
Par�gwgoc Sun�rthshc

Orismìc Parag¸gou se èna shmeÐo

PARAGWGOS SUNARTHSHS se èna shmeÐo ξ eÐnai to ìrio (an

up�rqei!)

f ′(ξ) = lim
x→ξ

g(x, ξ), g(x, ξ) = f(x)−f(ξ)
x−ξ

Orismìc Cauchy :

∀ ε > 0 ∃ δ(ε, ξ) > 0 ∀x |x− ξ| < δ ⇒ |f ′(ξ)− g(x, ξ)| < ε

Orismìc Heine:

∀xn → ξ ⇒ g(xn, ξ)→ f ′(ξ)

∃ f ′(x) ⇔
{ Par�gwgoc apì arister� =

= Par�gwgoc apì dexi�

}

lim
x→ξ−

g(x, ξ) ≡ f ′−(ξ) = f ′+(ξ) ≡ lim
x→ξ+

g(x, ξ)



ENALLAKTIKOI SUMBOLISMOI

PARAGWGOU

f ′(x) = lim
h→0

f(x+ h)− f(x)
h

= lim
4x→0

f(x+ ∆x)− f(x)
∆x

= lim
∆x→0

∆f(x)
∆x

(
ìpou ∆f(x) =

= f(x+ ∆x)− f(x)

)
=

df

dx

df

dx
= lim

n→∞
f(xn)− f(x)

xn − x

f ′′(x) =
d

dx

(
df

dx

)
=
d2f

dx2
, f (n)(x) =

dnf

dxn



Prìtash

An up�rqei to f ′(ξ) tìte h sun�rthsh f(x) eÐnai suneq c sto ξ

Prosoq : To antÐstrofo den isqÔei. H sun�rthsh f(x) = |x| eÐnai
suneq c se k�je perioq  gÔrw apì to x = 0 all� den èqei

par�gwgo sto x = 0
Up�rqoun sunart seic pantoÔ suneqeÐc all� den èqoun poujen�

par�gwgo ! pq h sun�rthsh Weierstrass

f(x) =
∞∑

n=0

cos (3nx)
2n



IDIOTHTES PARAGWGWN

1 (µf)′ (x) = µf ′(x) gia µ ∈ R
2 (f + g)′ (x) = f ′(x) + g′(x)
3 (f g)′ (x) = f ′(x)g(x) + f(x)g′(x) Leibnitz rule

4

(
f
g

)′
(x) = f ′(x)g(x)−f(x)g′(x)

g2(x)

5 (f ◦ g)′ (x) = f ′ (g(x)) g′(x) Chain rule

 
df

dx
=
df

dg

dg

dx
6 f(x) gn sia monìtonh sun�rthsh, f ′(x) 6= 0

f(ξ) = η
ξ = f−1(η)

}
⇒
(
f−1

)′ (η) = 1/f ′(ξ)

  df−1(η)
dη = dξ

dη = 1
dη/dξ = 1

df(ξ)/dξ



IDIOTHTES PARAGWGWN- ApodeÐxeic

1 (µf)′ (x) = µf ′(x) gia µ ∈ R
2 (f + g)′ (x) = f ′(x) + g′(x)
3 (f g)′ (x) = f ′(x)g(x) + f(x)g′(x) Leibnitz rule
� Apìd (Heine):

f(x)g(x)− f(xn)g(xn)
x− xn

= f(x)
g(x)− g(xn)
x− xn

+ g(xn)
f(x)− f(xn)

x− xn
PaÐrnoume to ìrio xn −→

n→∞
x �

4

(
f
g

)′
(x) = f ′(x)g(x)−f(x)g′(x)

g2(x)

5 (f ◦ g)′ (x) = f ′ (g(x)) g′(x) Chain rule

 
df

dx
=
df

dg

dg

dx
� Apìd (Heine):

f (g(x))− f (g(xn))
x− xn

==
f (g(x))− f (g(xn))

g(x)− g(xn)
· g(x)− g(xn)

x− xn
=

f (g)− f (g)
g − gn

· g(x)− g(xn)
x− xn

PaÐrnoume to ìrio xn −→
n→∞

x  gn −→
n→∞

g �
6 f(x) gn sia monìtonh sun�rthsh, f ′(x) 6= 0

f(ξ) = η
ξ = f−1(η)

}
⇒
(
f−1

)′ (η) = 1/f ′(ξ)

  df−1(η)
dη = dξ

dη = 1
dη/dξ = 1

df(ξ)/dξ

� Apìd (Heine):

xn −→
n→∞

ξ ! f(xn) = yn −→
n→∞

η = f(ξ)

yn −→
n→∞

η ! f−1(yn) = xn −→
n→∞

ξ = f−1(η)

f−1(η)− f−1(yn)
η − yn

=
ξ − xn

f(ξ)− f(xn)
=

1
f(ξ)− f(xn)

ξ − xn
PaÐrnoume to ìrio xn −→

n→∞
ξ  yn −→

n→∞
η �



ParagwgÐseic Parametrik¸n morf¸n sunart sewn

Mia kampÔlh perigr�fetai eÐnai me mia sun�rthsh y = f(x) eÐte me
mia parametrik  sun�rthsh twn suntetagmènwn pq.

x = X(t), y = Y (t)

Jètoume y = f(x) kai y′ = f(x′)

dy

dx
= lim

x′→x
y′ − y
x′ − x = lim

t′→t

y′−y
t′−t
x′−x
t′−t

=
lim
t′→t

y′−y
t′−t

lim
t′→t

x′−x
t′−t

=
dy/dt

dx/dt

d2y

dx2
=

d

dx

(
df

dx

)
=

d

dt

(
dy/dt

dx/dt

)

dx

dt



Par�deigma
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Par�deigma
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