
Prosdioristèoi suntelestèc gia polu¸numa, ekjetikèc

kai trigwnometrikèc sunart seic

∫
Πn(x) ebx sin ax dx = Pn(x)ebx sin ax + Qn(x)ebx cos ax

Πn(x) ebx sin ax =
d

dx

(
Pn(x)ebx sin ax + Qn(x)ebx cos ax

)

∫
Σn(x) ebx cos ax dx = Rn(x)ebx sin ax + Sn(x)ebx cos ax

Σn(x) ebx cos ax =
d

dx

(
Rn(x)ebx sin ax + Sn(x)ebx cos ax

)

Olec oi sunart seic eÐnai polu¸numa n-t�xhc wc proc x .



SEIRES MACLAURIN

exp (x) = ex =
∞∑

n=0

xn

n!
 exp (x + y) = (exp x) (exp y)

cosh x ≡ ex + e−x

2
=

∞∑

n=0

x2n

(2n)!

sinh x ≡ ex − e−x

2
=

∞∑

n=0

x2n+1

(2n + 1)!

exp (i x) = ei x =
∞∑

n=0

i n
xn

n!
 exp i (x + y) = (exp i x) (exp i y)

cos x =
∞∑

n=0

(−1)n
x2n

(2n)!
=

eix + e−ix

2

sin x =
∞∑

n=0

(−1)n
x2n+1

(2n + 1)!
=

eix − e−ix

2i



Idiìthtec trigwnometrik¸n- uperbolik¸n sunart sewn

cosh x ≡ ex + e−x

2
sinh x ≡ ex − e−x

2

cos x =
eix + e−ix

2
sin x =

eix − e−ix

2i

cos3 x =

(
eix + e−ix

2

)3

=

=
e3ix + e−3ix

8
+

3

8

(
eix + e−ix

)
=

=
cos 3x

4
+

3 cos x

4

sinh 5x

sinh x
=

(ex)5 − (e−x)
5

ex − e−x
=

= (ex)4 + (ex)3 (e−x) + (ex)2 (e−x)
2

+ (ex) (e−x)
3

+ (e−x)
4

=
= 2 cosh 4x + 2 cosh 2x + 1



Prosdioristèoi suntelestèc

∫
xn ebx sin ax dx =

= Pn(x)ebx sin ax + Qn(x)ebx cos ax∫
xn ebx cos ax dx =

= Rn(x)ebx sin ax + Sn(x)ebx cos ax

Upologismìc tou

∫
x2e5x sin3(2x) cos3 x dx

10 b ma: AnalÔw to sin3(2x) cos3 x se �jroisma hmitìnwn kai

sunhmitìnwn

20 b ma: UpologÐzw oloklhr¸mata thc morf c∫
P(x)ebx sin ax dx kai

∫
Q(x)ebx cos ax dx

me prosdioristèouc suntelestèc



sin (a + b) = sin a cos b + cos a sin b

cos (a + b) = cos a cos b − sin a sin b

∫
sin(ax) cos(bx) dx =

=
1

2

∫
(sin(a + b)x + sin(a− b)x) dx

∫
cos(ax) cos(bx) dx =

=
1

2

∫
(cos(a− b)x + cos(a + b)x) dx

∫
sin(ax) sin(bx) dx =

=
1

2

∫
(cos(a− b)x − cos(a + b)x) dx



ANADROMIKA OLOKLHRWMATA ME

TRIGWNOMETRIKES SUNARTHSEIS

Anadromikèc sqèseic

∫
cos2m x dx =

cos2m−1 x sin x

2m
+

2m − 1

2m

∫
cos2m−2 x dx

Cm (x) =

∫
cos2m x dx ,

C0 (x) = x , Cm (x) =
cos2m−1 x sin x

2m
+

2m − 1

2m
Cm−1 (x)

cosn x =

(
ei x + e−i x

2

)n

∫
cos2m x dx =

1

22m

((
2m

m

)
x +

m1∑

k=0

(
2m

k

)
sin(2(m − k)x)

m − k

)

∫
cos2n+1 x dx =

n∑

k=0

(−1)k
(
n

k

)
sin2k+1 x

2k + 1



∫
sin2m x dx = −sin2m−1 x cos x

2m
+

2m − 1

2m

∫
sin2(m−1) x dx

Sm (x) =

∫
sin2m x dx ,

S0 (x) = x , Sm (x) = −sin2m−1 x cos x

2m
+

2m − 1

2m
Sm−1 (x)

sinn x =

(
ei x − e−i x

2i

)n

∫
sin2n+1 x dx = −

n∑

k=0

(−1)k
(
n

k

)
cos2k+1 x

2k + 1



1

cos2 x
= 1 + tan2 x

1

sin2 x
= 1 + cot2 x

∫
tann x dx =

tann−1 x

n − 1
−
∫

tann−2 x dx

∫
cotn x dx = −cotn−1 x

n − 1
−
∫

cotn−2 x dx



∫
sin2n+1 x dx = −

n∑

k=0

(−1)k
(
n

k

)
cos2k+1 x

2k + 1

∫
dx

cos2(n+1) x
dx =

n∑

k=0

(
n

k

)
tan2k+1 x

2k + 1

∫
dx

sin2(n+1) x
dx = −

n∑

k=0

(
n

k

)
cot2k+1 x

2k + 1



OLOKLHRWMATA "APLWN KLASMATWN�

∫
dx

x2 + a2
=

1

a
arctan

x

a
+ c

∫
dx

(x2 + a2)n+1
=

1

2na2

x

(x2 + a2)n
+

+
2n − 1

2na2

∫
dx

(x2 + a2)n

Enallaktikìc trìpoc upologismoÔ x = a tan t

∫
xdx

(x2 ± a2)n
=





ln
√
|x2 ± a2|+ c gia n = 1

− 1
2(n−1)

1
(x2±a2)n−1 gia n > 1



∫
dx

x2 − a2
=

1

2a
ln

∣∣∣∣
x − a

x + a

∣∣∣∣+ c

∫
dx

(x2 − a2)n+1
= − 1

2na2

x

(x2 − a2)n
+

−2n − 1

2na2

∫
dx

(x2 − a2)n

Enallaktikìc trìpoc upologismoÔ x = a tanh t

∫
dx

(x2 + 2αx + β)n
=

∫
dx(

(x + α)2 + β − α2
)n = · · ·

∫
xdx

(x2 + 2αx + β)n
=

∫
((x + α)− α) dx(

(x + α)2 + β − α2
)n



K�je polu¸numo analÔetai se "apl�� polu¸numa:

Q(x) = A

p∏

k=1

(x − ρk)mk

q∏

`=1

(
x2 + 2α`x + β`

)n`

ρk rÐzec , α2
` < β`

bajmìc (Q(x)) = n =

p∑

k=1

mk + 2

q∑

`=1

n`

"rht � poluwnumik  sun�rthsh

R(x) =
P(x)

Q(x)
=

p0 + p1x + p2x
2 + · · ·+ pmx

m

q0 + q1x + q2x2 + · · ·+ qnxn

An bajmìc P(x) < bajmìc Q(x) dhl. m < n
to R(x) analÔetai se "apl�� kl�smata

R(x) = A11
x−ρ1

+ A12

(x−ρ1)2 + · · ·+ A1m1
(x−ρ1)m1 +

+ · · · gia ìlec tic rÐzec · · ·+

+ B11x+Γ11
x2+2α1x+β1

+ B12x+Γ12

(x2+2α1x+β1)2 + · · ·+

+ · · ·+ B1n1
x+Γ1n1

(x2+2α1x+β1)n1 +

+ · · · gia ìlec t� tri¸numa · · ·
Apì thn tautìthta

Q(x)R(x) = P(x)

bajmìc [Q(x)R(x)] = bajmìc [Q(x)]− 1

brÐskoume touc �gnwstouc suntelestèc Aik , Bj`, Γj`.



OLOKLHRWMATA I =

∫
R(cosh x , sinh x) dx

cosh x =
ex + e−x

2
, sinh x =

ex − e−x

2

I =

∫
R

(
ex + e−x

2
,
ex − e−x

2

)
e−x d (ex)

t = ex  
∫

R

(
t + 1

t

2
,
t − 1

t

2

)
1

t
︸ ︷︷ ︸
sun�rthsh tou t

dt



OLOKLHRWMATA

∫
R(cos x , sin x) dx

t = tan
x

2

cos x = 2 cos2 x

2
− 1  cos x =

1− t2

1 + t2

1

cos2 x
2

= 1 + tan2 x

2
= 1 + t2

sin x = 2 cos x
2 sin x

2

= 2 cos2 x
2 tan x

2

 sin x =
2t

1 + t2

dt =
dx

2 cos2 x
2

 dx =
2dt

1 + t2

I =

∫
R(cos x , sin x) dx = 2

∫ R
(

1−t2

1+t2 ,
2t

1+t2

)

1 + t2
dt



Olokl rwma

∫
R

(
x , n

√
αx + β

γx + δ

)
dx

tn =
αx + β

γx + δ

Olokl rwma

∫
R

(
x , n

√
αx + β

γx + δ
, m

√
αx + β

γx + δ

)
dx

tp =
αx + β

γx + δ
, p = E. K. P. (n,m)



Olokl rwma

∫
R
(
x ,
√

a2 − x2
)
dx

x = a sin θ

 a

∫
R (a sin θ, a cos θ) cos θ dθ

Olokl rwma

∫
R
(
x ,
√

x2 − a2
)
dx

x = a cosh u

 a

∫
R (a cosh u, a sinh u) sinh u du

Olokl rwma

∫
R
(
x ,
√

a2 + x2
)
dx

x = a sinh u   x = a tan θ

 a

∫
R (a sinh u, a cosh u) cosh u du


