
MONOTONES AKOLOUJIES

xn eÐnai aÔxousa akoloujÐa ⇔ xn ≤ xn+1

xn eÐnai fjÐnousa akoloujÐa ⇔ xn ≥ xn+1

xn eÐnai xn eÐnai monìtonh akoloujÐa ⇔ fjÐnousa   aÔxousa
akoloujÐa

Mon. 1a

xn eÐnai aÔxousa kai fragmènh akoloujÐa ⇒ xn −→
n→∞

sup{xk}k∈N

� Apìd: Eqoume xn ≤ xn+1 ≤ K. Up�rqoun dÔo peript¸seic,
eÐte up�rqei k�poioc deÐkthc ` tètoioc ¸ste gia k�je n ≥ `  xn = L ∈ R, sthn
perÐptwsh aut 

L = lim
k→∞

xk = max{x1, x2, . . . , xm}

eÐte h akoloujÐa èqei apeirouc diaforetikoÔc ìrouc. Estw R 3M = sup{xk}k∈N
(up�rqei to M lìgw tou axi¸matoc III tou sunìlou R !) tìte apì ton orismì tou sup

∀ ε > 0, ∃k ∈ N : m− ε < xk ≤ m

xn aÔxousa ⇒ ∀n > k  xk ≤ xn ≤ m < m+ ε ⇒
Epomènwc

∀ ε > 0, ∃k = N(ε) : n > N(ε)  m− ε < xn < m+ ε

�ra xn −→
n→∞

m �

Mon. 1b

xn eÐnai fjÐnousa kai fragmènh akoloujÐa ⇒ xn −→
n→∞

inf{xm}m∈N

Mon. 2

xn eÐnai monìtonh akoloujÐa kai èqei mia sugklÐnousa upakoloujÐa
lim
k→∞

xnk = x ⇒ h akoloujÐa xn sugklÐnei sto Ðdio ìrio dhl xn −→
n→∞

x

Apìdeixh.

H upakoloujÐa xnk eÐnai mia monìtonh (pq aÔxousa) akoloujÐa,
epomènwc x = sup

k∈N
{xnk}. To x eÐnai epÐshc supremum thc

upaakoloujÐac xnk (bl. Mon. 1a). Jètoume A = {xnk , k ∈ N} kai
B = {xn, n ∈ N}, ∀ z ∈ A  z ∈ B epomènwc z ≤ sup B dhlad 
x = sup A ≤ sup B. An sup A < sup B  ∃ ` : x` > x all� tìte
up�rqei k�poio m ètsi ¸ste xnm ≥ x` > x pr�gma �topo. Opìte
sup A = sup B.
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I xn ≤ yn
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AKOLOUJIES CAUCHY

Orismìc

{
xn Cauchy

}
⇔





∀ ε > 0 ∃N(ε) :

∀n > m > N(ε) |xn − xm| < ε





{
xn −→

n→∞
x
}
⇒
{
xn Cauchy

}

{
xn Cauchy

}
KAI

{
xnk −→

k→∞
x

}
⇒ ⇒

{
xn −→

n→∞
x
}

{
xn Cauchy

}
⇒
{
xn −→

n→∞
x
}

je¸rhma plhrìthtac
{
xn Cauchy

}
⇔
{
xn −→

n→∞
x
}



Je¸rhma plhrìthtac

je¸rhma plhrìthtac
{
xn Cauchy

}
⇔
{
xn −→

n→∞
x
}

{
xn den sugklÐnei

}
⇔
{
xn ìqi Cauchy

}

∃ ε, ∀N > 0 : ∃ n > m > N  |xn − xm| > ε

pq.

xn = 1 +
1

2
+

1

3
+ · · ·+ 1

n
den sugklÐnei

xn = 1 +
1

22
+

1

32
+ · · ·+ 1

n2
sugklÐnei

Sustol  akoloujÐac

An |xn+1 − xn| < k|xn − xn−1| kai k < 1 ! H xn eÐnai sustol  ⇒
h xn eÐnai Cauchy



AKOLOUJIES CAUCHY

Orismìc

{
xn Cauchy

}
⇔





∀ ε > 0 ∃N(ε) :

∀n > m > N(ε) |xn − xm| < ε





Prìtash
{
xn −→

n→∞
x
}
⇒
{
xn Cauchy

}

Apìdeixh.
{
xn −→

n→∞
x
}
⇒
{

∀ ε > 0 ∃N(ε) > 0 :
m > N(ε)  |x− xm| < ε

}
 

n > m  |xn − x| < ε

|xn − xm| ≤ |xn − x|+ |x− xm| < 2ε = ε′  




∀ ε′ > 0 ∃N ′(ε′) = N
(
ε′
2

)
:

∀n > m > N ′(ε′)  |xn − xm| < ε′




⇒

⇒
{
xn Cauchy

}



L mma
{
xn Cauchy

}
KAI

{
xnk −→

k→∞
x

}
⇒

⇒
{
xn −→

n→∞
x
}

Apìdeixh.

{
xn Cauchy

}
⇔





∀ ε > 0 ∃N1(ε) :

∀n > m > N1(ε)  |xn − xm| < ε





{
xnk −→

k→∞
x

}
⇔





∀ ε > 0 ∃N2(ε) :

∀ k > N2(ε)  |xnk − x| < ε





An ε′ = 2ε kai N ′(ε′) = max
{
N1(ε), N2(ε)

}
tìte n > nk > N ′(ε′)  

|xn − x| ≤ |xn − xnk |+ |xnk − x| < 2ε = ε′

⇒
{

∀ ε′ > 0 ∃N ′(ε′) > 0 :
n > N ′(ε′)  |x− xn| < ε′

}
⇒
{
xn −→

n→∞
x
}

Prìtash
{
xn Cauchy

}
⇒
{
xn −→

n→∞
x
}

Apìdeixh.
{
xn Cauchy

}
⇒

ε = 1 ∃n0 > N(1) : n > n0  

|xn| ≤ |xn − xn0 |+ |xn0 | < 1 + |xn0 |  
xn telik� fragmènh  

Bolzano
∃ upakoloujÐa pou sugklÐnei  

L mma
xn

sugklÐnei.



JEWRHMA PLHROTHTAS{
xn Cauchy

}
⇔
{
xn −→

n→∞
x
}

{
xn den sugklÐnei

}
⇔
{
xn ìqi Cauchy

}

∃ ε, ∀N > 0 : ∃ n > m > N  |xn − xm| > ε

pq.

Prìtash

xn = 1 +
1

2
+

1

3
+ · · ·+ 1

n
den sugklÐnei

Apìdeixh.

x2n − xn =
1

n+ 1
+

1

n+ 2
+ · · ·+ 1

n+ n
>

n

n+ n
=

1

2

Prìtash

xn = 1 +
1

22
+

1

32
+ · · ·+ 1

n2
sugklÐnei

Apìdeixh.

xn − xm =
1

(m+ 1)2
+

1

(m+ 2)2
+ · · ·+ 1

n2
≤

≤ 1
m(m+1) +

1
(m+1)(m+2) + · · ·+ 1

n(n−1) =
= 1

m − 1
m+1 + 1

m+1 − 1
m+2 + · · ·+ 1

n−1 − 1
n

= 1
m −�1
m+1 +�1

m+1 −�1
m+2 + · · ·+ 6 1n−1 − 1

n

= 1
m − 1

n <
1
m





∀ ε > 0 ∃N(ε) =
1

ε
:

∀n > m > N(ε)  |xn − xm| <
1

m
< ε







Pl rhc q¸roc ⇔ k�je akoloujÐa
Cauchy sugklÐnei

I To R eÐnai pl rhc q¸roc
I To Q den eÐnai pl rhc q¸roc

pq. H akoloujÐa x1 = 2, xn+1 =
1
2

(
xn +

2
xn

)

xn ∈ Q all� xn −→
n→∞

√
2 6∈ Q

An gnwrÐzoume mìno to Q mporoÔme na p�roume to sÔnolo akolouji¸n
Cauchy kai to sÔnolo autì eÐnai èna olik� diatetagmèno pedÐo/s¸ma
pou k�je tautÐzetai me to R.
R= Cauchy- pl rwsh tou Q



Constructive Axiomatic

Axi¸mata Peano
m
N
⇓

prosjetik  om�da
⇓
Z
⇓

pollaplasiastik 
om�da
⇓
Q
⇓

Cauchy- pl rwsh
⇓
R

Axi¸mata I, II, III
m
R
⇓

mègisto 1-hereditary
sÔnolo
m
N
⇓

prosjetik  om�da
⇓
Z
⇓

pollaplasiastik 
om�da
⇓
Q



Pr. (Stolz)

an
bn
−→
n→∞

`

bk > 0 kai
n∑
k=1

bk −→
n→∞

∞




⇒

n∑
k=1

ak

n∑
k=1

bk

−→
n→∞

`

pq xn −→
n→∞

x  

n∑
k=1

xn

n
−→
n→∞

x

1 +
√
2 + 3
√
3 + · · · n√n
n

−→
n→∞

n

k ∈ N  1 + 2k + 3k + · · ·nk
nk+1

−→
n→∞

1

k + 1

Prìtash
∣∣∣∣
xn+1

xn

∣∣∣∣ −→n→∞ ` ⇒ n
√
|xn| −→

n→∞
`

p.q. lim
n→∞

n
√
n5 − 3n3 + 8 = 1



Pr (Stolz):

an
bn
−→
n→∞

`

bk > 0 kai
n∑
k=1

bk −→
n→∞

∞




⇒

n∑
k=1

ak

n∑
k=1

bk

−→
n→∞

`

� Apìd:

an
bn
−→
n→∞

`  
{ ∀ ε > 0 ∃N1(ε) > 0 :

k > m > N1(ε)  `− ε < ak
bk

< `+ ε

}

 (`− ε) bk < ak < (`+ ε) bk

 (`− ε)
n∑

k=m+1

bk <
n∑

k=m+1

ak < (`+ ε)
n∑

k=m+1

bk

 
m∑
k=1

ak + (`− ε)
n∑

k=m+1

bk <
n∑
k=1

ak <
m∑
k=1

ak + (`+ ε)
n∑

k=m+1

bk

 
{ m∑
k=1

ak − (`− ε)
m∑
k=1

bk

}
+ (`− ε)

n∑
k=1

bk <
n∑
k=1

ak <

<
{ m∑
k=1

ak − (`+ ε)
m∑
k=1

bk

}
+ (`+ ε)

n∑
k=1

bk

 

{
m∑
k=1

ak−(`−ε)
m∑
k=1

bk

}

n∑
k=1

bk

+ (`− ε) <
n∑
k=1

ak

n∑
k=1

bk

<

<

{
m∑
k=1

ak−(`+ε)
m∑
k=1

bk

}

n∑
k=1

bk

+ (`+ ε)

Gia èna stajerì ε > 0, dialègoume èna m = [N1(ε)] + 1 > N1(ε), pou
eÐnai stajerì (kai exart�tai apì to ε). Tìte

lim
n→∞

{ m∑
k=1

ak − (`− ε)
m∑
k=1

bk

}

n∑
k=1

bk

+ (`− ε) ≤ lim
n→∞

n∑
k=1

ak

n∑
k=1

bk

≤

≤ lim
n→∞

{ m∑
k=1

ak − (`+ ε)
m∑
k=1

bk

}

n∑
k=1

bk

+ (`+ ε)

Oi parast�seic metaxÔ
{
· · ·
}
den exart¸ntai apì to n tìte epeid 

lim
n→∞

n∑
k=1

bk = +∞ j� èqoume ìti gia to sugkekrimèno ε

(`− ε) ≤ lim
n→∞

n∑
k=1

ak

n∑
k=1

bk

≤ (`+ ε)

Epomènwc

n∑
k=1

ak

n∑
k=1

bk

−→
n→∞

` �



Pr:∣∣∣∣
xn+1

xn

∣∣∣∣ −→n→∞ ` ⇒ n
√
|xn| −→

n→∞
`

� Apìd:

|xn+1|
|xn|

−→
n→∞

`  





∀ ε > 0 ∃N1(ε) > 0 :

m > N1(ε)  `− ε < |xm+1|
|xm|

< `+ ε





 (`− ε) |xm| < |xm+1| < (`+ ε) |xm|
 (`− ε)k |xm| < |xm+k| < (`+ ε)k |xm|
 (`− ε)m+k |xm|

(`−ε)m < |xm+k| < (`+ ε)m+k |xm|
(`+ε)m

Gia n = m+ k > m èqoume

 (`− ε)n |xm|
(`−ε)m < |xn| < (`+ ε)n

|xm|
(`+ε)m

 (`− ε) n
√
|xm|

(`−ε)m < n
√
|xn| < (`+ ε) n

√
|xm|

(`+ε)m

 (`− ε) lim
n→∞

n
√
|xm|

(`−ε)m ≤ lim
n→∞

n
√
|xn| ≤ (`+ ε) lim

n→∞
n
√
|xm|

(`+ε)m

 (`− ε) ≤ lim
n→∞

n
√
|xn| ≤ (`+ ε)

Epomènwc n
√
|xn| −→

n→∞
` �



APOKLINOUSES AKOLOUJIES

Orismìc

{
xn −→

n→∞
∞
}
⇔





∀R > 0, ∃N(R) > 0 :

n > N(R)  xn > R





K�je aÔxousa mh fragmènh akoloujÐa apoklÐnei

xn −→
n→∞

+∞  1
xn
−→
n→∞

0

Orismìc

{
xn −→

n→∞
−∞

}
⇔





∀R > 0, ∃N(R) > 0 :

n > N(R)  xn < −R





K�je fjÐnousa mh fragmènh akoloujÐa apoklÐnei


