
Darboux olokl rwma

K�tw olokl rwma

L(f ) ≡ sup
P

L(P, f )



Anw olokl rwma

U(f ) ≡ inf
P

U(P, f )



Olokl rwma Darboux

f (x) Darboux�oloklhr¸simh ⇔ L(f ) = U(f )

L(f ) = U(f ) ≡ ID(f ) ≡
b∫

a

f (x) dx

K�tw olokl rwma Anw olokl rwma



Pr. 5

An up�rqei Pn eÐnai k�poia akoloujÐa diamerÐsewn tètoia ¸ste

lim
n→∞

L(Pn, f ) = lim
n→∞

U(Pn, f )

tìte h sun�rthsh f (x) eÐnai oloklhr¸simh

L mma

∀ ε > 0 ∃P : U(P, f )− L(P, f ) < U(f )− L(f ) + ε

Pr.6

f (x) eÐnai oloklhr¸simh L(f ) = U(f ) ⇔
∀ ε > 0 ∃P : U(P, f )− L(P, f ) < ε

Pr.7 Je¸rhma Darboux

f (x) eÐnai oloklhr¸simh L(f ) = U(f ) ⇔

∀ ε > 0 ∃ δ > 0 : |P| < δ ⇒ U(P, f )− L(P, f ) < ε



Pr. 5

An up�rqei Pn eÐnai k�poia akoloujÐa diamerÐsewn tètoia ¸ste

lim
n→∞

L(Pn, f ) = lim
n→∞

U(Pn, f )

tìte h sun�rthsh f (x) eÐnai oloklhr¸simh

Apìdeixh.

Eqoume ìti

L(Pn, f ) ≤ L(f ) ≤ U(f ) ≤ U(Pn, f ) ⇒
lim
n→∞

L(Pn, f ) ≤ L(f ) ≤ U(f ) ≤ lim
n→∞

U(Pn, f )

L mma

∀ ε > 0 ∃P : U(P, f )− L(P, f ) < U(f )− L(f ) + ε

Apìdeixh.

Epeid 

L(f ) = sup
P

L(P, f ) ⇒ ∀ ε > 0 ∃P1 : L(P1, f ) > L(f )− ε/2

U(f ) = inf
P

U(P, f ) ⇒ ∀ ε > 0 ∃P2 : U(P2, f ) < U(f ) + ε/2

kai gia P = P1
⋃
P2

L(P, f ) ≥ L(P1, f ) > L(f )−ε/2 U(P, f ) ≤ U(P2, f ) > U(f )+ε/2

�ra U(P, f )− L(P, f ) < U(f )− L(f ) + ε



Pr.6

f (x) eÐnai oloklhr¸simh L(f ) = U(f ) ⇔
∀ ε > 0 ∃P : U(P, f )− L(P, f ) < ε

Apìdeixh.

An L(f ) = U(f ) tìte apì to parap�nw l mma èqoume ìti:

∀ ε > 0 ∃P : U(P, f )− L(P, f ) < ε

Estw t¸ra ìti h parap�nw sqèsh alhjeÔei tìte èqoume epÐshc ìti:

L(P, f ) ≤ L(f ) ≤ U(f ) ≤ U(P, f ) ⇒ U(f )−L(F ) ≤ U(P, f )−L(P, f ) < ε

Ara ∀ ε > 0 U(f )− L(F ) < ε opìte L(f ) = U(f ).



Pr.7 Je¸rhma Darboux

f (x) eÐnai oloklhr¸simh L(f ) = U(f ) ⇔

∀ ε > 0 ∃ δ > 0 : |P| < δ ⇒ U(P, f )− L(P, f ) < ε

Apìdeixh.

An ∀ ε > 0 ∃ δ > 0 : |P| < δ ⇒ U(P, f )− L(P, f ) < ε tìte
ikanopoioÔntai oi sunj kec thc prìtashc 6, epeid 

∀ ε > 0 ∃P : U(P, f )− L(P, f ) < ε ⇒ L(f ) = U(f )

Estw t¸ra L(f ) = U(f ) tìte sÔmfwna me thn prìtash 6

∀ ε > 0 ∃P0 : U(P0, f )− L(P0, f ) < ε/2

Apì thn diamèrish P0 orÐzoume

δ =
ε

8d(P0)B
|f (x)| < B

Estw mia diamèrish P, |P| < δ.
OrÐzoume Q = P

⋃
P0  d(Q)− d(P) ≤ d(P0)

Apì thn prìtash 2

L(Q, f )−L(P, f ) ≤ 2 (d(Q)− d(P))B|P| ≤ 2d(P0)B|P| < 2d(P0)Bδ =
ε

4

apì thn prìtash 2 èqoume

L(P0, f )− L(P, f ) ≤ L(Q, f )− L(P, f ) <
ε

4

ìmoia apodeiknÔoume ìti: U(P, f )− U(P0, f ) <
ε
4 epomènwc

U(P, f )− L(P, f ) =

= U(P, f )− U(P0, f )︸ ︷︷ ︸
<ε/4

+U(P0, f )− L(P0, f )︸ ︷︷ ︸
<ε/2

+ L(P0, f )− L(P, f )︸ ︷︷ ︸
<ε/4

< ε



Pr. 8

f (x) monìtonh kai fragmènh sto [a, b]  f (x) (Darboux)-oloklhr¸simh

Apìdeixh.

Estw f (x) aÔxousa kai P = {x0, x1, . . . , xn} mi� diamèrish kai

4xk ≤ |P|
An xk−1 ≤ x ≤ xk tìte mk = inf {f (x), x ∈ [xk−1, xk ]} = f (xk−1) kai
Mk = sup {f (x), x ∈ [xk−1, xk ]} = f (xk) opìte

U(P, f )− L(P, f ) =
n∑

k=1

(Mk −mk)4xk ≤

≤ |P|
n∑

k=1

(Mk −mk) = |P| (f (b)− f (a))

Gia k�je ε > 0 up�rqei mia diamèrish me |P| < ε

f (b)− f (a)
opìte

U(P, f )− L(P, f ) < ε. Apì thn Pr. 6 sunep�getai ìti up�rqei to

olokl rwma Darboux.

Pr. 9

f (x) suneq c sto [a, b]  f (x) omoiìmorfa suneq c sto [a, b]
 f (x) (Darboux)-oloklhr¸simh

Apìdeixh.

f (x) omoiìmorfa suneq c ⇔

∀ ε > 0, ∃ δ(ε) : |x − y | < δ(ε)  |f (x)− f (y)| < ε

b − a

Dialègoume mia diamèrish me |P| < δ(ε). Epeid  h sun�rthsh eÐnai

(omoiìmorfa) suneq c sto di�sthma [xk−1, xk ] ja èqoume

Mk = sup {f (x), x ∈ [xk−1, xk ]} = f (ξk)

mk = inf {f (x), x ∈ [xk−1, xk ]} = f (ηk)

me ξk , ηk ∈ [xk−1, xk ] opìte Mk −mk = f (ξk)− f (ηk) <
ε

b − a
kai

U(P, f )− L(P, f ) =
n∑

k=1

(Mk −mk)4xk <

≤ ε

b − a

n∑

k=1

4xk = ε

Apì thn Pr. 6 sunep�getai ìti up�rqei to olokl rwma Darboux.



Pr. 8

f (x) monìtonh kai fragmènh sto [a, b]  f (x) (Darboux)-oloklhr¸simh

Pr. 9

f (x) suneq c sto [a, b]  f (x) omoiìmorfa suneq c sto [a, b]
 f (x) (Darboux)-oloklhr¸simh



Olokl rwma Riemann

diamèrish P = {x0, x1, x2, . . . , xn, }
epilog  shmeÐwn T = {ξ1, ξ2, . . . , ξn, } ìpou xk−1 ≤ ξk ≤ xk

�jroisma Riemann

S (P,T , f ) =
n∑

k=1

f (ξk)4xk



Orismìc: Olokl rwma Riemann

∃ olokl rwma
Riemann

⇔ ∃ lim
|P|→0

S (P,T , f ) = IR(f )

∀ ε > 0 ∃ δ(ε) > O : ∀ |P| < δ kai T epilog  shmeÐwn

⇒ |S (P,T , f ) − IR(f )| < ε

An up�rqei to olokl rwma Riemann tìte eÐnai monadikì



Pr. 10

:
olokl rwma

Riemann
IR(f ) = ID(f )

olokl rwma

Darboux

Pr. 11 (Je¸rhma Darboux)

ξk,n ∈
[
a+

k − 1

n
(b − a), a+

k

n
(b − a)

]

b∫

a

f (x) dx = lim
n→∞

b − a

n

n∑

k=1

f (ξk,n)

Par�deigma

lim
n→∞

n∑

k=1

1

n + k
= lim

n→∞
1

n




n∑

k=1

1

n +
k

n


 =

1∫

0

1

1 + x
dx = ln 2



Pr. 12 Idiìthtec oloklhrwm�twn

Grammikìthta

b∫

a

(c1 f (x) + c2 g(x)) dx = c1

b∫

a

f (x) dx + c2

b∫

a

g(x) dx

"Jetikìthta�

f1(x) ≤ f2(x)  
b∫

a

f1(x) dx ≤
b∫

a

f2(x) dx

"Trigwnik  idiìthta�
∣∣∣∣∣∣

b∫

a

f (x) dx

∣∣∣∣∣∣
≤

b∫

a

|f (x)| dx

"Qwrismìc diast matoc�

c ∈ [a, b]  
b∫

a

f (x) dx =

c∫

a

f (x) dx +

b∫

c

f (x) dx

"Epekt�seic oloklhr¸matoc�

a∫

b

f (x) dx
or≡ −

b∫

a

f (x) dx

a∫

a

f (x) dx
or≡ 0

m ≤ f (x) ≤ M  m(b − a) ≤
b∫

a

f (x) dx ≤ M(b − a)


