
SUGKLISH SEIRAS

Orismìc

Sn =
n∑
k=1

ak <<merikì>> �jroisma,

An Sn −→
n→∞

S tìte << sugklÐnei apl� h seir� >> S ≡
∞∑
k=1

ak ⇔ h

akoloujÐa SN eÐnai Cauchy

⇔ ∀ ε > 0 ∃ N(ε) : ∀n > m > N(ε)  |Sn − Sm| =
∣∣∣∣∣

n∑
k=m+1

ak

∣∣∣∣∣ < ε

Prìtash

sugklÐnei apl� h seir�
∞∑
n=1

an ⇒ an −→
n→∞

0

PROSOQH:
An an −→

n→∞
0 tìte DEN SUGKLINEI PANTA h seir�

∑
n
an

pq. an =
1
n
−→
n→∞

0 all�
∞∑
n=1

1
n =∞



Orismìc

<<sugklÐnei apìluta h seir�>> ⇔ sugklÐnei h seir� twn apìlutwn tim¸n
∞∑
k=1

|ak|

Prìtash

Apìluth sÔgklish seir�c ⇒ Apl  sÔgklish seir�c

Krit rio SÔgkrishc (Comparison test)

|bn| ≤ an,
∞∑
n=1

an sugklÐnei ⇒
∞∑
n=1

bn sugklÐnei

Prìtash

0 ≤ an ≤ bn,
∞∑
n=1

an =∞ apoklÐnei ⇒
∞∑
n=1

bn =∞ apoklÐnei



Krit rio twn lìgwn (Ratio test)

H seir�
∞∑
n=1

an

1 sugklÐnei apìluta an lim
n→∞

∣∣∣∣
an+1

an

∣∣∣∣ < 1

2 apoklÐnei an lim
n→∞

∣∣∣∣
an+1

an

∣∣∣∣ > 1

3 den mporoÔme na apofasÐsoume an lim
n→∞

∣∣∣∣
an+1

an

∣∣∣∣ = 1

Krit rio twn riz¸n (Root test)

H seir�
∞∑
n=1

an

1 sugklÐnei apìluta an lim
n→∞

n
√
|an| < 1

2 apoklÐnei an lim
n→∞

n
√
|an| > 1

3 den mporoÔme na apofasÐsoume an lim
n→∞

n
√
|an| = 1



Lìgoc akolouji¸n

an kai bn jetikèc akoloujÐec. An lim
n→∞

an
bn

= ` 6= 0 tìte

∞∑

n=1

bn up�rqei ⇔
∞∑

n=1

an up�rqei

Mhdenikìc Lìgoc akolouji¸n

an kai bn jetikèc akoloujÐec. An lim
n→∞

an
bn

= 0 tìte

∞∑

n=1

bn up�rqei ⇒
∞∑

n=1

an up�rqei



Krit rio sumpÔknwshc (Condensation test)

An 0 < an+1 < an fjÐnousa jetik  akoloujÐa tìte:{ ∞∑
n=1

an up�rqei
}
⇔
{ ∞∑
k=1

2ka2k up�rqei
}

Παραδείγματα:

p > 1  
∞∑
n=1

1
np <∞

p > 1  
∞∑
n=2

1
n(ln n)p <∞

Krit rio sÔgklishc enallassomènhc seir�c (Alternating Series
Test)

An 0 < an+1 < an fjÐnousa jetik  akoloujÐa kai an −→
n→∞

0 tìte:

⇒
{ ∞∑
n=1

(−1)n+1an up�rqei
}



Anadi�taxh twn Fusik¸n arijm¸n

(1, 2, . . . , k, . . .) σ−→ (σ1, σ2, . . . , σk, . . .)

∀σk ∃nk ∈ N : max {σ1, σ2, . . . σk} < nk

Anadi�taxh akoloujÐac bm = aσm
An h seir�

∑
n
an sugklÐnei apìluta tìte k�je anadi�taxh thc seir�c

∑
n
bn sugklÐnei apìluta sto Ðdio ìrio.



DIPLES SEIRES

a11 a12 a13 a14 · · ·
� � � · · ·

a21 a22 a23 a24 · · ·
� � � · · ·

a31 a32 a33 a34 · · ·
� � � · · ·

a41 a42 a43 a44 · · ·
� � � · · ·

Orismìc
∞∑

m,n=0
amn = ` sugklÐnei apìluta ⇔

∞∑
m=0

( ∞∑
n=0

amn

)
= ` sugklÐnei apìluta



SUGKLISH SEIRAS

Orismìc

Sn =
n∑
k=1

ak <<merikì>> �jroisma,

An Sn −→
n→∞

S tìte << sugklÐnei apl� h seir� >> S ≡
∞∑
k=1

ak ⇔ h

akoloujÐa SN eÐnai Cauchy

⇔ ∀ ε > 0 ∃ N(ε) : ∀n > m > N(ε)  |Sn − Sm| =
∣∣∣∣∣

n∑
k=m+1

ak

∣∣∣∣∣ < ε

Prìtash

sugklÐnei apl� h seir�
∞∑
n=1

an ⇒ an −→
n→∞

0

Apìdeixh.

sugklÐnei apl� h seir� ⇔ h akoloujÐa merik¸n ajroism�twn eÐnai
Cauchy ⇒

∀ ε > 0, ∃ N(ε) : ∀n > N(ε)  |Sn − Sn−1| = |an| < ε

Epomènwc an −→
n→∞

0

PROSOQH:
An an −→

n→∞
0 tìte DEN SUGKLINEI PANTA h seir�

∑
n
an

pq. an =
1
n
−→
n→∞

0 all�
∞∑
n=1

1
n =∞



Orismìc

<<sugklÐnei apìluta h seir�>> ⇔ sugklÐnei h seir� twn apìlutwn tim¸n
∞∑
k=1

|ak|

Prìtash

Apìluth sÔgklish seir�c ⇒ Apl  sÔgklish seir�c

Apìdeixh.

{sugklÐnei apìluta h seir� }⇔
{
∀ ε > 0, ∃ N(ε) : ∀n > m > N(ε)  

n∑

k=m+1

|ak| < ε

}

∣∣∣∣∣
n∑

k=m+1

ak

∣∣∣∣∣ ≤
n∑

k=m+1

|ak| < ε  

{
∀ ε > 0, ∃ N(ε) : ∀n > m > N(ε)  

∣∣∣∣∣
n∑

k=m+1

ak

∣∣∣∣∣ < ε

}



Krit rio SÔgkrishc (Comparison test)

|bn| ≤ an,
∞∑
n=1

an sugklÐnei ⇒
∞∑
n=1

bn sugklÐnei

Apìdeixh.

∞∑
n=1

an

sugklÐnei
 





∀ ε > 0, ∃ N(ε) :

∀n > m > N(ε)  
∣∣∣∣∣

n∑
k=m+1

ak

∣∣∣∣∣ < ε





n∑

k=m+1

|bk| ≤
∣∣∣∣∣

n∑

k=m+1

ak

∣∣∣∣∣  





∀ ε > 0, ∃ N(ε) :

∀n > m > N(ε)  
n∑

k=m+1

|bk| < ε



 

∞∑
n=1

bn

sugklÐnei
apìluta

Prìtash

0 ≤ an ≤ bn,
∞∑
n=1

an =∞ apoklÐnei ⇒
∞∑
n=1

bn =∞ apoklÐnei

Apìdeixh.

∞∑

n=1

an =∞  
{
∀R > 0, ∃N(R) > 0 : n > N(R)  

n∑
k=1

ak > R

}

n∑

k=1

bk ≥
n∑

k=1

ak > R  
∞∑

n=1

bn =∞



Krit rio twn lìgwn (Ratio test)

H seir�
∞∑
n=1

an

(i) sugklÐnei apìluta an lim
n→∞

∣∣∣∣
an+1

an

∣∣∣∣ < 1

(ii) apoklÐnei an lim
n→∞

∣∣∣∣
an+1

an

∣∣∣∣ > 1

(iii) den mporoÔme na apofasÐsoume an lim
n→∞

∣∣∣∣
an+1

an

∣∣∣∣ = 1

� Apìd (i) lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = c < 1 gia ε = 1−c
2 , ∃n0 :

n > n0  
∣∣an+1

∣∣ < (c +
1− c

2
) |an|

 |an| <
(

c + 1

2

)n

∣∣∣an0

∣∣∣(
c+1
2

)n0

Epeid  c+1
2 < 1  ( krit rio sÔgkrishc) h seir�

∑
n
|an| sugklÐnei apìluta.

� Apìd (ii) lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = f > 1 gia ε = f−1
2 , ∃n0 :

n > n0  
∣∣an+1

∣∣ > (f−
f− 1

2
) |an|

 |an| >
(

f + 1

2

)n

∣∣∣an0

∣∣∣(
f+1
2

)n0

Epeid  f+1
2 > 1  h akoloujÐa an den eÐnai mhdenik   den sugklÐnei h seir�

∑
n
an

Krit rio twn riz¸n (Root test)

H seir�
∞∑
n=1

an

(i) sugklÐnei apìluta an lim
n→∞

n
√
|an| < 1

(ii) apoklÐnei an lim
n→∞

n
√
|an| > 1

(iii) den mporoÔme na apofasÐsoume an lim
n→∞

n
√
|an| = 1



Krit rio sumpÔknwshc (Condensation test)

An 0 < an+1 < an fjÐnousa jetik  akoloujÐa tìte:{ ∞∑
n=1

an

}
up�rqei ⇔

{ ∞∑
k=1

2ka2k up�rqei
}

Apìdeixh.

S2k+1−1 = a1 + (a2 + a3)︸ ︷︷ ︸
2 ìroi

+ (a4 + a5 + a6 + a7)︸ ︷︷ ︸
4 ìroi

+

+ (a8 + a9 + a10 + a11 + a12 + a13 + a14 + a15)︸ ︷︷ ︸
8 ìroi

+ · · ·+
+
(
a2k + a2k+1 + a10 + a2k+2 + · · ·+ a2k+1−1

)
︸ ︷︷ ︸

2k ìroi

≤

≤ a1 + 2a2 + 4a4 + 8a8 + · · ·+ 2ka2k = Tk

h akoloujÐa Tk sugklÐnei ⇒ h upakoloujÐa S2k+1−1 sugklÐnei kai h
akoloujÐa Sn eÐnai aÔxousa  h Sn sugklÐnei.

Tk
2

=
a1

2
+ a2 + 2a4 + 4a8 + · · ·+ 2k−1a2k ≤

≤ a1 + a2 + (a3 + a4) + (a5 + a6 + a7 + a8) +
+ · · ·+
+
(
a2k−1+1 + a2k−1+2 + · · ·+ a2k

)
= S2k

h akoloujÐaSn sugklÐnei kai eÐnai aÔxousa ⇒ h upakoloujÐa S2k

sugklÐnei ⇒ h akoloujÐa Tk sugklÐnei.

pq
∑
n=2

1
n ln n

den sugklÐnei

∑
n=2

1
n(ln n)2

sugklÐnei

∑
n=1

1
nr

sugklÐnei gia r > 1,

den sugklÐnei gia r ≤ 1



Krit rio sÔgklishc enallassomènhc seir�c (Alternating Series
Test)

An 0 < an+1 < an fjÐnousa jetik  akoloujÐa kai an −→
n→∞

0 tìte:

⇒
{ ∞∑
n=1

(−1)n+1an up�rqei
}

Apìdeixh.

Sn =
n∑
k=1

(−1)k+1ak

Sm+1 − Sm = (−1)m+2am+1 − (−1)m+1am  
|Sm+1 − Sm| = am − am+1 ≥ 0
|Sm+2 − Sm+1| = am+1 − am+2

|Sm+3 − Sm+2| = am+2 − am+3

. . . . . . . . .
|Sm+p − Sm+p−1| = am+p−1 − am+p

|Sm+p − Sm| ≤ |Sm+p − Sm+p−1|+ |Sm+p−1 − Sm+p−2|+ · · ·+ |Sm+1 − Sm|
|Sm+p − Sm| ≤ am+p−1 − am+p + · · ·+ am+1 − am+2 + am − am+1

|Sm+p − Sm| ≤ am − am+p  |Sn − Sm| ≤ am − an

lim
n→∞

an = 0  an Cauchy

∀ ε > 0 ∃N(ε) : n > m > N(ε) am − an < ε

 |Sn − Sm| < ε

 Sn Cauchy

pq
∑
n

(−1)n

n
sugklÐnei

∑
n

(−1)n

ln n
sugklÐnei

∑
n

(−1)n sin
π

n
sugklÐnei


