
ex ≡
∞∑

n=0

xn

n!

για 0 ≤ y < x <∞

 (x− y)ey < ex − ey < (x− y)ex

 ey <
ex − ey

x− y < ex

⇒ (ex)
′
− = lim

y→x−
ex − ey

x− y = ex

x↔ y  (ex)
′
+ = ex

⇒ d ex

dx
= ex

 (x− y)ey < ex − ey < (x− y)ex

 (x− y)e−x < e−y − e−x < (x− y)e−y



x > 0 , y = ln x = exp−1 x
1:1←→ x = exp y = ey, y > 0

d

dx
(ln x) =

d exp−1 x

dx
=

1

x

d

dx
(ln x) = lim

x′→x
ln x− ln x′

x− x′ =

= lim
y′→y

y − y′
exp y − exp y′

=

= lim
y′→y

1

exp y − exp y′

y − y′
=

1

d

dy
(exp y)

=
1

exp y
=

=
1

x



Παράδειγμα |x| ≤ 1

y = arcsin x = sin−1 x
1:1←→ x = sin y, −π

2
≤ y ≤ π

2

d

dx
(arcsin x) =

d sin−1 x

dx
=

1√
1− x2

d

dx
(arcsin x) = lim

x′→x
arcsin x− arcsin x′

x− x′ =

= lim
y′→y

y − y′
sin y − sin y′

=

= lim
y′→y

1

sin y − sin y′

y − y′
=

1

d

dy
(sin y)

=

=
1

cos y
=

1√
1− sin2 y

=
1√

1− x2



Παράδειγμα |x| ≤ ∞

y = arctan x = tan−1 x
1:1←→ x = tan y, −π

2
≤ y ≤ π

2

d

dx
(arctan x) =

d tan−1 x

dx
=

1

1 + x2

d

dx
(arctan x) = lim

x′→x
arctan x− arctan x′

x− x′ =

= lim
y′→y

y − y′
tan y − sin y′

=

= lim
y′→y

1

tan y − tan y′

y − y′
=

1

d

dy
(tan y)

=

=
1
1

cos2 y

=
1

1 + tan2 y
=

1

1 + x2



ΥΠΕΡΒΟΛΙΚΕΣ ΣΥΝΑΡΤΗΣΕΙΣ

cosh x ≡ ex + e−x

2
=

∞∑
n=0

x2n

(2n)!
sinh x ≡ ex − e−x

2
=

∞∑
n=0

x2n+1

(2n+ 1)!
cosh2 x− sinh2 x = 1
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tanh x ≡ sinh x

cosh x
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d cosh x

dx
= sinh x,

d sinh x

dx
= cosh x

d cosh−1 x

dx
=
d arccoshx

dx
=

1√
x2 − 1

d sinh−1 x

dx
=
d arcsinhx

dx
=

1√
x2 + 1

d tanh x

dx
=

1

cosh2 x

dtanh−1 x

dx
=
d arctanhx

dx
=

1

1− x2
, |x| < 1

d coth x

dx
= − 1

sinh2 x

dcoth−1 x

dx
=
d arccothx

dx
=

1

1− x2
, |x| >



ΤΥΠΟΣ NEWTON

(x+ y)n =

n∑

k=0

(
n

k

)
xk yn−k

ΤΥΠΟΣ LEIBNITZ

(f g)(n) =
n∑

k=0

(
n

k

)
f (k) g(n−k)


