisìthta Cauchy-Schwartz

∣∣∣∣∣∣

b∫

a

f (x)g(x) dx

∣∣∣∣∣∣
≤

√√√√√



b∫

a

f 2(x) dx






b∫

a

g2(x) dx




Apìdeixh.

Gi� k�je λ ∈ R

0 ≤ (λf (x) + g(x))2 = λ2f 2(x) + 2λf (x)g(x) + g2(x)  

0 ≤ λ2
b∫
a
f 2(x) dx + 2λ

b∫
a
f (x)g(x) dx +

b∫
a
g2(x) dx  

(
λ

b∫
a
f (x)g(x) dx

)
−
(

b∫
a
f 2(x) dx

)(
b∫
a
g2(x) dx

)
≤ 0

Anisìthta Minkowski
√√√√√

b∫

a

(f (x) + g(x))2 dx ≤

≤

√√√√√



b∫

a

f 2(x) dx


+

√√√√√



b∫

a

g2(x) dx




Apìdeixh.

b∫
a
(f (x) + g(x))2 dx =

=
b∫
a
f 2(x) dx + 2

b∫
a
f (x)g(x) dx +

b∫
a
g2(x) dx ≤

≤
b∫
a
f 2(x) dx + 2

∣∣∣∣∣|
b∫
a
f (x)g(x) dx

∣∣∣∣∣+
b∫
a
g2(x) dx ≤︸︷︷︸

Anisìthta Cauchy-Schwartz

≤
b∫
a
f 2(x) dx + 2

√√√√
(

b∫
a
f 2(x) dx

)(
b∫
a
g2(x) dx

)
+

b∫
a
g2(x) dx =

=



√√√√
(

b∫
a
f 2(x) dx

)
+

√√√√
(

b∫
a
g2(x) dx

)


2



L mma

An h sun�rthsh f (x) eÐnai fragmènh
se èna di�sthma I = [c , d ]

m = inf {f (x), x ∈ I}
M = sup {f (x), x ∈ I}

⇓
∀ u ∈ I ∀ v ∈ I  |f (u)− f (v)| ≤ M −m

kai

sup {|f (u)− f (v)| , u ∈ I , v ∈ I} = M −m

Apìdeixh.

∀ u  f (u) ≤ M ∀ v  −f (v) ≤ −m ⇒ f (u)−f (v) ≤ M−m kai f (v)−f (u) ≤ M−m

⇒ |f (u)− f (v)| ≤ M −m

M = sup {f (x), x ∈ I}  ∀ ε > 0 ∃ u : M − ε

2
< f (u) ≤ M

m = inf {f (x), x ∈ I}  ∀ ε > 0 ∃ v : m ≤ f (v) < m+
ε

2
 −m− ε

2
< −f (v) ≤ −m

∀ ε > 0 ∃ u, v  M −m − ε < f (u)− f (v) ≤ |f (u)− f (v)|
Opìte

sup {|f (u)− f (v)| , u ∈ I , v ∈ I} = M −m



Pr. 13

An f (x) oloklhr¸simh sto [a, b]
⇓

H |f (x)| oloklhr¸simh sto [a, b]

Apìdeixh.

Estw P = {a = x0, x1, x2, . . . , xn = b}, M∗k = sup {|f (x)|, x ∈ Ik} kai
m∗k = inf {|f (x)|, x ∈ Ik}, Ik = [xk−1, xk ] tìte

|(|f (u)| − |f (v)|)| ≤ |f (u)− f (v)|  ︸︷︷︸
L mma

M∗k −m∗k ≤ Mk −mk

U (P, f )−L (P, f ) =
n∑

k=1

(Mk −mk) 4xk kai U (P, |f |)−L (P, |f |) =
n∑

k=1

(M∗k −m∗k) 4xk

⇒ U (P, |f |)− L (P, |f |) ≤ U (P, f )− L (P, f )  

Apì thn Pr.6 èqoume

f oloklhr¸simh ⇔ ∀ ε > 0 ∃P : U (P, f )− L (P, f ) < ε

∀ ε > 0 ∃P : U (P, |f |)−L (P, |f |) ≤ U (P, f )−L (P, f ) < ε ⇒ |f | oloklhr¸simh

Pr. 14

An f (x) kai g(x) oloklhr¸simec sto [a, b]
⇓

H f (x) · g(x) oloklhr¸simh sto [a, b]

Apìdeixh.

An |f (x)| < Bf kai |g(x)| < Bg tìte an x ∈ [xk−1, xk ] kai y ∈ [xk−1, xk ].
Estw P = {a = x0, x1, x2, . . . , xn = b},

|(f (x)g(x)− f (y)g(y))| ≤ |f (x) (g(x)− g(y)) + (f (x)− f (y)) g(y)| ≤ Bf |g(x)− g(y)|+Bg |f (x)− f (y)|

⇒︸︷︷︸
L mma

|(f (x)g(x)− f (y)g(y))| ≤ Bf

(
Mg

k −mg
k

)
+ Bg

(
M f

k −mf
k

)

ìpou

M f
k = sup{f (x), xk−1 ≤ x ≤ xk}, Mg

k = sup{g(x), xk−1 ≤ x ≤ xk}

mf
k = inf{f (x), xk−1 ≤ x ≤ xk}, mg

k = inf{g(x), xk−1 ≤ x ≤ xk}
�ra

M fg
k −mfg

k = sup {|(f (x)g(x)− f (y)g(y))| , x , y ∈ [xk−1, xk ]}

f oloklhr¸simh ⇔ ∀ ε > 0 ∃P1 : U (P1, f )− L (P1, f ) <
ε

Bg

g oloklhr¸simh ⇔ ∀ ε > 0 ∃P2 : U (P2, f )− L (P2, f ) <
ε

Bf

⇒ ∀ ε > 0 ∃P = P1
⋃
P2 : U (P, f )− L (P, f ) ≤︸︷︷︸

Pr.2 kai 3

U (P1, f )− L (P1, f ) <
ε
Bg

U (P, g)− L (P, g) ≤︸︷︷︸
Pr.2 kai 3

U (P2, g)− L (P2, g) <
ε
Bf

⇒ ∀ ε > 0 ∃P : U (P, fg)− L (P, fg) < ε ⇔ fg oloklhr¸simh



Pr. 15

An f (x) oloklhr¸simh sto [a, b] kai
inf {|f (x)| , x ∈ [a, b]} > 0

⇓
H

1

f (x)
oloklhr¸simh sto [a, b]

Apìdeixh.

0 < γ = inf {|f (u)| , u ∈ [a, b]}  0 <
1

f (x)
≤ 1

γ
∣∣∣∣

1

f (x)
− 1

f (y)

∣∣∣∣ =
1

f (x)f (y)
|f (x)− f (y)| ≤ 1

γ2
|f (x)− f (y)|

 M
1/f
k −m

1/f
k ≤ 1

γ2

(
M f

k −mf
k

)

klp klp ìpwc stic prohgoÔmenec prot�seic

Pr. 16

An f (x) oloklhr¸simh kai

g(x) suneq c sto [a, b]
⇓

H h(x) = g (f (x)) oloklhr¸simh sto [a, b]

(Apìdeixh duskol¸terh all� sto pneÔma twn prohgoumènwn, den ègine

sthn t�xh)

ASKHSEIS

(1) ApodeÐxte f oloklhr¸simh  f 2 oloklhr¸simh

(2) ApodeÐxte f > 0 oloklhr¸simh  
√
f oloklhr¸simh

(3) ApodeÐxte f > 0 oloklhr¸simh  3
√
f oloklhr¸simh



Pr. 17a

An f (x) oloklhr¸simh sto [a, b]
kai F (x) suneq c kai F ′(x) = f (x) sto (a, b)

⇓
b∫

a

f (x) dx = F (b) − F (a)

Pr. 17b Je¸rhma Cauchy

An f (x) oloklhr¸simh sto [a, b]

kai F (x) =

x∫

a

f (t) dt ∀ x ∈ [a, b]

⇓
F (x) suneq c sto [a, b]



Pr. 17c

An f (x) oloklhr¸simh sto [a, b]

kai f (x) suneq c apì arister�   apì dexi� sto x0 ∈ [a, b]

kai F (x) =

x∫

a

f (t) dt ∀ x ∈ [a, b]

⇓
F ′−(x0) = lim

ε→0
f (x0 + ε) ε > 0

  F ′+(x0) = lim
ε→0

f (x0 − ε) sto [a, b]

Pr. 17d Jemeli¸dec Je¸rhma ApeirostikoÔ LogismoÔ

An f (x) suneq c sto [a, b] tìte

G (x)− G (a) =

x∫

a

f (t) dt

m
G ′(x) = f (x) ∀ x ∈ [a, b]



Pr. 18

An f ′(x) kai g ′(x) oloklhr¸simec sto [a, b]
⇓

b∫

a

f (x) g ′(x) dx +

b∫

a

f ′(x) g(x) dx = f (x) g(x)]ba

Pr. 19

An f (x) suneq c kai g(x) diaforÐsimh sto [a, b]
⇓

d

dx




g(x)∫

a

f (t) dt


 = f (g(x)) g ′(x)

Pìrisma

d

dx




g(x)∫

h(x)

f (t) dt


 = f (g(x)) g ′(x) − f (h(x)) h′(x)


