
OMOIOMORFH SUGKLISH SEIRWN SUNARTHSEWN

Estw {fn(x), n ∈ N} mia akoloujÐa sunart sewn orismènwn sto

di�sthma I = [a, b] (  (a, b]   [a, b)   (a, b) )

ORISMOS

H seir� sunart sewn sugklÐnei omoiìmorfa (uniform convergence) sthn

sun�rthsh S(x) an
∞∑
k=1

fk(x) = S(x), omoiìmorfa

m

H akoloujÐa twn merik¸n ajroism�twn Sn(x) =
n∑

k=1

fk(x) sugklÐnei

omoiìmorfa sthn sun�rthsh S(x)

m

∀ ε ∀ x ∈ I ∃N (ε) : n > N (ε)

 |Sn(x)− S(x)| =
∣∣∣∣∣

n∑

k=1

fk(x)− S(x)

∣∣∣∣∣ < ε

m
∀ ε ∀ x ∈ I ∃N (ε) : n > m > N (ε)

 |Sn(x)− Sm(x)| =
∣∣∣∣∣

n∑

k=m+1

fk(x)

∣∣∣∣∣ < ε



Par�deigma 1 H << gewmetrik  seir� >> sugklÐnei omoiìmorfa gia k�je

|x | < c < 1

∞∑

k=0

xk =
1

1− x

Apod.: Estw Ic = [−c , c] kai 0 < c < 1

n−1∑

k=0

xk − 1

1− x
=

1− xn

1− x
− 1

1− x
= − xn

1− x

∣∣∣∣∣
n−1∑

k=0

xk − 1

1− x

∣∣∣∣∣ =
|x |n
1− x

<
cn

1− c
< ε < 1  n >

ln ((1− c)ε)

ln c
≡ δ(ε)

Opìte gia k�je x ∈ Ic èqoume ìti h seir� sugklÐnei omoiìmorfa, kai

autì isqÔei gia k�je c < 1, diìti

∀ ε < 1 kai ∀ x ∈ Ic ∃ δ(ε) : n > δ(ε)  
∣∣∣∣∣
n−1∑

k=0

xk − 1

1− x

∣∣∣∣∣ < ε

Epomènwc h seir� sugklÐnei omoiìmorfa gia k�je −1 < x < 1.



Prìtash 6

|fn(x)| ≤ vn(x) KAI

∞∑

n=1

vn(x) sugklÐnei omoiìmorfa

⇓
∞∑

n=1

fn(x) sugklÐnei omoiìmorfa

Prìtash 7 Weierstrass M-Test

|fn(x)| ≤ Mn KAI

∞∑

n=1

Mn sugklÐnei

⇓
∞∑

n=1

fn(x) sugklÐnei omoiìmorfa

Par�deigma 1 H << gewmetrik  seir� >> sugklÐnei omoiìmorfa gia k�je

|x | < c < 1

Par�deigma 2 H << ekjetik  seir� >> sugklÐnei omoiìmorfa gia k�je

|x | < R



Prìtash 6

|fn(x)| ≤ vn(x) KAI

∞∑

n=1

vn(x) sugklÐnei omoiìmorfa

⇓
∞∑

n=1

fn(x) sugklÐnei omoiìmorfa

Apìdeixh.
∞∑

n=1

vn(x) sugklÐnei omoiìmorfa ⇔

∀ ε ∀ x ∈ I ∃N (ε) : n > m > N (ε)  
n∑

k=m+1

vk(x) < ε

all� ∣∣∣∣∣
n∑

k=m+1

fk(x)

∣∣∣∣∣ ≤
n∑

k=m+1

|fk(x)| ≤
n∑

k=m+1

vk(x) < ε



Prìtash 7 Weierstrass M-Test

|fn(x)| ≤ Mn KAI

∞∑

n=1

Mn sugklÐnei

⇓
∞∑

n=1

fn(x) sugklÐnei omoiìmorfa

Apìdeixh.

EÐnai h Ðdia prìtash ìpwc h Prìtash 6, all� ed¸ vn(x) = Mn.

Par�deigma 2: H << ekjetik  seir� >> sugklÐnei omoiìmorfa gia k�je

x ∈ R
Apod. Gia k�je x up�rqei èna m ∈ N tètoio ¸ste |x | < m kai

∀ ` ≥ 0  x

m + `
≤ x

m
< 1

ex ≡
∞∑

n=0

xn

n!
=

m−1∑

n=0

xn

n!
+
∞∑

`=0

xm+`

(m + `)!
=

=
m−1∑

n=0

xn

n!
+
xm

m!

(
1 +

x

m + 1
+

x2

(m + 1)(m + 2)
+

x3

(m + 1)(m + 2)(m + 3)
+ · · ·

)

∣∣∣∣∣∣∣∣∣

ex −
m−1∑
n=0

xn

n!

xm

m!

∣∣∣∣∣∣∣∣∣
=

(
1 +

|x |
m + 1

+
|x |2

(m + 1)2
+

|x |3
(m + 1)3

+ · · ·
)

︸ ︷︷ ︸
gewmetrik  seir�

dhlad  h ekjetik  seir� fr�ssetai apì thn gewmetrik  seir� gia k�je

|x | < m. Opìte Prìtash 6  h seir� sugklÐnei omoiìmorfa.



Prìtash 8

An h seir�

∞∑

n=0

fn(x) = S(x) sugklÐnei omoiìmorfa kai oi sun�rt seic

fn(x) eÐnai suneqeÐc se èna di�sthma I tìte kai h sun�rthsh S(x) eÐnai
suneq c

Prìtash 9

An h seir�

∞∑

n=0

fn(x) = S(x) sugklÐnei omoiìmorfa kai oi sun�rt seic

fn(x) kai S(x) eÐnai oloklhr¸simec kai suneqeÐc se èna di�sthma I tìte

∞∑

n=0

b∫

a

fn(x) dx =

b∫

a

S(x) dx

Par�deigma 3

Apì thn gewmetrik  seir� èqoume

∞∑

k=0

xk =
1

1− x
 

∞∑

k=0

x∫

0

tk dt =

x∫

0

dt

1− t

ln (1− x) = −
∞∑

k=0

xk+1

k + 1
= −

(
x +

x2

2
+

x3

3
+

x4

4
+ · · ·

)

Par�deigma 4

1

1 + t2
= 1− t2 + t4 − t6 + · · ·  arctan x = x − x3

3
+

x5

5
− x7

7
+ · · ·



Prìtash 10

An h seir�

∞∑

n=0

fn(x) = S(x) sugklÐnei omoiìmorfa kai oi sun�rt seic

f ′n(x) kai S
′(x) eÐnai suneqeÐc se èna di�sthma I kai h seir�

∞∑

n=0

f ′n(x)

sugklÐnei omoiìmorfa tìte

∞∑

n=0

f ′n(x) = S ′(x)



DUNAMOSEIRES

Orismìc

Dunamoseir�:

∞∑

n=1

anx
n

Prìtash 11

An gia x = x0 h seir�

∞∑

n=1

anx
n
0 sugklÐnei

tìte h seir�

∞∑

n=1

anx
n sugklÐnei omoiìmorfa gia k�je |x | ≤ |x0|

Sugklish sto shmeÐo x0 ⇒ omoiìmorfh sÔgklish gia |x | ≤ |x0|

R = sup{|x0| :
∞∑

n=1

anx
n
0 sugklÐnei}



Orismìc

R aktÐna omoiìmorfhc sÔgklishc dunamoseir�c

∞∑

n=1

anx
n

∀ c < R kai ∀ x ∈ [−c , c[  
∞∑

n=1

|anxn| sugklÐnei omoiìmorfa h seir�

x = ±R  h seir�
∞∑
n=1

an (±R)n eÐte sugklÐnei, eÐte den sugklÐnei

∀ x /∈ (−R, R)  
∞∑

n=1

anx
n den sugklÐnei h seir�

Par�deigma: H seir�

∞∑

n=0

xn èqei aktÐna sÔgklishc 1.



ShmeÐwsh Sun jwc ( OQI PANTA!!!) h aktÐna sÔgklishc thc

dunamoseir�c brÐsketai efarmìzontac

eÐte to krit rio tou lìgou

lim
n→∞

∣∣∣∣
an+1

an

∣∣∣∣ |x | < 1  |x | < R = lim
n→∞

∣∣∣∣
an
an+1

∣∣∣∣

eÐte to krit rio thc rÐzac

lim
n→∞

n
√
|an| |x | < 1  |x | < R =

1

lim
n→∞

n
√
|an|



Prìtash 12

An h dunamoseir�

S(x) =
∞∑

n=1

anx
n sugklÐnei omoiìmorfa gia |x | < R

⇓

s(x) =
∞∑

n=1

nanx
n sugklÐnei omoiìmorfa gia |x | < R

kai S ′(x) = s(x)

Prìtash 13

An h dunamoseir�

s(x) =
∞∑

n=0

anx
n sugklÐnei apìluta gia |x | < R ⇒

S(x) =
∞∑

n=0

an
xn+1

n + 1

sugklÐnei omoiìmorfa gia |x | < R

kai S(x) =

x∫

0

s(t) dt



DUNAMOSEIRES- apodeÐxeic

Orismìc

Dunamoseir�:

∞∑

n=1

anx
n

Prìtash 11

An gia x = x0 h seir�

∞∑

n=1

anx
n
0 sugklÐnei

tìte h seir�

∞∑

n=1

anx
n sugklÐnei omoiìmorfa gia k�je |x | ≤ |x0|

Apìdeixh.

H seir�

∞∑

n=1

anx
n
0 sugklÐnei ⇒ lim

n→∞
anx

n
0 = 0 ⇒

∃ n0 : n > n0  |anxn0 | <
1

2
⇒

∀ |x | < |x0|  |anxn| = |anxn0 |
∣∣∣∣
xn

xn0

∣∣∣∣ <
1

2

∣∣∣∣
x

x0

∣∣∣∣
n

⇒

|x | < |x0|  
∞∑

n>n0

∣∣∣∣
x

x0

∣∣∣∣
n

sugklÐnei ⇒

M-test ⇒
∞∑

n>n0

anx
n sugklÐnei omoiìmorfa

Suklish sto shmeÐo x0 ⇒ omoiìmorfh sÔgklish gia |x | ≤ |x0|

R = sup{|x0| :
∞∑

n=1

anx
n
0 sugklÐnei}


