
GENIKEUMENO OLOKLHRWMA B' EIDOUS

Orismìc

f (x) "topik�� oloklhr¸simh sto (a, b) an gia k�je kleistì

[c, d ] ⊂ (a, b) h f (x) eÐnai oloklhr¸simh.

pq f (x) = 1√
x(1−x)

eÐnai "topik�� oloklhr¸simh sto (0, 1)

Orismìc

To genikeumèno olokl rwma gia mia topik� olklhr¸simh sun�rthsh

f (x) up�rqei an mporoÔme na broÔme ta ìria gia k�je u ∈ (a, b)

b∫

a

f (x) dx
or≡ lim

c→a

u∫

c

f (x) dx + lim
d→b

d∫

u

f (x) dx

GENIKEUMENO OLOKLHRWMA B' EIDOUS sto èna ìrio thc

olokl rwshc Estw ìti h sun�rthsh f (x) sun�rthsh den orÐzetai sto b
all� eÐnai topik� oloklhr¸simh sto [a, b)

F (u) =

u∫

a

f (x)dx kai

u∫

a

f (x)dx = lim
u→b

F (u)



KRITHRIA UPARXHS OLOKLHRWMATOS B' EIDOUS

GENIKEUMENO OLOKLHRWMA B' EIDOUS sto èna ìrio thc

olokl rwshc Estw ìti h sun�rthsh f (x) sun�rthsh den orÐzetai sto b
all� eÐnai topik� oloklhr¸simh sto [a, b)

F (u) =

u∫

a

f (x)dx kai

u∫

a

f (x)dx = lim
u→b

F (u)

KRITHRIO Cauchy

Up�rqei to genikeumèno olokl rwma ⇔ h sun�rthsh F (u) ikanopoieÐ
mia sunj kh Cauchy gia u ∈ [a b]

∀ ε ∃ δ(ε) > 0 : |x2 − x1| < δ(ε) ⇒ |F (x2)− F (x1)| =

∣∣∣∣∣∣

x2∫

x1

f (x) dx

∣∣∣∣∣∣
< ε

Apìluth sÔgklish ⇒ sÔgklish

∃
b∫

a

|f (x)| dx ⇒ ∃
b∫

a

f (x) dx

PROSOQH MporeÐ na up�rqei sÔgklish all� ìqi apìluth sÔgklish



Krit rio sÔgkrishc

0 ≤ f (x) ≤ g(x) gia x > a

∃
b∫

a

g(x) dx ⇒ ∃
b∫

a

f (x) dx 6 ∃
b∫

a

f (x) dx ⇒ 6 ∃
b∫

a

g(x) dx

|f (x)| < C
(x−a)p kai 0 ≤ p < 1 gia b ≥ x ≥ a ⇒ f (x) oloklhr¸simh

Oriakì krit rio sÔgklishc

0 ≤ f (x) kai 0 < g(x) gia x > a

lim
x→a

f (x)

g(x)
= ` ≥ 0

1 0 < ` <∞  ∃
b∫

a

g(x) dx ⇔ ∃
b∫

a

f (x) dx

2 ` = 0  ∃
b∫

a

g(x) dx ⇒ ∃
b∫

a

f (x) dx



Apìluth sÔgklish ⇒ sÔgklish

∃
b∫

a

|f (x)| dx ⇒ ∃
b∫

a

f (x) dx

Apod.:

∃
b∫

a

|f (x)| dx

m

∀ ε ∃ δ > 0 : |x2 − b| < δ kai |x1 − b| < δ;⇒

∣∣∣∣∣∣

x2∫

x1

|f (x)| dx

∣∣∣∣∣∣
< ε

⇓∣∣∣∣∣∣

x2∫

x1

f (x) dx

∣∣∣∣∣∣
≤

x2∫

x1

|f (x)| dx

⇓

∀ ε ∃ δ > 0 : |x2 − b| < δ kai |x1 − b| < δ;⇒

∣∣∣∣∣∣

x2∫

x1

f (x) dx

∣∣∣∣∣∣
< ε

⇓

∃
b∫

a

f (x) dx



Krit rio sÔgkrishc

0 ≤ f (x) ≤ g(x) gia x > a

∃
b∫

a

g(x) dx ⇒ ∃
b∫

a

f (x) dx

6 ∃
b∫

a

f (x) dx ⇒ 6 ∃
b∫

a

g(x) dx

Apod.: H apìdeixh sthrÐzetai sthn sÔgklish Cauchy kai sto gegonìc

ìti

0 ≤
x2∫

x1

f (x) dx ≤
x2∫

x1

g(x) dx

pq to olokl rwma
1∫
0

dx
sin x den up�rqei giatÐ sin x < x gia 0 < x < 1 kai

1
x <

1
sin x kai to

∞∫
0

dx
x den up�rqei.



 SUNARTHSEIS POU OLOKLHRWNONTAI STO a
Ja lème ìti h sun�rthsh f (x) eÐnai oloklhr¸simh gia x > a > 0 an

∃
b∫

a

|f (x)|dx gia k�poio b > a

|f (x)| < C
(x−a)p kai 0 ≤ p < 1 gia b ≥ x ≥ a ⇒ f (x) oloklhr¸simh

Apod.: An 1 > p ≥ 0 tìte gia u > a  

F (u) =

b∫

u

dx

(x − a)p
=

(x − a)1−p

1− p

∣∣∣∣
b

u

=
(b − a)1−p − (u − a)1−p

1− p
−→
u→a

(b − a)1−p

1− p

giatÐ 1− p > 0 opìte h C
(x−a)p eÐnai oloklhr¸simh sto a opìte

∃
b∫
a
|f (x)|dx ≤ C (b−a)1−p

1−p pq h 1√
sin x

eÐnai oloklhr¸simh sto 0



Oriakì krit rio sÔgklishc

0 ≤ f (x) kai 0 < g(x) gia x > a

lim
x→a

f (x)

g(x)
= ` ≥ 0

1 0 < ` <∞  ∃
b∫

a

g(x) dx ⇔ ∃
b∫

a

f (x) dx

2 ` = 0  ∃
b∫

a

g(x) dx ⇒ ∃
b∫

a

f (x) dx



OMOIOMORFH SUGKLISH

Estw {fn(x), n ∈ N} mia akoloujÐa sunart sewn orismènwn sto

di�sthma I = [a, b] (  (a, b]   [a, b)   (a, b) )

ORISMOS

H akoloujÐa sunast sewn sugklÐnei shmeiak� (point-wise convergence)
sthn sun�rthsh f (x) an

lim
n→∞

fn(x) = f (x)

m
∀ ε ∃N (ε, x) : n > N (ε, x)  |fn(x)− f (x)| < ε

Par�deigma 1

fn(x) = xn, |x | < 1 tìte lim
n→∞

fn(x) = 0 = f (x)
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