
DiamerÐseic

Orismìc: Diamèrish

Diamèrish (Partition) orismènh sto di�sthma I = [a, b]

P = {x0, x1, x2, . . . , xn} , a = x0 < x1 < . . . < xn = b

Orismìc: leptìthta diamèrishc

norm (leptìthta) diamèrishc (Partition norm (mesh))

|P| = max {4x1, 4x2, . . . ,4xn} ,4xk ≡ xk − xk−1

Orismìc: m koc diamèrishc

di�stash (m koc) diamèrishc (Part. dimension (length))

d(P) = n  d(P)|P| ≥ b − a



{P∗ leptìterh P} ⇔ {P∗ ⊃ P}  {|P∗| ≤ |P|, d(P∗) > d(P)}

|P*|

|P|



|P1
⋃

P2| ≤ min (|P1|, |P2|)
d (P1

⋃
P2) ≤ d(P1) + d(P2)

|P1|

|P1∪ P2|

|P2|

|P1
⋂

P2| ≥ max (|P1|, |P2|)
d (P1

⋂
P2) ≤ min (d(P1), d(P2))



f (x) fragmènh sun�rthsh f : [a, b] → R

m ≤ f (x) ≤ M   |f (x)| < B

m = inf
a≤x≤b

f (x), M = sup
a≤x≤b

f (x)



Orismìc k�tw ajroÐsmatoc

k�tw �jroisma (low sum) thc fragmènhc sun�rthshc p�nw se mia

diamèrish P

L(P, f ) =
n∑

k=1

mk 4xk

mk = inf {f (x), xk−1 ≤ x ≤ xk}



Orismìc �nw ajroÐsmatoc

�nw �jroisma (upper sum) thc fragmènhc sun�rthshc p�nw se mia

diamèrish P

U(P, f ) =
n∑

k=1

Mk 4xk

Mk = sup {f (x), xk−1 ≤ x ≤ xk}



f (x) fragmènh sun�rthsh f : [a, b] → R

m ≤ f (x) ≤ M   |f (x)| < B

Pr. 1

L (P, f ) ≤ U (P, f )

Pr. 2

Leptìterh diamèrish ⇒ megalÔtero k�tw �jroisma

P∗ ⊃ P  L (P, f ) ≤ L (P∗, f )

L (P∗, f )− L (P, f ) ≤ 2 (d(P∗)− d(P)) B |P|

Pr. 3

Leptìterh diamèrish ⇒ mikrìtero �nw �jroisma

P∗ ⊃ P  U (P∗, f ) ≤ U (P, f )

U (P, f )− U (P∗, f ) ≤ 2 (d(P∗)− d(P)) B |P|

Pr. 4

L (P1, f ) ≤ U (P2, f )



f (x) fragmènh sun�rthsh f : [a, b] → R

m ≤ f (x) ≤ M   |f (x)| < B

Pr. 1

L (P, f ) ≤ U (P, f )

Apìdeixh.

Apì ton orismì

L(P, f ) =
n∑

k=1

mk 4xk

mk = inf {f (x), xk−1 ≤ x ≤ xk}
kai

U(P, f ) =
n∑

k=1

Mk 4xk

Mk = sup {f (x), xk−1 ≤ x ≤ xk}
èqoume ìti: mk ≤ Mk epomènwc L (P, f ) ≤ U (P, f )



Pr. 2

Leptìterh diamèrish ⇒ megalÔtero k�tw �jroisma

P∗ ⊃ P  L (P, f ) ≤ L (P∗, f )

L (P∗, f )− L (P, f ) ≤ 2 (d(P∗)− d(P)) B |P|

Apìdeixh.

Estw P1 mia diamèrish pou prokÔptei apì thn P an prosjèsoume èna

nèo shmeÐo y , dhl. P1 = P
⋃{y}

P = {x0, x1, x2, . . . , xi−1, xi , . . . , xn} d(P) = n

a = x0 < x1 < . . . < xi−1 < y < xi︸ ︷︷ ︸ < . . . < xn = b

P1 = {x0, x1, x2, . . . , xi−1, y
↑
nèo

stoiq.

, xi , . . . , xn}

L(P, f ) =
i−1∑
k=1

mk4xk +

(
inf

xi−1≤x≤xi
f (x)

)
(xi − xi−1) +

n∑
k=i+1

mk4xk

L(P1, f ) =
i−1∑
k=1

mk4xk+

+

(
inf

xi−1≤x≤y
f (x)

)
(y − xi−1) +

(
inf

y≤x≤xi
f (x)

)
(xi − y)+

+
n∑

k=i+1

mk4xk

Epeid  inf
xi−1≤x≤xi

f (x) ≤ inf
xi−1≤x≤y

f (x) kai inf
xi−1≤x≤xi

f (x) ≤ inf
y≤x≤xi

f (x)

epomènwc

L(P1, f )− L(P, f ) =

=

(
inf

xi−1≤x≤y
f (x)− inf

xi−1≤x≤xi
f (x)

)
(y − xi−1)+

+

(
inf

y≤x≤xi
f (x)− inf

xi−1≤x≤xi
f (x)

)
(xi − y) ≥ 0

Epeid  |f (x)| < B tìte

inf
xi−1≤x≤y

f (x)− inf
xi−1≤x≤xi

f (x) ≤ | inf
xi−1≤x≤y

f (x)|+ | inf
xi−1≤x≤xi

f (x)| < 2B

ìmoia

inf
y≤x≤xi

f (x)− inf
xi−1≤x≤xi

f (x) < 2B

opìte

L(P1, f )− L(P, f ) < 2B (xi − xi−1) = 2B|P|
opìte epanalamb�nontac to apotèlesma gia diaforèc stoiqeÐwn

perissìtero apì 1, ètsi an P2 prokÔptei apì thn diamèrish P1 me thn

prosj kh enìc nèou stoiqeÐou, h P3 prokÔptei apì thn diamèrish P2 me

thn prosj kh enìc nèou stoiqeÐou k.o.k. ja èqoume:

L(P1, f )− L(P, f ) < 2B|P|
L(P2, f )− L(P1, f ) < 2B|P1| ≤ 2B|P|
L(P3, f )− L(P3, f ) < 2B|P2| ≤ 2B|P|

. . .
L(Pm, f )− L(Pm−1, f ) < 2B|Pm−1| ≤ 2B|P|





⇒ L(Pm, f )− L(P1, f ) < 2mB|P|

all� m = d(Pm)− d(P). Opìte

L(P∗, f )− L(P, f ) < 2B m |P| m = d(P∗)− d(P)



Pr. 3

Leptìterh diamèrish ⇒ mikrìtero �nw �jroisma

P∗ ⊃ P  U (P∗, f ) ≤ U (P, f )

U (P, f )− U (P∗, f ) ≤ 2 (d(P∗)− d(P)) B |P|

H apìdeixh eÐnai Ðdia ìpwc sthn prìtash 2.

Pr. 4

L (P1, f ) ≤ U (P2, f )

Apìdeixh.

L (P1, f ) ≤ L (P1
⋃

P2, f ) ≤ U (P1
⋃

P2, f ) ≤
≤ U (P2, f )


